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x — 2| =p&THox < 20DKF, x —p =2 —2p ZiElHE L,

aIFBA
x <2TEDT. |x=2]=—-(x—-2),
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flgix)) =ABx+A)+B =ABx + A> +B
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a,b,cc=AFDBDEIET H, COF, ROKZFEHAE KL,
a’(b+c—a)+b?>(c+a—-b)+c*?(a+b—c)<3abc

Al ER

MAZEEIEY 5,
ala—b)(a—c)+bb—a)(b—c)+c(c—a)(c—b) =0

DRI, a, b, clTODNTHRHELZDT,
a>b>c>0E{EL TV,

(a — b)(a(a —c)—b(b— c)) +c(a—c)(b—c) =0
ShurOARZF
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al,a2,a3,.. RDNE1DFE#HHET S,
al+a2+a3..+a98 = 137 D,

a2 +ad+a6+a8+ -+ a98 =93 LA EFEEAAE &,

sIEEAH
NEIEZIS. an—-1) = a(2n) — 1,
FHIEZC DA TESTHZ D,

al +a2 + a3 ..+ a98
=a2)—14+a2)+a(4)—1+a(4)+--+a(98) — 1+ a98
=2@2+a4+a6+a8+--+a98) —49 =137

FoTC.a2+ad+ab6+a8+--+a98 = (137 + 49)/2=93
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PROBLEM 6

AAlAarmntard fromrmms TAND ~mnevliatr 100N Ye~nhhlAarmas 7 (4]
f.._“> Uc !l ,; J li, o :(] 1rorri J_ A“ vi (x.s) L (,-‘] Il " J]r JJ .lf ol 17 “:ff U =1 .‘LJ‘ 1c/ I 1 / ,-“"/ g

For a, b, creals, prove that (a? + ab + b*)(b* + bc + ¢?)(c* + ca +
a®) > (ab+ bec + ca)?.

<> FORMAL INFORMAL

After cancelling terms appearing on both sides, we are left to
prove that:

3a‘bic’ Z a’b’c < Z a*be + Z(a4b2 + b'c?)

sym cyc cyc

After multiplying both sides by 2, we can rearrange the above
inequality to:

0< Z(azb + a’c — b’c)?

cyc

which clearly holds, giving the claim.
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x = 2| =p,ET D, x <20DKF, x —p =2 —2p ZiEHHE X,



theorem amc12_2000_p5 -- « theorem name
(X p : R) -- « the statement we want
(hy : X < 2) -- to prove
(hy :abs (x-2) =p):
X-p=2-2*p:=
begin -- « formal proof starts here
-- This first tactic requires that the prover invent
-- the term: "abs (x-2) = -(x-2)".
have h, : abs (x - 2) = -(x - 2), {
apply abs_of_negq,
linarith,
i
rw h; at hy,
-- At this stage the remaining goal to prove is:
-- 'X-p=2-2*p knowing that p=-(x-2) .
linarith,
end



theorem amcl2 2000 p5

NN EEEEEEEEEEEEEEEEEEEEE TR EEEEEEEENERNsEEEEEEEEE

[(xp:R) L, i M
] (ho : x < 2) *H
AR () ek —1 =
S— i lLX-p=2-2%*p:=
T T T R e * _ tormal proof starts here

-- This first tactic requires that the prover invent
-- the term: "abs (x-2) = -(x-2)".
have h, : abs (x - 2) = -(x - 2), {
apply abs_of_neg,
linarith,
i
rw h; at hy,
-- At this stage the remaining goal to prove is:
-- 'X-p=2-2*p knowing that p=-(x-2) .
linarith,
end



theorem amc12_2000_p5 -- « theorem name
(X p: R) -- « the statement we want
(hy : X < 2) -- to prove
(hy :abs (x-2) =p):
X-p=2-2*p:=

DO ] ~.xz.formal proof starts here
-- This first tactic requires that the prover invent
-- the term: "abs (x-2) = -(x-2)". SEET)
: | have h; 1 abs (x - 2) = -(x - 2), { 22 L MR ERh2 SRR
h2d| | apply abs_of_neg, |vs+zmsiiE :
AEEE || linarith, S XD
187
rw h; at h,,

-- At this stage the remaining goal to prove is:
-- 'X-p=2-2*p knowing that p=-(x-2) .



theorem amc12_2000_p5 -- « theorem name
(X p: R) -- « the statement we want
(hy : X < 2) -- to prove
(hy :abs (x-2) =p):
X-p=2-2*p:=

DEAIN i -z formal proof starts here
-- This first tactic requires that the prover invent
-- the term: "abs (x-2) = -(x-2)". SEET)
have h, : abs (x - 2) = -(x - 2), { :  ZFBH
apply abs_of_negq,
linarith,
i

rw h; at h,, h2 Z#->T hlZEZEZ5 p=-(x-2)
-- At this stage the remaining goal to prove is:

-- 'X-p=2-2*p knowing that p=-(x-2) .
linarith, F DI



theorem amc12_2000_p5 -- « theorem name
(X p : R) -- « the statement we want
(hy : X < 2) -- to prove
(hy :abs (x-2) =p):
X-p=2-2*p:=
begin -- « formal proof starts here
-- This first tactic requires that the prover invent
-- the term: "abs (x-2) = -(x-2)".
have h, : abs (x - 2) = -(x - 2), {
apply abs_of neg,
linarith, -
y Tactics
rw h; at hy,
-- At this stage the remaining goal to prove is:
-- 'X-p=2-2*p knowing that p=-(x-2) .
linarith,
end
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theorem amcl12b_2020_p6
(n : N)
(h0:9<n):
Ix : N, (X:R)N"2 =
(nat.factorial (n + 2) - nat.factorial (n + 1))
/ nat.factorial n :=
begin
-- The model directly proposes 'n + 1 as solution.
usen + 1,
field_simp [nat.factorial_ne_zero, pow_succ’],
ring_exp
end



783 (Math dataset &VY)

f(x)=Ax+B, g(x) =Bx+A&9 45, A—B #0T,
flg) —g(fx) =B—A725, A+B=0 %W L,



theorem mathd_train_algebra_217
(ab: R)
(fg: R—> R)
(hg: VX, fx=a*x+Db)
(hy: vX,fx=Db*x+ a)

