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X a|0>+b|1> à b|0>+a|1>

Z a|0>+b|1> à a|0>−b|1>
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Z X
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X H
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X        Z
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CNOT (Control-NOT) 

|0>                         |0> |0>                       |0>

|0>                         |0> |1>                       |1>

|1>                         |1> |1>                       |1>

|0>                         |1> |1>                       |0>

Control

Target

Control 	 |1> �
Target NOT���

Control	 |0>����
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Control	 |1>��NOT��

|mn>
��bit |m>	Control
��bit |n>	Target

U|mn>�|jk>

|n> |k>

|m> |j>



2-qubit��)" Control-U 

U U

!0>                                |0> !1> |1>

!ψ>                               |ψ> !ψ>                               U|ψ>

�("')& qubit �|0> ��������*��+
�("')& qubit �|1> ���� )�!"�qubit
|ψ> �$# %	�� U ��
�� U|ψ>�����*��+
�)"�Control-U �)"����
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Control-Z

Z Z

!0>                                |0> !1> |1>

a|0>+b|1>                  a|0>+b|1>

�%�$&# qubit ��|0> �	��������'��(
�%�$&# qubit ��|1> �	����&����qubit
|ψ> �! �"
�� Z ���� Z|ψ>�����'��(

a|0>+b|1>                  a|0>−b|1>
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X X

!0>                                |0> !1> |1>
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a|0>+b|1>                  b|0>+a|1>

Control-X��CNOT�����"��� 
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o ":�� |φ>=#$|0>+#(|1>4�)0 |φ>⨂|φ>	*3<
.��5?AB=8$�/��*:��=�%9$!6 �
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CNOT.��%3	���0�	���4689%3�

��/�� |Ψ〉 = a|0〉 + b|1〉 /�3qubit4�CNOT597
4�(*689$1�,$&,$1���)/qubit/��/��0�
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" 0 > +& 1 > ⨂|0>	=	a|00>+b|10>
CNOT/��0���qubit!1/����/qubit4
%3
#,' 2�#/��0���+� a|00〉 + b|11〉,-3�

CNOT(a|00>+b|10>) =a|00>+b|11>
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��(� |Ψ〉 = |0〉 �.�* |Ψ〉 = |1〉 )�(*��)��
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U+|ψ,⨂|s>)=|ψ,⨂|ψ>
U+|φ,⨂|s>)=|φ,⨂|φ>
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�� �+ U+|ψ,⨂|s>),	U+|φ,⨂|s>) ) = U�	���
����
=( |ψ,⨂|s>,	|φ,⨂|s>)=<ψ|φ><s|s>=<ψ|φ>
�� �+ |ψ,⨂|ψ>,	|φ,⨂|φ>)=<ψ|φ><ψ|φ>=
=(<ψ|φ>)2
"���<ψ|φ>�=(<ψ|φ>)2
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,-�<ψ|φ>�(<ψ|φ>)2 3!"'3-%�x = x2 68��07
�($5!� x = 0 3 x = 12 <�-$;�<ψ|φ>=0 2 <
$�<ψ|φ>	=17!*=$3!"'365<�
|ψ> = |φ> 2 <$� |ψ> 3 |φ>  %��)<$74.;
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At first sight the no-cloning theorem appears rather 
peculiar. After all, isn’t classical physics a special case 
of quantum mechanics? How is it possible that we can 
copy classical information if we can’t copy quantum 
states? The answer is that the no-cloning theorem 
does not prevent all quantum states from being 
copied, it simply says that nonorthogonal quantum 
states cannot be copied. More precisely, suppose  and  
are two non-orthogonal quantum states. Then the no-
cloning theorem implies that it is not possible to build 
a quantum device that, when input with |ψ� or |φ�
will output two copies of the input state, |ψψ� or 
|φφ�.



On the other hand, if |ψ� and |φ� are orthogonal, 
then the no-cloning theorem doesn’t prohibit their 
cloning. Indeed, it is rather easy to design quantum 
circuits which copy such states! 
This observation resolves the apparent contradiction 
between the no-cloning theorem and the ability to 
copy classical information, for the different states of 
classical information can be thought of merely as 
orthogonal quantum states.

Nielsen, Michael A.. 
Quantum Computation and Quantum Information (p.531).
Cambridge University Press.
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o ) 3(��', Two qubits,�
-��&,qubit,�

,7968�+���(�1$3��:

o �,Two qubit,�
5��0��
1/ 2 (|00>+|11>) 
) 3�� ,�
-��&,qubit,7968�(-��(
�*� )���,0�+!'4�1�

o 1/ 2 (|00>+|11>) ��(a|0>+b|1>)⨂(c|0>+d|1>)
)�&,�
,7968�+��(�#)!0��

(a|0>+b|1>)⨂(c|0>+d|1>) 
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Bell States ���
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1/ 2 (|0>+|1>)

|0>

1/ 2 (|00>+|10>)                       1/ 2 (|00>+|11>)
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�Φ± |Φ± >=#
$(<00|±<11|)�(|00>±|11>
= #

$(<00|00>±<00|11>±<11|00>+<11|11>
=	#$( 1±0±0+1)	=	1

�Φ± |Φ∓>=#
$(<00|±<11|)�(|00>∓|11>
= #

$(<00|00>∓	<00|11>±<11|00>−<11|11>
=	#$( 1 ∓	0±0	−	1)	=	0
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Z|Φ+> à Φ�

|Φ+> =1/ 2 (|00>+|11>) 

Z |Φ�> =1/ 2 (|00>−|11>) 

X|Φ+> à ψ�

|Φ+> =1/ 2 (|00>+|11>) 

X |ψ�> =1/ 2 (|10>+|01>) 

|Φ+> =1/ 2 (|00>+|11>) 

|ψ�> =1/ 2 (|10>−|01>) 

ZX|Φ+> à ψ�

X Z

Phase Flip

Bit Flip



o $2�,2��3�Bell	�/&-�8:- 972.�9�
Alice!Bob1$2��.qubit<�+(/':4�Bob3�
Bell	�.��':4�Alice!�+(�,2��0A?@�
<��."9�

o 5/6:4�Alice3�()�,2qubit/����'9)#.�
Bob1EA?@2�
<�9$/!."9�7*;=�$2BD@
>C.3��,2qubit!��%:- 92)!�Alice3��
��2qubit/3�����'9�30 �



o Even more interesting are the results in distributed 
quantum computation. Imagine you have two 
computers networked, trying to solve a particular 
problem. How much communication is required to 
solve the problem? Recently it has been shown that 
quantum computers can require exponentially less 
communication to solve certain problems than 
would be required if the networked computers were 
classical! 



o Unfortunately, as yet these problems are not 
especially important in a practical setting, and 
suffer from some undesirable technical restrictions. 
A major challenge for the future of quantum 
computation and quantum information is to find 
problems of real-world importance for which 
distributed quantum computation offers a 
substantial advantage over distributed classical 
computation.

Nielsen, Michael A.. 
Quantum Computation and Quantum Information (p.9). 
Cambridge University Press. 
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3:��?"@6:EPRGA:��9!�/=%
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|ψ>	=	α|0>+β|1>,		|Φ-> = 1/ 2 (|00 > + 11 > �����

|ψ0>	=	|ψ>⨂ |Φ-> 
= (α|0>+β|1>)⨂ 1/ 2 (|00 > + 11 >
= 1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ0>



|ψ0> =	1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ1>		= 1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|10 > + 01 > )

|ψ1>|ψ0>



|ψ0> =		1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ1> =1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|10 > + 01 > )

|ψ2>	=	1/ 2 (α(|0>+|1>)⨂(|00 > + 11 > + 
β(|0>−|1>)⨂(|10 > + 01 > )

= 1/ 2 (α(|000>+|011>+|100>+|111>)	+
β(|010>+|001>−|110>−|101)	)

=	1/ 2 (|00>(α|0>+β|1>)+|01>(α|1>+β|0>)	+
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|ψ1>|ψ0> |ψ2> |ψ3>



|ψ3(00)>	=	(α|0>+β|1>)
|ψ3(01)>	=	(α|1>+β|0>)
|ψ3(10)>	=	(α|0>−β|1>)
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|ψ>	
=	α|0>+β|1>
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Quantum Parallelism
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— Joseph Fourier (1807)
Mémoire sur la propagation de la chaleur dans les corps solides. 