(h, : @ # b)
(h;:vXx, f(gx)-g(fx)=b-a):a+b=0:=
begin

revert hy hy h, hs,
-- Initial contraposition.
contrapose!,
rintro (hy, (hy, hy)),
-- The model proposes 0 as witness for the current
-- goal that consistsin "7(x: R), fx +a *x+b".
use (0 : R),
simp only [sub_eq_iff _eq_add, h,, mul_zero, zero_add],
norm_num at hy,
end
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a,b,cc=AFDBDEIET H, COF, ROKZFEHAE KL,
a’(b+c—a)+b?(c+a—b)+c?*(a+b—c) <3abc



theorem imo_1964_p2
(abc: R)
(h :0<an0O<bAaO<oq
(h :c<a+b)
(h, : b <a+ c)
(h;:a<b+c):
ar2*(b+c-a)+br"2*(c+a-b)+cr2*(a+b-c0)
<3*a*b*c:=
begin
-- Arguments to "nlinarith = are fully invented by our model.
nlinarith [ sgq_nonneg (b - a),
sg_nonneg (c - b),
sg_nonneg (c - a)]
end
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al,a2,a3, .. ZDNE1DFEHIET S,
al +a2+a3..4+a98 = 137 D,

a2 +ad+a6+a8+ -+ a98 =93 LA EFEEAAE &,



theorem aime_1984 pl
(u: N—->Q)
(hg:vVn,u(n+1)=un+1)
(h; : 2 kin finset.range 98, u k.succ = 137) :
> kin finset.range 49, u (2 * k.succ) = 93 : =
begin
rw finset.sum_eqg_multiset_sum,
dsimp [finset.range] at hy,
simp [ho], ring, norm_num at hy,
norm_num,
apply eq_of _sub_eq_zero,
{ simp only [*, abs_of _pos, add_zero] at *,
linarith },
end
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PROBLEM 6

| * M y ( "—“ v !’\ "4_ . 7"
’J | /,,( A {,“U/ FODIEIr) //

For a, b, creaIS prove that (a +ab+b))(b“ +be + c%)(c* + ca +
a®) > (ab+bec+ ca)’.




theorem imo_longlist_1990_p77
(abc:R):
(@a*b+b*c+c*a)Nh3 <
(a2 +a*b+bN2)*
(bA"2 + b *c+ cN2) *
(cM"2 +c*a+an2) =
begin
-- The three initial steps use Cauchy-Schwarz to prove
- (a*b+b*c)r2<(@ "2+br2)*(b" "2+cN2)
-- which is required for the final call to "nlinarith .
let u : euclidean_space R (fin 2) := ![a, b],
let v : euclidean_space R (fin 2) := ![b, c],
have h, := real_inner_mul_inner_self le uv,
simp [u, v, fin.sum_univ_succ,
—pow_two, «—pow_two, le_of_It, mul_assoc] at hy,



-- The model introduces another required cut (i.e. invent
--theterm 0 <(c+a) *(c + a) and proves it).
have h; : 0 < (c+ a) * (c + a),
{ nlinarith, },
have h, :=sq_nonneg (a *b + b *c+ c * a),
simp [sq, hy, h;, mul_add, add_mul] at h, +,
nlinarith [sg_nonneg (b - a),
sg_nonneg (c - b),
sg_nonneg (a - ¢)]
end
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Appendix F.1 T&Ei#mL71=&LDIZ. cut¥owitness 4T
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Despite our models’ capability, as discussed in Appendix F.1,
to generate cuts and witnesses, we believe that their current
main limitation lies in their inability (under our proposed
search procedure) to chain more than 2 or 3 non-trivial
steps of mathematical reasoning, preventing them from
consistently (instead of exceptionally) solving challenging
olympiad problems..
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We’'ve been repeatedly impressed by the complexity of some
of the proofsteps generated by our models. But, proofs
requiring many of such reasoning steps remain beyond our
current compute horizon. Even if we solved a selection of
challenging olympiad problems, our models are still very far
from being competitive with the brightest students in these
competitions
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While our models have demonstrated some capabilities to
generate cuts, the cuts they generate are often shallow
(they involve only a few proofsteps and don’t necessarily
deeply change the structure of the proof
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MminiF2F-curriculum

miniF2F-curriculum D EE& I MEAFIEVVIC
FrLoULEHETHREEMRITIZ, LehoczkyERusczyk
MDOLoT-[E EEE “The Art of Problem Solving” iho®
IRFTHDH. 327DBEIZEIIN TS, EBAA, TN
LeanzE [CE#EINTLVS,

https://github.com/openai/miniF2F/blob/statemen
t curriculum_learning/lean/src/statement curricul
um_learning/aopsbooks.lean 12, A TL S,



https://github.com/openai/miniF2F/blob/statement_curriculum_learning/lean/src/statement_curriculum_learning/aopsbooks.lean

theorem aopsbook_v1l_c29 p567

(x y : R)
(he : X # 0 Ay # 0)
(hi : 2/ x=y / 3)
(h2 : y /3 =x/1Yy)
x*3 =12 :=
begin
sorr . .
T miniF2F-curriculum® —&p

theorem aopsbook_v2_cl1l4_em2

(a b : R)

(he : @ <anan®<b)

real.sqrt (a x b) = (a +b) / 2 :=
begin

sorry
end

theorem aopsbook_v2_c8_pl132_1
(f : R - R)
(he : V x # 0, fx = (real.sin (3 x x)) / (6 % x)) :
filter.tendsto f filter.at_top (& 0) :=
begin
sorry
end



theorem aopsbook_v2_c6_ex4

(P : polynomial Q)

(he : aeval (3-complex.I) P = 0)
(h:1 : aeval (4+real.sqrt 2) P = 0) :

aeval (3+complex.I) P = @ A aeval (2-real.sqrt 2) P = 0 :=

begin
sorry
end

theorem aopsbook_v2_c6_p1l01

(P Q : polynomial R)
(he : P=(X*2 - (C3)%kX - C 2)"2 - (C 3)*x(X*2 - (C3)xX -C 2) - (C2) -X)

(h1 : Q=X*2-(C4)xX -C 2) :
V a, is_root Q a » is_root P a :

begin
sorry
end

theorem aopsbook_v2_c6_p97

(qr r1 g2 rz :

polynomial

(he : X*8 / (X + (C 1/2))
(h: = X*8 / (X + (C 1/2))
(hz : g1 /7 (X + (C 1/2)) = q2)

(hs : g1 % (X + (C 1/2)) = r2) :
r: = C (-1/16) :

begin
sorry
end

miniF2F-curriculum® — &}



theorem aopsbook_vl1l_c7_em4
(a b : R)
(he : a + = 1)
(h1 : a”2 + b*2 = 2)

a4 + bM =7/ 2 :=
begin

sorry
end
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synth-ineg

Appendix D. Synthetic inequalities
“"Formal Mathematics Statement Curriculum Learning”
https://arxiv.org/pdf/2202.01344.pdf

® Seed expressions generation
® Inequality composition
® Simplification


https://arxiv.org/pdf/2202.01344.pdf

List of inequality composition theorems

neg_le_neg
inv_le_inv

mul_self le_mul_self
div_le_one_of le

mul_le_mul
add_le_add

div_le div
mul_le_mul_of_nonneg
le_mul_of ratio



lemma neg_le_neg

{ab:Z} (h:a

[ order.lean — lean
@ I/R7O0—5— intro_tactic.cpp = order.lean = order.lean ...[int X = [0

v LEAN library > init > data > int > = order.lean
= default.lean
— Y protected lemma 1t_add_of_le_of_pos fa b c : Z} (hbc : b=<<c) (ha: 0 <a) : b<c+a:=
£ order.lean int.add_zero b » int.add_lt_add_of_le_of_lt hbc ha
> list

4 > nat protected lemma sub_add_cancel (a b : Z) : a-b+b=a:=

> option int.neg_add_cancel_right a b
> ordering protected lemma add_sub_cancel (a b : Z) : a+b-b=a :=
> sigma int.add_neg_cancel_right a b
> string
> subtype protected lemma add_sub_assoc (abc:2Z) :a+b-c=a+(b-c):=
S sum by rw [int.sub_eq_add_neg, int.add_assoc, «int.sub_eq_add_neg]
> unsigned protected lemma neg_le_neg {a b : Z} (h: a=<b) : -b = -a :=
= basic.lean 377 have @ = -a + b, from ind.add_left_neg a » int.add_le_add_left h (-a),
= default.lean have @ + -b =< -a + b + -b, from int.add_le_add_right this (-b),
= prod.lean by rwa [int.add_neg_cancel_right, int.zero_add] at this
= punit.lean protected lemma le_of_neg_le_neg {a b : Z} (h: -b=<-a) : a=<sb:=
= quot.lean suffices —(-a) = =(-b), fror
= repr.lean begin simp [int.neg_neg] at this, assumption end,
= set.lean int.neg_le_neg h

lean/library/init/data/int/order.lean




lemma neg_le_neg
lean/library/init/data/int/order.lean ft,
lemma inv_le_inv
mathlib/src/algebra/order/field.lean {t,

theorem mul_self _le_mul_self

mathlib/src/data/nat/basic.lean i,

lemma div_le_one_of le

mathlib/src/algebra/order/field.lean {t,



Examples 1

® AmMGmab
(67:R) ((1:R)/(10:R)) ((1:R)/(10:R))
((8:R)/(10:R))

® theorem
synthetic_ineq_nb_seed_var_0_depth_0 p_1
(@ab:R)(h0:0<a)(hl1:0<Db):

<

8 1 1 8 1 1 b
6710p10q10 < —67 + — S—
A0 =70%"T10 T 10

xty™ z" < Ix + my + nz




Examples 2

® Sgnonneg a ((a) + ((-68:R)))

® theorem
synthetic_ineq_nb_seed_var_4 depth_0 _p 4
(ab:R)
(hO: 0 < a)
(h1:0<Db):

IA

2a(a — 68) < (a — 68)% + a?



Examples 3

® AddLeAdd
Bernoulli 99 ¢
AddLeAdd
SelfDivConst ((a) / (f)) 6
LeMulOfRatio
SelfDivConst ¢ 70
DivLeDiv
Cauchy ((a) / (f)) d c (log (((59:R) + f)))
Young ((a) / (f)) a ((3:R)/(2:R)) ((3:R)/(1:R))



® theorem
synthetic_ineq_nb_seed_var_4 depth_4 p_ 13
(abcdef:R)
(h0: 0<a)(h1:0<b)(h2:0<c)
(h3:0<d)(h4:0<e)(h5:0<f):
(1:R) + (99:R) *c+ (a/f/(6:R)+a*(a/f)/ ((d
N2+anN2/fN2)* (real.log ((59:R) +f) A2 +
N2)) =@/ f) ~ ((3:R)/ (2:R)) / ((3:R) / (2:R))
+a ™3/ (3:R))/ (real.log ((59:R) +f) *d+a/f*
c)N2*(c/(c/(70:R))) +a/f+ (c+ (1:R)) ~ 99



INT: AN INEQUALITY BENCHMARK FOR EVALUATING
GENERALIZATION IN THEOREM PROVING

https://arxiv.org/pdf/2007.02924.pdf

https://github.com/albertgjiang/INT



https://arxiv.org/pdf/2007.02924.pdf
https://github.com/albertqjiang/INT

Abstract

In learning-assisted theorem proving, one of the most
critical challenges is to generalize to theorems unlike
those seen at training time.

In this paper, we introduce INT, an INequality
Theorem proving benchmark designed to test agents’
generalization ability. INT is based on a theorem
generator, which provides theoretically infinite data
and allows us to measure 6 different types of
generalization, each reflecting a distinct challenge,
characteristic of automated theorem proving.



BENCHMARKING SIX DIMENSIONS OF
GENERALIZATION

IID Generalization
Initial Condition
Axiom Orders
Axiom Combinations
Number of Axioms
Proof Length
Generalization



1

IJRA70—F— (CXE)

Vv INT

>

>
>
>
>
>
>
v

LEOJ

algos

data_generation

ineqVis

legacy

logic

proof_system

representation

visualization
__init__.py
latex_parse.py
model_debug.py
proof_by._obj.py
seq_parse.py
supervised_learning_comp...
visualize_rl.ipynb

.gitignore

README.md

test_representation.py

> PINIAY
> Y1LT1Y

visualize_rl.ipynb — INT

visualize_rl.ipynb X
visualization >
+3-F + -5
/>

value loss

action loss

visualize_rl.ipynb >

> TRTEET

20000 40000

60000

80000

updates

100000

from baselines.common import plot_util as pu
= IRTOEILOEN%ZEI V7T

120000

& [

B A—xIL0ER

140000 160000
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mathlib-train

mathlib-train (&, ERIIZHERIZH. Open-Al

Theorem ProverMEE I 5IlERT—2OKAEIZEERS,

= I,
® miniF2F-curriculum 327
® synth-ineq 5,600

® mathlib-train 25,000 (25K)

BrIIZH. mathlib-train [F—EkZE->TLVA,

TNE. ZLOHFDORBZEH/N—LTNS. HFDEE
GEBAHE) TH S,

5



mathlibAH/\—L TL 5 EE

~/miniF2F/_target/deps/mathlib/src

algebra
algebraic_geometry
algebraic_topology
analysis
category_theory
combinatorics
computability
control

data

dynamics

field_theory
geometry
group_theory
linear_algebra
logic
measure_theory
meta
model_theory
number_theory
order

probability_theory
representation_theory
ring_theory
set_theory

tactic

testing

topology



~/miniF2F/_target/deps/mathlib/src/algebra

abs.lean

abs.olean

add_torsor.lean

add_torsor.olean

algebra

associated.lean

associated.olean

big_operators

bounds.lean

bounds.olean

category

char_p

char_zero.lean

char_zero.olean
continued_fractions
covariant_and_contravariant.lean
kcovariant_and_contravariant.olean

indicator_function.lean
indicator_function.olean
invertible.lean
invertible.olean
is_prime_pow.lean
iterate_hom.lean
iterate_hom.olean

lie
linear_recurrence.lean
linear_recurrence.olean
module

monoid_algebra
ne_zero.lean
ne_zero.olean
non_unital_alg_hom.lean
non_unital_alg_hom.olean
opposites.lean



~/miniF2F/_target/deps/mathlib/src/algebra

cubic_discriminant.lean
default.lean

direct _limit.lean
direct_sum
divisibility.lean
divisibility.olean
dual_number.lean
euclidean_domain.lean
euclidean_domain.olean
field

field_power.lean
field_power.olean
free.lean
free_algebra.lean
free_monoid.lean
free_monoid.olean
free_non_unital_non_assoc_algebra.lean
gcd_monoid

M AAAMN ~11m TAaAan

opposites.olean

order

pempty_instances.lean
periodic.lean
periodic.olean
pointwise.lean
pointwise.olean

polynomial
punit_instances.lean
punit_instances.olean
quadratic_discriminant.lean
quadratic_discriminant.olean
gquandle.lean
quaternion.lean
quaternion_basis.lean
quotient.lean
quotient.olean

regular

.
v o~



~/miniF2F/_target/deps/mathlib/src/algebra

geom_sum.lean
geom_sum.olean
graded_monoid.lean
group
group_action_hom.lean
group_action_hom.olean
group_power
group_ring_action.lean
group_ring_action.olean
group_with_zero
hierarchy_design.lean
homology

ring

ring_quot.lean

smul with_zero.lean
smul with_zero.olean
squarefree.lean
squarefree.olean
star

support.lean
support.olean
triv_sq_zero_ext.lean
tropical



_target > deps > mathlib > src > algebra > algebra > = basic.lean

1

O 00 NN UL B WN

W INNNNNNNNNNRRRRRRR R B 2
© OO N0 U BN WNROOWOOWMNOOOUDNWNIERO®

)
Y

/_

Copyright (c) 2018 Kenny Lau. All rights reserved.

Released under Apache 2.0 license as described in the file LICENSE.
Authors: Kenny Lau, Yury Kudryashov

—//

import algebra.module.basic

import linear_algebra.basic

import tactic.abel

import data.equiv.ring_aut

/-
# Algebras over commutative semirings

In this file we define associative unital “algebra’s over commutative (semi)rings, algebra
homomorphisms “alg_hom™, and algebra equivalences “alg_equiv .

“subalgebra’s are defined in “algebra.algebra.subalgebra’.

For the category of “R'-algebras, denoted ‘Algebra R', see the file
“algebra/category/Algebra/basic.lean’.

See the implementation notes for remarks about non-associative and non-unital algebras.
## Main definitions:

“algebra R A': the algebra typeclass.

“alg_hom R A B': the type of "R'-algebra morphisms from "A" to "B’ .

‘alg_equiv R A B': the type of 'R'-algebra isomorphisms between A’ to "B’.

“algebra_map R A : R »+x A': the canonical map from 'R* to "A", as a "ring_hom’ . This is the
preferred spelling of this map.

- - 2 - p— - P Coes 1 a % P . - P D . ST a2 % . . s .




Appendix E.
Example proofs from mathlib-train




lemma comap_eq_of_inverse

lemma comap_eq of_inverse {f : filter a} {g : filter B}
{¢p : a=» B} (Y : B=+a) (eq : ¥ o ¢ = id)
(h¢ : tendsto ¢ £ g) (hy : tendsto ¥ g f)
comap ¢ g = f :=

begin
refine ((comap_mono $
map_le_iff le_comap.l h®) .trans _) .antisymm

(map_le_iff_le_comap.l ho),
rw [comap_comap, eq, comap_id],
exact le_rfl

end




lemma comap_eq_of_inverse

mathlib/src/order/filter/basic.lean

_target > deps > mathlib > src > order > filter > = basic.lean

lemma comap_eq_of_inverse {f : filter a} {g : filter B} {¢ : a - B} (¢ : B -» a)
(eq : y o ¢ = id) (he : tendsto ¢ f g) (hy : tendsto y g f) : comap ¢ g = f :=
regin
" refine ( comap_mono $ map_le_iff_le_comap.l hy).trans _).antisymm (map_le_iff_le_comap.1l he),
rw [comap_comap, eq, comap_id],
2332 exact le_rfq
and

lemma map_eq_of_inverse {f : filter a} {g : filter B} {¢ : a » B} (y : B - a)
(eq : @ o y = id) (he : tendsto ¢ f g) (hy : tendsto y g f) : map ¢ f = g :=
Jegin
refine le_antisymm hg (le_trans _ (map_mono hy)),
rw [map_map, eq, map_id],
) exact le_rfl
and




lemma comap_eq_of_inverse

lemma comap_eq_of_inverse {f : filter a} {g : filter A}
{¢p : a=» B} (Y : B=+a) (eq : ¥ o ¢ = id)
(h¢ : tendsto ¢ £ g) (hyp : tendsto ¥ g £f)
comap ¢ g = f :=

begin
refine ((comap_mono $
map_le_iff le_comap.l h®) .trans _).antisymm

(map_le_iff_le_comap.l ho),
rw [comap_comap, eq, comap_id],
exact le_rfl

end

begin
refine le_antisymm _ (filter.map_le_iff_ le_comap.l h¢),
refine A s hs, _,
rw mem_comap,
use [¢¥ ~'' s, hy hs],
rw [+ preimage_comp, eq, preimage_id]
end




lemma sum_range_sub_sum_range

lemma sum_range_sub_sum_range {a : Typex} [add_comm_group «]
{f : N2 a} {nm : N} (hnm : n < m) :
> k in range m, £ k - > k in range n, f k
> k in (range m) .filter (A k, n < k), £ k :=

begin
rw [+ sum_sdiff (@filter_subset
(range m)), sub_eq iff eq_ add,
+ eq_sub_iff add_eq, add_sub_cancel’],
refine finset.sum_congr
(finset.ext $ A a, (A h, by simp at =x; finish,
A h, have ham : a < m :=
lt_of_1t_of_le (mem_range.l h) hnm,
by simp * at x))

(A k, n < k)

(AN _ _, rfl)
_end
begin
rw [+ sum_Ico_eq_sub _ hnm],
congr,

apply finset.ext,
simp [Ico.mem, *],
tauto

end




lemma prod_inv_distrib

lemma prod_inv_distrib : (J] x in s, (f x)~!) =
(Il x in s, £ x)7 1 :=

begin
classical,
by cases h : d x € s, £ x =0,
{ simpa [prod_eq_zero_iff.mpr h, prod_eq zero_iff]
using h 1},
{ push_neg at h,
have h’ := prod_ne_zero_iff.mpr h,
have hf : V x € s, (f x)7! = £ x =1 := A x hx,
inv_mul_cancel (h x hx),
apply mul_right_cancel’ h’,
simp [h, h’, & finset.prod_mul_distrib,
prod_congr rfl hf] }
end

begin
classical; induction s using
finset.induction_on with a s has ih,
{ simp, 1},
simp only [has, prod_insert has, mul_inv_rev’],
finish
end
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Jesse Michael Han

Researcher at @OpenAl

Math PhD at the University of
Pittsburgh, interested in formal
proofs and applying deep
learning to automated theorem
proving.
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git clone https://github.com/flypitch/flypitch.qgit
eanproject get-mathlib-cache

eanproject build

ean --trust=0 ./src/summary.lean



https://github.com/flypitch/flypitch.git

leanproject get-mathlib-cache

maruyama@MacBook-2 flypitch % leanproject get-mathlib-cache
configuring flypitch 2.2

mathlib: cloning https://github.com/leanprover-community/mathlib to
_target/deps/mathlib

> mkdir -p _target/deps/mathlib

> git clone https://github.com/leanprover-community/mathlib
_target/deps/mathlib

Cloning into '_target/deps/mathlib’...

remote: Enumerating objects: 254227, done.
remote: Counting objects: 100% (35/35), done.
remote: Compressing objects: 100% (22/22), done.

remote: Total 254227 (delta 17), reused 27 (delta 13), pack-reused
254192

Receiving objects: 100% (254227/254227), 132.54 MiB | 1.21 MiB/s, done.
Resolving deltas: 100% (202695/202695), done.



Checking out files: 100% (2566/2566), done.

> git checkout --detach
883d974b608845bad30ael19e27e33c285200bf84  # in directory
_target/deps/mathlib

HEAD is now at 883d974b6 feat(algebra/module): sum_smul' (for
semimodules) (#1752)
Looking for mathlib oleans for 883d974b6
locally...
remotely...
Found remote mathlib oleans
Located matching cache

883d974b6: 100% | NG | 15 4M/15.4M

[00:14<00:00, 1.09MB/s]
Applying cache

files extracted: 1256 [00:04, 307.05/s]
maruyama@MacBook-2 flypitch %



leanproject build

maruyama@MacBook-2 flypitch % leanproject build

Building project flypitch

configuring flypitch 2.2

mathlib: trying to update _target/deps/mathlib to revision
883d974b608845bad30ael19e27e33¢c285200bf84

> git checkout --detach 883d974b608845bad30ael19e27e33¢c285200bf84
# in directory _target/deps/mathlib

HEAD is now at 883d974b6 feat(algebra/module): sum_smul' (for
semimodules) (#1752)

> |lean --make src

/Users/maruyama/flypitch/_target/deps/mathlib/src/tactic/restate_axiom.le
an:
par/Users/maruyama/flypitch/_target/deps/mathlib/src/algebra/group/free
_monoid.lean/Users/maruyama/flypitch/_target/deps/mathlib/src/tactic/res
tate_axiom.lean:
par/Users/maruyama/flypitch/_target/deps/mathlib/src/tactic/simpa.lean:
parsing at
/Users/maruyama/flypitch/_target/deps/mathlib/src/tactic/restate_axiom.le
an:



s ...

def bSet.CH : M {B : Type u} [_inst_1 :
nontrivial_complete_boolean_algebra B], B :=

A{B : Type u} [_inst_1 : nontrivial_complete_boolean_algebra B],
-l (X : bSet B),
Ord x n
Ll (y : bSet B),
(A (xy : bSet B), -larger_than x y) omega x n (A (xy : bSet B), -
larger_than x y) x y n
(A (Xy : bSet B), injects_into x y) y (P omega)
def CH_f : sentence L_ZFC : =

v'(Ord_f = substmax_bounded_formula at_most_f omega u at_most_f[P'
omega /0])

def B_cohen : Type :=

regular_opens (set (type X, X N))

def collapse_algebra.B_collapse : Type u :=
collapse_algebra (type X;) (type (powerset omega))
propext

classical.choice

quot.sound

maruyama@MacBook-2 flypitch %



lean --trust=0 ./src/summary.lean

structure fol.Language : Type (u+1)

fields:

fol.Language.functions : Language — N — Type u
fol.Language.relations : Language — N — Type u

inductive fol.preterm : Language — N — Type u

constructors:

fol.preterm.var : I {L : Language}, N — preterm L O

fol.preterm.func : M {L : Language} {l : N}, L.functions | — preterm L |

fol.preterm.app : N {L : Language} {l : N}, preterm L (I + 1) — preterm L
0 — preterm L |

inductive fol.preformula : Language —- N — Type u

constructors:

fol.preformula.falsum : M {L : Language}, preformula L O
fol.preformula.equal : M {L : Language}, term L — term L — preformula L O
fol.preformula.rel : I {L : Language} {l : N}, L.relations | — preformula L |

fol.preformula.apprel : M {L : Language} {l : N}, preformula L (I + 1) —
term L — preformula L |



fol.preformula.imp : I {L : Language}, preformula L 0 — preformula L 0 —
preformula L O

fol.preformula.all : 1 {L : Language}, preformula L 0 — preformula L O
@[reducible]

def fol.term : Language — Type u :=

A (L : Language), preterm L O

@[reducible]

def fol.formula : Language — Type u :=

A (L : Language), preformula L O

@[reducible]

def fol.sentence : Language — Type u :=

A (L : Language), presentence L 0

theorem fol.soundness : v {L : Language} {T : Theory L} {A : sentence L},
TFA-STEA:=

A {L : Language} {T : Theory L} {A : sentence L} (H: T+ A),
ssatisfied_of_satisfied (formula_soundness H)

inductive fol.prf : N {L : Language}, set (formula L) — formula L — Type u
constructors:

fol.prf.axm : 1 {L : Language} {I : set (formula L)} {A : formula L}, Ae Tl
—-TFA

fol.prf.impI : M {L : Language} {I : set (formula L)} {A B : formula L},
insert AT+ B—-T+HA=DB



fol.prf.impE : N {L : Language} {I : set (formula L)} (A : preformula L 0)
{B : preformula L 0},

r'F-FA=B->T+-FA->TFB

fol.prf.falsumE : 1 {L : Language} {I : set (formula L)} {A : formula L},
insert ~ AL —->TFA

fol.prf.alll : M {L : Language} {I : set (preformula L 0)} {A : formula L},
lift formulal " THFA—->TFV' A

fol.prf.allE, : M {L : Language} {I : set (formula L)} (A : preformula L 0)
(t:term L), TV 'A—>T+A[t// O]

fol.prf.ref : N {L : Language} (I : set (formula L)) (t:term L), Nt =t

fol.prf.subst, : N {L : Language} {I : set (formula L)} (st: term L) (f:
preformula L 0),

Fs=t—->T+f[s//0] =>T¢+f[t// 0]
def fol.provable : N {L : Language}, set (formula L) — formula L — Prop :=
A {L : Language} (T : set (formula L)) (f : formula L), nonempty (T + f)
def fol.is_consistent : 1 {L : Language}, Theory L — Prop :=
A {L : Language} (T : Theory L), =T ' 1L
inductive pSet : Type (u+1)
constructors:
pSet.mk : I (a : Type u), (a — pSet) — pSet
inductive bSet : N (B : Type u) [_inst_1 : complete_boolean_algebra B],
Type (u+1)



constructors:
bSet.mk : N {B : Type u} [_inst_1 : complete_boolean_algebra B] (a :

Type u),
(a - bSet B) - (a - B) — bSet B

def L_ZFC : Language :=
{functions := ZFC_func, relations := ZFC_rel}
def ZFC : Theory L_ZFC : =
{axiom_of _emptyset,
axiom_of _ordered_pairs,
axiom_of _extensionality,
axiom_of_union,
axiom_of powerset,
axiom_of _infinity,
axiom_of_regularity,
zorns_lemma} u
U (n : N), axiom_of collection " set.univ



(vx1,~ x1 € 9)

(vx1,(vx2,(vx3,(vx4,(((pair(x1)(x2) = pair(x3)(x4)) = ((x1 = x3) A (X2 =
X4))) A (((x1 = x3) = = (X2 = x4)) v (pair(x1)(x2) = pair(x3)(x4))))))))

(vx1,(vXx2,((VX3,(x3 exl = x3 ex2)A (X3 €ex2=x3€exl))) = (x1-=
X2))))

(vx1,(vx2,((x2 € U(x1) = 3x3,(x3 € x1 A x2 € x3)) A ((vx3,((x3 € X1 = =
x2 € X3) v 1)) v x2 € U(x1)))))

(vx1,(vx2,((x2 € P(x1) = (VX3,(x3 € x2 = x3 € x1))) A ((vX3,(x3 € x2 =
X3 € X1)) = x2 € P(x1)))))

(e wA (vx1l,(x1 € w = 3Ix2,(x2 € wAX1ex2))))A(@Ex1,((((Vx2,(x2 € x1
= (VX3,(x3 € X1 = (((x2 = x3) v X2 € Xx3) v X3 € x2))))) A (vx2,((vx3,(x3
ExX2=x3€ex1))=((x2=0) Vv 3Ix3,(x3 €x2A(Vx4,(x4 € x2 = x4 €
X3))))) A (vx2,(x2 € X1 = (VX3,(x3 ex2=x3€x1))))) A(w=x1))A
(vx1,((((vx2,(x2 € x1 = (VXx3,(x3 e x1l = (((x2 =x3) vx2€x3)V X3 €
x2))))) = = (vx2,((vX3,(Xx3 € X2 = x3 € X1)) = ((x2 = @) v IX3,(X3 € X2 A
(Vx4,(x4 € X2 = = x4 € xX3))))))) v = (v¥x2,(x2 € x1 = (v¥x3,(Xx3 € x2 = x3
e x1))))) VvV ((® € xl = = (vVx2,(x2 € x1 = 3Ix3,(x3 € X1 AXx2€X3))))V
(Vx2,(x2 € w = x2 € x1)))))))



(vx1,((x1 = @) v aIx2,(x2 € x1 A (Vx3,(x3 € X1 = = X3 € x2)))))

(vx1,((x1 = @) v ((vx2,(((Vx3,(X3 € x2 = x3 € x1)) = = (vX3,(vx4,((x3 €
X2 = = X4 € x2) V ((vx5,(x5 € x3 = x5 € x4)) v (vx5,(x5 e x4 = x5 €
x3))))))) v U(x2) € x1)) = 3Ix2,(x2 € X1 A (¥x3,(x3 € X1 = ((vx4,(x4 € x2
= X4 € x3)) = (X2 = x3))))))))

def bSet.CH : M {B : Type u} [_inst_1 :
nontrivial_complete_boolean_algebra B], B :=

A{B : Type u} [_inst_1 : nontrivial_complete_boolean_algebra B],
-l (X : bSet B),
Ord x N
Ll (y : bSet B),
(A (xy : bSet B), -larger_than x y) omega x n (A (xy : bSet B), -
larger_than x y) x y n
(A (Xy : bSet B), injects_into x y) y (P omega)



def CH_f : sentence L_ZFC : =

v'(Ord_f = substmax_bounded_formula at_most_f omega u at_most_f[P'
omega /0])

def B_cohen : Type :=

regular_opens (set (type X, X N))

def collapse_algebra.B_collapse : Type u :=
collapse_algebra (type X;) (type (powerset omega))
propext

classical.choice

quot.sound

maruyama@MacBook-2 flypitch %
maruyama@MacBook-2 flypitch %
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Feit-ThompsonE ¥ D2z BIEIEAA

20124, Georges Gonthierld. CogzRL\T. EHD
Feit-Thompson EED R KXIGEERIZKINT 5,

ZHOTEEIX, 1962-19634F(ZWalter Feit & John
Griggs Thompson [Z&>TEEBASLT=. BaRDE KRS
Efﬂm—?—éﬁ)éo

COTFEEX. FHUBMOAREMBEIAEZETHLICETE
EL (TE#AI2EE = “Odd Order Theorem” &HME(E
nNad)) . GERBEMBEOSERETCEELGRIZE-LTWS,
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Georges Gonthier

Gonthier® “Feit-Thompson
theorem” MOEIAXRIGERL . BXRGE
NDTHDH, ThiL, 15,000DEE. i
4,300DFHE, 17H1TDYV—AMBIE |
5o —DFEAZE ., WMIETF—LIEXET. 6
FENNTTERSET=,

https://github.com/math-comp/odd-
order

“A Machine-Checked Proof of the Odd Order Theorem”
https://hal.inria.fr/hal-00816699/document



https://hal.inria.fr/hal-00816699/document

<><> Processing actions <><><OIOIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIDLIOLIOLI>LD> *ﬂ

4 retrieved cogq-mathcomp-field.1.14.0 (https://github.com/math-comp/math-comp/a
rchive/mathcomp-1.14.0.tar.gz)

4 retrieved cog-mathcomp-fingroup.1.14.0 (cached)

4 retrieved cog-mathcomp-character.1.14.0 (https://github.com/math-comp/math-co
mp/archive/mathcomp-1.14.0.tar.gz)

4 retrieved coq-mathcomp-solvable.1.14.0 (cached)

4 retrieved cogq-mathcomp-algebra.l1.14.0 (https://github.com/math-comp/math-comp
/archive/mathcomp-1.14.0.tar.gz)

4 retrieved coq-mathcomp-ssreflect.1.14.0 (cached)

4 retrieved cogq-mathcomp-odd-order.1.13.0 (https://github.com/math-comp/odd-ord
er/archive/mathcomp-odd-order.1.13.0.tar.gz)

Processing 8/21: [cog-mathcomp-ssreflect: make 3]

+ installed coq-mathcomp-ssreflect.1.14.0

Processing 10/21: [cog-mathcomp-fingroup: make 3]

installed coq-mathcomp-fingroup.1.14.0

installed cogq-mathcomp-algebra.l1.14.0

installed coq-mathcomp-solvable.1.14.0

installed coq-mathcomp-field.1.14.0

installed cogq-mathcomp-character.1.14.0

installed cogq-mathcomp-odd-order.1.13.0
one.

*

O ¥ % % % *




Theorem Feit_Thompson

= PFsection14.v X

PFsection14.v

theories >

1263 Theorem Feit_Thompson (gT : finGroupType) (G : {group gT})
1264 odd #|G| —> solvable G.
1265 Proof. exact: (minSimpleOdd_ind no_minSimple_odd_group). Qed.

1267 Theorem simple_odd_group_prime (gT : finGroupType) (G : {group gT})
1268 odd #|G| —> simple G —> prime #|G]|.
1269 Proof. exact: (minSimpleOdd_prime no_minSimple_odd_group). Qed.

Theorem stripped_0Odd_Order

= stripped_odd_order_theorem.v X

~[odd-order/theories/

stripped_odd_order_theorem.v |_order_theorem.v

Theorem stripped_0dd_Order T mul one inv (G : T —> Type) (n : natural)

206 group_axioms T mul one inv -> group T mul one inv G —>
finite_of_order TG n —> odd n —>

208 solvable_group T mul one inv G.

209 Proof. exact (InternalSkepticOddOrderProof.main T mul one inv G n). Qed.




= coq-mathcomp-odd-order.opam

21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

The formal proof of the Feit-Thompson theorem.
From mathcomp Require Import all_ssreflect all_fingroup all_solvable PFsectionl4.

Check Feit_Thompson.
: forall (gT : finGroupType) (G : {group gT}), odd #|G| —> solvable G

From mathcomp Require Import all_ssreflect all_fingroup
all_solvable stripped_odd_order_theorem.

Check stripped_0dd_Order.
: forall (T : Type) (mul : T—>T ->T) (one : T) (inv : T > T)
(G : T ->Type) (n : natural),
group_axioms T mul one inv —>
group T mul one inv G —>
finite_of_order T G n => odd n —> solvable_group T mul one inv G"""



Gonthier& ! O£ R &E |

1974%F., €4')/4KFDKenneth Appel&Wolfgang Hakenl,
HEORLmDIAVEL1—FZHE->T. EEMEIZEEL V-,

AV E 1 —2DFEFFME L. 1200/ IR V. &mEDZEEZFE L
FENEHNGENST=-DTHFELINIDETE=-T-EE D,

20044, Gonthierld., CogZx{#E->TI U [ERE |1 ZfE L V=,
“A computer-checked proof of the Four Colour Theorem’

http://www?2.tcs.ifi.Imu.de/~abel/lehre/WSQ07-
08/CAFR/4colproof.pdf

4



http://www2.tcs.ifi.lmu.de/~abel/lehre/WS07-08/CAFR/4colproof.pdf
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Johannes Kepler Thomas Hales



Hales ¥ 75—F % fE<

19924, Thomas HaleslXSamuel Ferguson&&+4IZ. AJEE
fd~7|_\ )L@ﬁE%'~OL\—C éT’U’C %ﬁﬁ/n‘l’@/ﬁ@#/ﬁffiﬁ
EDmRANEFKOHDH_ET. yIT5—FENEITHEFET S,
19984, Halesih(&., 250 R—L MiEX E2GByteD 70T S A
ET—AEREL. 7 T5—FREMBEUN=EEIRT D, -125HXD
EHEIXIO9%IELLN | ELTI=EDD ., 1%EFERLT=,

20034, Halesl34 75—F DIV E1—RIZ&SEEIZTHER
HIEEBAZHE T Flyspec 7Rz oML EIT5,

20154, Hales&t & 21414. i%3X “A formal proof of
the Kepler conjecture”ZzarXiviZixiaL. ¥ IT5—F D
REeEET 5

20174 ICIF., o DEIHAIL, ZRICTREIND,




/flyspec/text_formalization/general/audit_formal_proof.hl

= audit_formal_proof.hl X
~[flyspeck/text_formalization/general/

audit_formal_proof.hl ?Hgit:fermflb—‘RrOOf'.hll
36
37 (x The definition of packing x)
38
39 let chk_packing_def =
40 chk_thm(Sphere.packing_lt,
41 ‘packing (V:real®3 -> bool) =
42 ('u:real”3 vireal®3. (u IN V) /\ (v IN V) /\ (dist( u, v) < &) ==>
43 (u=v))");;
44
45 (x The definition of the Kepler conjecture x)
46
47 let chk_kepler_conjecture_def = chk_thm
48 (The_main_statement.the_kepler_conjecture_def,
49 “the_kepler_conjecture <=>
50 (!V. packing V
51 => (?c. !'r. &l <=r
52 ==> &(CARD(V INTER ball(vec @,r))) <=
53 pi *x r pow 3 / sqrt(&18) + ¢ x r pow 2))°
54 )ii

55

-~
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Grigory Perelman
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And since mathematics is a very deep science, in
the sense that the results of one article usually
depend on the results of many and many previous
articles, this accumulation of errors for
mathematics is very dangerous.
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And it soon became clear that the only long-term
solution was somehow to make it possible for me
to use computers to verify my abstract, logical,
and mathematical constructions.
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Today, only a few years later, computer
verification of proofs and of mathematical
reasoning in general looks completely practical to
many people who work on univalent foundations
and homotopy type theory.
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I realized that mathematics is on the verge of a
crisis, or rather, two crises.

The first is connected with the separation of
“pure” and applied mathematics. It is clear that
sooner or later there will be a question about why
society should pay money to people who are
engaged in things that do not have any practical
applications.
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The second, less obvious, is connected with the
complication of pure mathematics, which leads to
the fact that, sooner or later, the articles will
become too complicated for detailed verification
and the process of accumulating undetected
errors will begin. And since mathematics is a very
deep science, in the sense that the results of one
article usually depend on the results of many and
many previous articles, this accumulation of
errors for mathematics is very dangerous.



So, I decided, you need to try to do something that
will help prevent these crises. For the first crisis, this
meant that it was necessary to find an applied
problem that required for its solution the methods of
pure mathematics developed in recent years or even
decades.

I think it was at this moment that I largely stopped
doing what is called “curiosity-driven research” and
started to think seriously about the future. I didn’t
have the tools to explore the areas where curiosity
was leading me and the areas that I considered to be
of value and of interest and of beauty.
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So I started to look into what I could do to create
such tools. And it soon became clear that the only
long-term solution was somehow to make it
possible for me to use computers to verify my
abstract, logical, and mathematical constructions.
The software for doing this has been in
development since the sixties. At the time, when 1
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to look for a practical proof assistant
2000, I could not find any. There were
groups developing such systems, but none

of them was in any way appropriate for the kind
of mathematics for which I needed a system.



When I first started to explore the possibility,
computer proof verification was almost a forbidden
subject among mathematicians. A conversation about
the need for computer proof assistants would
invariably drift to Godel’s incompleteness theorem
(which has nothing to do with the actual problem) or
to one or two cases of verification of already existing
proofs, which were used only to demonstrate how
impractical the whole idea was. Among the very few
mathematicians who persisted in trying to advance
the field of computer verification in mathematics
during this time were Tom Hales and Carlos Simpson.

Today, only a few years later, computer verification of
proofs and of mathematical reasoning in general

looks completely practical to many people who work
on univalent foundations and homotopy type theory.