https://goo.gl/PHf26Y

https://en.wikipedia.org/wiki/M%C3%A9moire_sur_la_propagation_de_la_chaleur_dans_les_corps_solides
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Sines and cosines form an orthonormal set, as illustrated above. 
The integral of sine, cosine and their product is zero 
(green and red areas are equal, and cancel out) 
when m, n or the functions are different, and pi only if m and n
are equal, and the function used is the same.
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http://eman-physics.net/math/fourier06.html
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Fourier Transform
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Fourier Transform



�������

!"# = %&' ( + * '*+ θ



EMAN ���� ��	�
���
http://eman-physics.net/math/fourier03.html

http://eman-physics.net/math/fourier03.html
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DFT matrix
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Fast Fourier Transform
-- DFT Matrix���



o Fast Fourier transforms are widely used for many 
applications in engineering, science, and 
mathematics. The basic ideas were popularized in 
1965, but some algorithms had been derived as 
early as 1805.[3] In 1994, Gilbert Strang described 
the FFT as "the most important numerical 
algorithm of our lifetime"[4][5] and it was included in 
Top 10 Algorithms of 20th Century by 
the IEEE journal Computing in Science & 
Engineering.[6]

https://en.wikipedia.org/wiki/Fast_Fourier_transform

https://en.wikipedia.org/wiki/Discrete_Fourier_transform
https://en.wikipedia.org/wiki/Fast_Fourier_transform
https://en.wikipedia.org/wiki/Gilbert_Strang
https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/Fast_Fourier_transform
https://en.wikipedia.org/wiki/Fast_Fourier_transform
https://en.wikipedia.org/wiki/IEEE
https://en.wikipedia.org/w/index.php?title=Computing_in_Science_%26_Engineering&action=edit&redlink=1
https://en.wikipedia.org/wiki/Fast_Fourier_transform


o The DFT is obtained by decomposing a sequence of 
values into components of different 
frequencies.[3] This operation is useful in many 
fields (see discrete Fourier transform for properties 
and applications of the transform) but computing it 
directly from the definition is often too slow to be 
practical. An FFT is a way to compute the same 
result more quickly: computing the DFT of N points 
in the naive way, using the definition, takes O(N2) 
arithmetical operations, while an FFT can compute 
the same DFT in only O(N log N) operations. The 
difference in speed can be enormous, especially for 
long data sets where N may be in the thousands or 
millions. 

https://en.wikipedia.org/wiki/Sequence
https://en.wikipedia.org/wiki/Fast_Fourier_transform
https://en.wikipedia.org/wiki/Discrete_Fourier_transform
https://en.wikipedia.org/wiki/Big_O_notation


o In practice, the computation time can be reduced 
by several orders of magnitude in such cases, and 
the improvement is roughly proportional toN / log 
N. This huge improvement made the calculation of 
the DFT practical; FFTs are of great importance to 
a wide variety of applications, from digital signal 
processing and solving partial differential equations 
to algorithms for quick multiplication of large 
integers.

https://en.wikipedia.org/wiki/Orders_of_magnitude
https://en.wikipedia.org/wiki/Proportionality_(mathematics)
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Implementation of Shor’s Algorithm on a Linear Nearest Neighbour Qubit Array
https://arxiv.org/pdf/quant-ph/0402196.pdf

https://arxiv.org/pdf/quant-ph/0402196.pdf
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Cirq/examples/quantum_fourier_transform.py
https://goo.gl/jwjSV3

https://github.com/quantumlib/Cirq
https://github.com/quantumlib/Cirq/tree/master/examples
https://goo.gl/jwjSV3



�*$/��0%.

n-qubit3QFT3�	1�n�3|0>� |0 >⊗%=� 9.��	4/�09!C

j1,j2,…jn4�'5,0*!8�|1>1!!+,�9Phase4�'5,1109�
7+,��	4�
1/ & (|0>+|1>)⨂ (|0>+|1>)⨂	…	⨂	(|0>+|1>)109�

QFT17+,�|00…00>+|00…01>+ …|11…11> .���
��0�,32%�3��3�2�<(3��"�6:9.��%.�

%:4��1�Quantum Parallelism�3.%;-�)�n�3>?@BA
�3�#1�&��



����������$��!#�"�


����phase-shift�&,(+-*Rn� j1,j2,…jn�� �0
����������"�

	������n��%')-*��"�



Appendix



Period Finding



Period Finding

o ���L(� f Z% CW`b][a][\?�=UXI;W
KBT<7���L(�KO6�NT<L(�NAKG7

f(x)=f(y) KLWNO6x≡y(mod	r)N�NQ
�=P6(� 3.0)4)R +13)4)R6/1,)*5J��(�G7

o 8���B9N��O6-cEN`b][a][\d?�=UXF�6
�� 2)Z$H@WAKJ:W7

o �	�MO6AN -)M��R�Z��BI!V&BZ$H@X
P;;NG?6-)?60)_]^N�
Z�@�@WNLU6��
*0)�N�;YDZ6AN`b][a][\M�BI"<AKM
LW7�MRSV�O:W>RBXL;?6�	�MO6��
(��L�'?�#MLW7



Quantum Period Finding

o !DUMQWJ27#n�6qubit 2#N=2n�6��6�
9	?.6 5	?.6��(��2)=$**2#NWRB
��6��V���3��FNL6��@��,=$

o 8-#��4#��FNL@
: 5	?.6��4ACIG
,=$/+1#NWRB��2#��FNL@"�,=$

o *'+0AOTWK7#Shor6ASERHP6����4#
Simon6ASERHP3+1�<>1&0;62%=$



���'�)�0!1�� .

o �(�*��1QFT%�� .�

o Uf1 f 1�� .7:638635#& .�

o ��%�|f(x)>1�	 .�
|f(x)>+��.� f(x0)&�$���/.*#����(�
|x>,�f(x0)*�*29;4(
� .�f+����#�-�
"*�+�{x0, x0+r, x0+2r, … , x0+(N/r -1)r }*�
)�0!('.�



o |f>.��/��.2�+��8
��!"%!*,+5�

o ��B;<>C,/��f.�� r *�#��.�-�7$
.����06(�5�

o %&�!.9A:@=?8�4�"���B;<>C8�	"(
1��+5x0,'�(.����365& )�5�



AHC9G:FBD y=kN/r 7�
'5

o �03 .AHC9��0��7���( �

2&�f " N/r=k .5��r 7�+.4�AHC9��%6) !"
1��� k7�+$-7�%4/���;A@0	�1� !"0
A8H>��/�65*#,�5�

o *!4���E<=?H0AHC9��7�5-�N/r 0��
�0�"�5*#,�5�

$$/�#$
1�%00��;A@0	�,�6)A8H>0��,�5�



r &���$

o ��',(+)*&�#����������$ N/r �
	
���&�$�����$����!�iog N��#�����
%"�������	����N/r&� $�����$�



f(x)=x (mod 2) N=8��

|f(x)>=|1>��

N/r=4, N=8 ���r=2



Phase Estimation



Phase Estimation

o (�Q\XF	�=*Phase Estimation9�>CB�"�
:� 0<'$:G\9:B+Phase Estimation=*�
1
<(�EYJXLU8'$:�D�54+

o ��SHOY|u>, ���!"#$%D�7VPMX���UD!
.A-+563*φ<�=��94B+Phase Estimation E
YJXLU<��=* φD%�4B298,B+

o %�D�#4B5?;*��|u>D��3*I[OZ\Y-'"(
])=)&<��^��D�#80B*RWNHTNHK/��8
0B@<94B+



o Quantum Phase Estimation ��#/��).<9:;=
7� �

o ��.<9:;=/�����"|0>.t�.qubit7
8*
�6�t7+.3 -�10��!/�+.�.�* φ7
��&6!�2'�+.�.��*%.��#"�	&6
!-��&6�

o ��.<9:;=/�|u>.��*�25�|u>7��&6-
-���,($.qubit!4,6�



o Phase Estimation���������������
o 	�����������
������



o �%��&�( ���5./08$�,1384�
+��
�*���!���5./08$�-72684U+���*��
%-72684U&�2%'��"	����!���

o ��5./08%����&�%)�$#*�



o Phase Estimation���	������!���"���
�" ���������

o Phase Estimation���	������!���"���
���
����

��" ���




