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If computers that you build are quantum,

Then spies everywhere will all want ‘em.

Our codes will all fail,

And they’ll read our email,

Till we get crypto that’s gquantum, and daunt ‘em.



O

BQP (Bounded-Error Quantum Polynomial-Time): The class
of problems solvable efficiently
defined by Bernstein and Vazirant

Shor 1994: Factoring integers is in BQP

NP

Factoring




Example Problems

n x n chess
nxnGo

Box packing
Map coloring
Traveling salesman
n x n Sudoku

Graph isomorphism
Factoring
Discrete logarithm
Graph connectivity
Testing if a number
IS a prime
Matchmaking
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BEZ%5, B EEROPIDEETHSP=NP? EREIL.
INP-EL IFREDFREETDEEDEBEIZIFET 5. D
RiRIE EFAVELA—FDEZICK>THEEDH DI EFLLY,
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Clique

(L1 VI VX)) A

(xp VI3V x3) A

(xz3 VIgVxg) A A
(X -3V Vx,_2) A
(X2 Vi1 V1)

3-SAT

Graph Coloring Hamilton Path

¥k < ENP-E £ HRE
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(_'xn—2\/ln—l \/ln)

3-SAT

Graph Coloring Hamilton Path
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ZENITITEHEBRNI TR XGEER NN DD,



e e e e B O
EHEEEE

Clique

([1 VIV xy) A

(xp VI3 Vx3) A

(X3 VI Vg A A
(W -3V il—2 VX, ) A
(_'xn—2\/ln—1 \/ln)

3-SAT

Graph Coloring Hamilton Path
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0 19714 Cookld., FERAIEEMEEM . NP-EETHAHA LA
EEBALT-, CZIZHIH T NP-EE LAV ETRAEIET S,
(BICHE., VIsIrO#EFELevintb FILEREZHFTLVS)

IR DOEHMEERL. CORRENSIRED,

0 19724, KarplX. H5REIENNP-TETHAHA_EZFIHAT S
BENGHETIDOFEZHEL. ZLDOREENNP-EETH
B, RLI=(TKarpMD21 DAL .

O CONP-EL2MRED) AL, IRETIIHBEDMEEZH/\—L
THARLTLVS, (FIAIX. "List of NP-complete
problems” https://goo.gl/XUSvRz )

O MoDRIRBEDIFIZR ZLEE: “Intractability "11&. #iI4t
HI7EEH D TIEGEL, —RZEE D TH D,
[0 Cookl%19824 . Karpld19854., Turing€%ZEL1-,



https://goo.gl/XUSvRz

NPT Z£[E-EDE &

[0 NP-complete problems are in NP, the set of
all decision problems whose solutions can be
verified in polynomial time; NP may be equivalently
defined as the set of decision problems that can be
solved in polynomial time on a non-deterministic
Turing machine. A problem p in NP is NP-complete
if every other problem in NP can be transformed
(or reduced) into p in polynomial time.

https://en.wikipedia.org/wiki/NP-completeness



P=NP?fE#E &ENP5T £ H#E 0O %

O It is not known whether every problem in NP can
be quickly solved—this is called the P versus NP

problem.

O But if any NP-complete problem can be solved
quickly, then every problem in NP can, (P=NP)
because the definition of an NP-complete problem
states that every problem in NP must be quickly
reducible to every NP-complete problem (that is, it
can be reduced in polynomial time). Because of this,
it is often said that NP-complete problems
are harder or more difficult than NP problems in
general.

https://en.wikipedia.org/wiki/NP-completeness
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Cook-Levin Theorem




Cook-Levin Theorem
SATIENPEETHS

"The Complexity of Theorem Proving Procedures”
Stephen Cook (1971)

https://www.cs.toronto.edu/~sacook/homepage/1
971.pdf

https://dl.acm.org/citation.cfm?id=805047



https://www.cs.toronto.edu/~sacook/homepage/1971.pdf
https://dl.acm.org/citation.cfm%3Fid=805047

It is shown that any recognition problem solved by a
polynomial time bounded nondeterministic Turing
machine can be "reduced" to the problem of
determining whether a given propositional formula is
a tautology. Here "reduced" means, roughly speaking,
that the first problem can be solved deterministically
in polynomial time provided an oracle is available for
solving the second. From this notion of reducible,
polynomial degrees of difficulty are defined, and it is
shown that the problem of determining tautologyhood
has the same polynomial degree as the problem of
determining whether the first of two given graphs is
isomorphic to a subgraph of the second. Other
examples are discussed. A method of measuring the
complexity of proof procedures for the predicate
calculus is introduced and discussed.

https://dl.acm.org/citation.cfm?id=805047
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Proof of the Cook-Levin Theorem

[0 Already know SAT € NP, so only need to show SAT
is NP-hard.

0 Let L be any language in NP. Let M be a NTM that
decides L in time nk .

[0 We define a polynomial-time reduction

f, : inputs — formulas

such that for every w,
M accepts input w iff f (w) is satisfiable

0 Proof Idea:
satisfying assignments of f, (w)
& accepting computations of M on w

http://people.seas.harvard.edu/~cs125/fall15/lec15.pdf



Describe computations of M
by boolean variables:

O If n = |w|, then any computation of M on w has at
most nk configurations.

[0 Each configuration is an element of c ,
where C = QuUlu {#} (mark left and right ends

with {#3}).
[0 computation depicted by nk x nk “tableau” of
members of C.

[0 Represent contents of cell (i, j) by |C| boolean
variables {x;;s: s €C}, where X;; ¢ = 1 means "cell

(i, j) contains s”.
00 <i,j<nk,so|C| n% boolean variables in all
Subformulas that verify the computation.

http://people.seas.harvard.edu/~cs125/fall15/lec15.pdf



Express conditions for an accepting
computation on w by boolean formulas

[ ¢ = “for each (i, j), there is exactly one s € C
SUCh that Xi,j,S — 1”.

L @5 = “first row equals start configuration on w”

[ @accept = "last row is an accept configuration on w

L ®Orove = "every 2X 3 window is consistent with the
transition function of M”

http://people.seas.harvard.edu/~cs125/fall15/lec15.pdf



Completing the proof

[0 Claim: Each of above can be expressed by a
formula of size of size O((nk)2 ) = O(n2k ), and can
be constructed in polynomial time from w.

O Claim: M has an accepting computation on w if

and Only if fL(W) = (PcelI/\(Pstart/\(Paccept/\(Pmove has a
satisfying assignment.

0 Thus w — f (w) is a polynomial-time reduction from
L to SAT.

http://people.seas.harvard.edu/~cs125/fall15/lec15.pdf
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"Reducibility Among Combinatorial Problems”
Richard M Karp 1972

https://people.eecs.berkeley.edu/~luca/csl172/kar
p.pdf



https://people.eecs.berkeley.edu/~luca/cs172/karp.pdf

A large class of computational problems involve the
determination of properties of graphs, digraphs,
integers, arrays of integers, finite families of finite
sets, boolean formulas and elements of other
countable domains. Through simple encodings from
such domains into the set of words over a finite
alphabet these problems can be converted into
language recognition problems, and we can inquire
into their computational complexity. It is reasonable
to consider such a problem satisfactorily solved when
an algorithm for its solution is found which terminates
within a number of steps bounded by a polynomial in
the length of the input. Many problems with wide
applicability — e.qg., set cover, knapsack, hitting set,
max cut, and satisfiability — lack a polynomial
algorithm for solving them, but also lack a proof that
no such polynomial algorithm exists. Hence, they

remain “open problems. e e
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Karp's 21 NP-complete problems

[0 Satisfiability: the boolean satisfiability problem for formulas
in conjunctive normal form (often referred to as SAT)

B 0-1 integer programming (A variation in which only the
restrictions must be satisfied, with no optimization)

B Clique (see also independent set problem)
O Set packing
O Vertex cover
B Set covering
B Feedback node set
B Feedback arc set

B Directed Hamilton circuit (Karp's name, now usually
called Directed Hamiltonian cycle)

= Undirected Hamilton circuit (Karp's name, now
usually called Undirected Hamiltonian cycle)

https://goo.gl/56gLWk


https://en.wikipedia.org/wiki/Boolean_satisfiability_problem
https://en.wikipedia.org/wiki/Conjunctive_normal_form
https://en.wikipedia.org/wiki/Integer_linear_programming
https://en.wikipedia.org/wiki/Clique_problem
https://en.wikipedia.org/wiki/Independent_set_problem
https://en.wikipedia.org/wiki/Set_packing
https://en.wikipedia.org/wiki/Vertex_cover_problem
https://en.wikipedia.org/wiki/Set_cover_problem
https://en.wikipedia.org/wiki/Feedback_vertex_set
https://en.wikipedia.org/wiki/Feedback_arc_set
https://en.wikipedia.org/wiki/Hamiltonian_path_problem
https://en.wikipedia.org/wiki/Hamiltonian_path_problem

Karp's 21 NP-complete problems

B Satisfiability with at most 3 literals per
clause (equivalent to 3-SAT)

[0 Chromatic number (also called the Graph Coloring
Problem)

m Clique cover
B Exact cover
= Hitting set
= Steiner tree
= 3-dimensional matching

= Knapsack (Karp's definition of Knapsack is closer
to Subset sum)

= Job sequencing
= Partition
= Max cut

https://goo.gl/56gLWk



https://en.wikipedia.org/wiki/Boolean_satisfiability_problem
https://en.wikipedia.org/wiki/Graph_coloring
https://en.wikipedia.org/wiki/Graph_coloring
https://en.wikipedia.org/wiki/Clique_cover
https://en.wikipedia.org/wiki/Exact_cover
https://en.wikipedia.org/wiki/Hitting_set
https://en.wikipedia.org/wiki/Steiner_tree
https://en.wikipedia.org/wiki/3-dimensional_matching
https://en.wikipedia.org/wiki/Knapsack_problem
https://en.wikipedia.org/wiki/Subset_sum
https://en.wikipedia.org/wiki/Job_shop_scheduling
https://en.wikipedia.org/wiki/Partition_problem
https://en.wikipedia.org/wiki/Maximum_cut
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Algorithms for solving SAT

[0 Since the SAT problem is NP-complete, only
algorithms with exponential worst-case complexity
are known for it. In spite of this, efficient and
scalable algorithms for SAT were developed over
the last decade. A SAT-solving engine is now
considered to be an essential component in
the EDA toolbox.

[0 The PPSZ algorithm has a runtime of O(2°9-38n) for
3-SAT with a single satisfying assignment.

https://en.wikipedia.org/wiki/Boolean_satisfiability_problem


https://en.wikipedia.org/wiki/Electronic_design_automation

SAT 2018 Competition

Organizers Marijn Heule, Matti Jarvisalo, Martin Suda

Past Competitions

SAT 2017 Competition
Organizers Marijn Heule, Matti Jarvisalo, Tomas Balyo
Slides Slides used at SAT 2017
Proceedings Descriptions of the solvers and benchmarks
Benchmarks Available here
Solvers Available here
Gold Silver Gold Silver Gold Silver NI
Agile Track Main Track Random Track
Maple LCM Dist,
SAT+UNSAT ng%gfmg:ibf Glu_VC Glucose 4.1 MapIeLIgABaEIgl\lll-g'::Ac;Resta ‘. Mﬁgﬁggg"ﬁgg;ﬁgggggg’ O VNN YalSAT fch glucose3 Ry
MapleLRB LCM
Parallel Track No-Limit Track Incremental Library Track
SAT+UNSAT Ss{/rr‘:l';i‘g Plingeling COMIniSATPS Pulsar Mﬁﬁﬁgggﬁﬁggstr?BV\?'s?g’sz’ AbcdSAT Glucose E
SAT 2016 Competition
Organizers Marijn Heule, Matti Jarvisalo Tomas Balyo
Proceedings Descriptions of the solvers and benchmarks
Benchmarks Available here
Solvers Available here
Gold Silver Gold Silver Gold Silver

https://www.satcompetition.org/



Finding maximum cliques in arbitrary
graphs

[1 It is possible to find the maximum clique, or the
cligue number, of an arbitrary n-vertex graph in
time O(3"3) = 0(1.4422")

[0 The algorithm of Tarjan & Trojanowski solves this
problem in time O(2"/3) = O(1.2599")

[0 Jian (1986)improved the time to O(20-304n)
= (0(1.2346"), and Robson (1986) improved it
to O(20-2767) = 0(1.2108")

[0 Robson (2001) which runs in time O(20-249)
= 0O(1.1888")

https://en.wikipedia.org/wiki/Clique_problem


https://en.wikipedia.org/wiki/Clique_problem
https://en.wikipedia.org/wiki/Clique_problem
https://en.wikipedia.org/wiki/Clique_problem
https://en.wikipedia.org/wiki/Clique_problem

Graph Coloring Exact algorithms

[0 Using dynamic programming and a bound on the
number of maximal independent sets, k-colorability
can be decided in time and space O(2.445")

[0 Using the principle of inclusion—-exclusion and
Yates’s algorithm for the fast zeta transform, k-
colorability can be decided in time O(2"n) for any k.

[0 Faster algorithms are known for 3- and 4-
colorability, which can be decided in time
0(1.3289") and O(1.7272") respectively.

https://en.wikipedia.org/wiki/Graph_coloring



Hamilton Path Algorithms

[0 a dynamic programming algorithm of Bellman, Held,
and Karp can be used to solve the problem in time
O(n?4 2").

[0 Andreas Bjorklund showed how to solve the
Hamiltonian cycle problem in arbitrary n-vertex
graphs by a Monte Carlo algorithm in time
O(1.657M); for bipartite graphs this algorithm can
be further improved to time 0(1.415"7).

[0 For graphs of maximum degree three, a careful
backtracking search can find a Hamiltonian cycle (if
one exists) in time O(1.2517).

https://en.wikipedia.org/wiki/Hamiltonian_path_problem


https://en.wikipedia.org/wiki/Dynamic_programming
https://en.wikipedia.org/wiki/Monte_Carlo_algorithm
https://en.wikipedia.org/wiki/Bipartite_graph
https://en.wikipedia.org/wiki/Big_O_notation

Traveling salesman problem
Exact algorithms

[0 The most direct solution would be to try all
permutations (ordered combinations) and see
which one is cheapest (using brute force search).
The running time for this approach lies within a
polynomial factor of O(n!), the factorial of the
number of cities, so this solution becomes
impractical even for only 20 cities.

[0 One of the earliest applications of dynamic
programming is the Held-Karp algorithm that
solves the problem in time O(n22").

https://en.wikipedia.org/wiki/Travelling_salesman_problem
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Quantum Computation by Adiabatic
Evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann,
Michael Sipser

https://arxiv.org/abs/quant-ph/0001106
Submitted on 28 Jan 2000



https://arxiv.org/abs/quant-ph/0001106

We give a quantum algorithm for solving instances of
the satisfiability problem, based on adiabatic
evolution. The evolution of the quantum state is
governed by a time-dependent Hamiltonian that
interpolates between an initial Hamiltonian, whose
ground state is easy to construct, and a final
Hamiltonian, whose ground state encodes the
satisfying assignment. To ensure that the system
evolves to the desired final ground state, the
evolution time must be big enough. The time required
depends on the minimum energy difference between
the two lowest states of the interpolating Hamiltonian.
We are unable to estimate this gap in general. We
give some special symmetric cases of the satisfiability
problem where the symmetry allows us to estimate
the gap and we show that, in these cases, our
algorithm runs in polynomial time.

https://arxiv.org/abs/quant-ph/0001106



https://arxiv.org/abs/quant-ph/0001106

We present a quantum algorithm for the satisfiability
problem (and other combinatorial search problems)
that works on the principle of quantum adiabatic
evolution. An n-bit instance of satisfiability is a
formula

CiAnG A ACy
where each clause C, is True or False depending on
the values of some subset of the bits. For a single
clause, involving only a few bits, it is easy to imagine
constructing a quantum device that evolves to a state
that encodes the satisfying assignments of the clause.
The real difficulty, of course, lies in constructing a
device that produces an assignment that satisfies all
M clauses.



Our algorithm is specified by an initial state in an n-
qubit Hilbert space and a time-dependent Hamiltonian
H (t) that governs the state’s evolution according to
the Schr odinger equation.

The Hamiltonian takes the form

H (t) = Hey (t) + Hep (8) + - - - 4 Hey (B)
where each H., depends only on clause C, and acts
only on the bits in C,. H(t) is defined for t between 0
and T and is slowly varying. The initial state, which is
always the same and easy to construct, is the ground

state of H(0). For each a, the ground state of H, (T)
encodes the satisfying assignments of clause Ca.



The ground state of H(T ) encodes the satisfying
assignments of the intersection of all the clauses.
According to the adiabatic theorem, if the evolution
time T is big enough, the state of the system at time
T will be very close to the ground state of H(T ), thus
producing the desired solution. For this algorithm to
be considered successful we require that T grow only
polynomially in n, the number of bits. In this paper
we analyze three examples where T grows only
polynomially in n. We are unable to estimate the
required running time T in general.



0, if (2ig,2jo, 2k ) satisfies clause C
1, if (2., Zjg, 2ke) Violates clause C.

h:ZhC.
C

0 Clearly h = 0 and h(z1, z2, ..., zn) = 0 if and
only if (z1, z2, . . ., zn) satisfies all of the clauses.
Thus finding the minimum energy configuration of
h tells us if the formula has a satisfying assignment.

hC(zic’ Zjco ch) — {



[0 3 One-, Two-, and Three-Qubit Examples

[0 4 Examples with an Arbitrary Number of Bits
m 4.1 2-SAT on a Ring: Agree and Disagree
B 4.2 The Grover Problem
B 4.3 The Bush of Implications
B 4.4 Overconstrained 2-SAT



A Quantum Adiabatic Evolution
Algorithm Applied to Random
Instances of an NP-Complete

Problem

Edward Farhi,'* Jeffrey Goldstone,’ Sam Gutmann,?
Joshua Lapan,® Andrew Lundgren,® Daniel Preda®

A quantum system will stay near its instantaneous ground state if the Ham-
iltonian that governs its evolution varies slowly enough. This quantum adiabatic
behavior is the basis of a new class of algorithms for quantum computing. We
tested one such algorithm by applying it to randomly generated hard instances
of an NP-complete problem. For the small examples that we could simulate, the
quantum adiabatic algorithm worked well, providing evidence that quantum
computers (if large ones can be built) may be able to outperform ordinary
computers on hard sets of instances of NP-complete problems.
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Conclusion

Adiabatic quantum computation is a novel paradigm
for the design of quantum algorithms — it is truly
quantum in the sense that it can be used to speed up
searching by a quadratic factor over any classical
algorithm.

On the question of whether this new paradigm may
be used to efficiently solve NP-complete problems on
a quantum computer — we showed that the usual
query complexity arguments cannot be used to rule
out a polynomial time solution.



Conclusion

On the other hand, we argue that the adiabatic
approach may be thought of as a kind of ‘quantum
local search’. We designed a family of minimization
problems that is hard for such local search heuristics,
and established an exponential lower bound for the
adiabatic algorithm for these problems. This provides
insights into the limitations of this approach. In an
upcoming paper [5], we generalize these techniques
to show a similar exponential slowdown for 3SAT. It
remains an open question whether adiabatic quantum
computation can establish an exponential speed-up
over traditional computing or if there exists a classical
algorithm that can simulate the quantum adiabatic
process efficiently.
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Abstract

The quantum adiabatic optimization algorithm uses
the adiabatic theorem from quantum physics to
minimize a function by interpolation between two
Hamiltonians. The quantum wave function can
sometimes tunnel through significant obstacles.
However it can also sometimes get stuck in local
minima, even for fairly simple problems. An initial
Hamiltonian which insufficiently mixes computational

basis states is analogous to a poorly mixing Markov
transition rule.



We study a physical system - the Ising quantum
chain with alternating sector interaction defects, but
constant transverse field — which is equivalent to
applying the quantum adiabatic algorithm to a
particular SAT problem. We prove that for a constant
range of values for the transverse field, the spectral
gap is exponentially small in the sector length. Indeed,
we prove that there are exponentially many
eigenvalues all exponentially close to the ground
state energy. Applying the adiabatic theorem
therefore takes exponential time, even for this simple
problem.
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Equivalent to Standard Quantum
Computation
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Abstract

[0 Adiabatic quantum computation has recently
attracted attention in the physics and computer
science communities, but its computational power
was unknown. We describe an efficient adiabatic
simulation of any given quantum algorithm, which
implies that the adiabatic computation model and
the conventional quantum computation model are
polynomially equivalent. Our result can be
extended to the physically realistic setting of
particles arranged on a two-dimensional grid with
nearest neighbor interactions.



Abstract

[0 The equivalence between the models provides a
new vantage point from which to tackle the central
Issues in quantum computation, namely designing
new quantum algorithms and constructing fault
tolerant quantum computers. In particular, by
translating the main open questions in the area of
guantum algorithms to the language of spectral
gaps of sparse matrices, the result makes these
guestions accessible to a wider scientific audience,
acquainted with mathematical physics, expander
theory and rapidly mixing Markov chains.



Introduction

[0 The study of adiabatic quantum computation was
initiated several years ago by Farhi, Goldstone,
Gutmann and Sipser, who suggested a novel
guantum algorithm for solving classical
optimization problems such as Satisfiability (Sat).
Their algorithm is based on a celebrated theorem in
guantum mechanics known as the adiabatic
theorem. Although the exact worst-case behavior
of this algorithm is not known, several simulations
(see, e.qg.,) on random instances of up to 20
quantum bits led to various optimistic speculations.



Introduction

0 The bad news is that there is now mounting
evidence [9, 10, 29] that the algorithm of [14]
takes exponential time in the worst-case for NP-
complete problems. Nevertheless, adiabatic
computation was since shown to be promising in
other less ambitious directions: it possesses
several interesting algorithmic capabilities, as we
will soon review, and in addition, it exhibits
inherent robustness against certain types of
quantum errors [8]. We note that a small scale
adiabatic algorithm has already been implemented
experimentally, using a Nuclear Magnetic
Resonance (NMR) system [36]



Introduction

[0 We briefly describe the model of adiabatic
computation (a more precise description appears in
Section 2.2). A computation in this model is
specified by two Hamiltonians named H,; and Hg,
(a Hamiltonian is simply a Hermitian matrix). The
eigenvector with smallest eigenvalue (also known
as the ground state) of H,,;: is required to be an
easy to prepare state, such as a tensor product
state. The output of the adiabatic computation is
the ground state of the final Hamiltonian Hg,,,.



Introduction

0 Hence, we choose an H;,, whose ground state represents
the solution to our problem. We require the Hamiltonians
to be local, i.e., we require them to only involve
interactions between a constant number of particles (this
can be seen as the equivalent of allowing gates operating
on a constant number of qubits in the standard model).
This, in particular, makes sure that the Hamiltonians have
a short classical description, by simply listing the matrix
entries of each local term. The running time of the
adiabatic computation is determined by the minimal
spectral gap of all the Hamiltonians on the straight line
connecting H,,;: and H¢,..l: H(s) = (1—-s)H;,;:+SHs.5 fOr s €
[0, 1]. More precisely, the adiabatic computation is
polynomial time if this minimal spectral gap is at least
inverse polynomial.
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Abstract

O In an effort to overcome the limitations of random spin-
glass benchmarks for quantum annealers, focus has
shifted to carefully-crafted gadget-based problems whose
logical structure has typically a planar topology. Recent
experiments on these gadget problems using a
commercially-available quantum annealer have
demonstrated an impressive performance over a selection
of commonly-used classical optimization heuristics. Here
we show that efficient classical optimization techniques,
such as minimum-weight perfect matching, can solve
these gadget problems exactly and in polynomial time.
We present approaches on how to mitigate this
shortcoming of commonly-used benchmark problems
based on planar logical topologies.



Introduction

[0 The quest for quantum speedup using analog
guantum annealing machines with a transverse
field remains elusive. There have been multiple
attempts to demonstrate that the D-Wave
Systems Inc. quantum annealers can outperform
classical optimization methods. Unfortunately, it
has been relatively straightforward for classical
optimization algorithms to stay ahead in this race.
Either the random spin-glass benchmark problems
were too easy on the quasi-planar topology of the
D-Wave quantum annealer, or the logical structure
of carefully-crafted problems designed to give the
annealer an advantage have a trivial structure.



[0 The notable advances made by D-Wave Systems
Inc. in the development of medium-scale quantum
annealing technologies has inspired multiple
corporations (e.g., Microsoft, Google, and IBM) to
further invest in quantum computing, in addition to
large-scale government-funded projects. The D-
Wave 2000Q device is a special-purpose quantum
optimization machine specialized in minimizing
quadratic unconstrained binary cost functions by
means of quenching quantum fluctuations induced
by a transverse field.
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Abstract

[0 Adiabatic quantum computing (AQC) started as an
approach to solving optimization problems, and has
evolved into an important universal alternative to
the standard circuit model of quantum computing,
with deep connections to both classical and
guantum complexity theory and condensed matter
physics. In this review we give an account of most
of the major theoretical developments in the field,
while focusing on the closedsystem setting. The
review is organized around a series of topics that
are essential to an understanding of the underlying
principles of AQC, its algorithmic accomplishments
and limitations, and its scope in the more general
setting of computational complexity theory.



Abstract

[0 We present several variants of the adiabatic
theorem, the cornerstone of AQC, and we give
examples of explicit AQC algorithms that exhibit a
guantum speedup. We give an overview of several
proofs of the universality of AQC and related
Hamiltonian quantum complexity theory. We finally
devote considerable space to Stoquastic AQC, the
setting of most AQC work to date, where we

discuss obstructions to success and their possible
resolutions.
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I. Introduction
II. Adiabatic Theorems
ITI. Algorithms
IV. Universality of AQC

V. Hamiltonian quantum complexity theory and
universal AQC

VI. Stoquastic Adiabatic Quantum Computation
VII. Circumventing slowdown mechanisms for AQC
VIII. Outlook and Challenges
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A Quantum Approximate Optimization
Algorithm

Edward Farhi, Jeffrey Goldstone, Sam Gutmann
https://arxiv.org/pdf/1411.4028.pdf
Submitted on 14 Nov 2014
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We introduce a quantum algorithm that produces
approximate solutions for combinatorial optimization
problems. The algorithm depends on an integer p = 1
and the quality of the approximation improves as p is
increased. The quantum circuit that implements the
algorithm consists of unitary gates whose locality is at
most the locality of the objective function whose
optimum is sought. The depth of the circuit grows
linearly with p times (at worst) the number of
constraints. If p is fixed, that is, independent of the
input size, the algorithm makes use of efficient
classical preprocessing. If p grows with the input size
a different strategy is proposed. We study the
algorithm as applied to MaxCut on regular graphs and
analyze its performance on 2-regular and 3-regular
graphs for fixed p. For p = 1, on 3-regular graphs the
quantum algorithm always finds a cut that is at least
0.6924 times the size of the optimal cut.
https://arxiv.org/pdf/1411.4028.pdf
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[0 These results suggest a way to design an algorithm.
Pick a p and start with a set of angles (y, B) that
somehow make Fp as large as possible. Use the
guantum computer to get the state |y, Bi. Measure
in the computational basis to get a string z and
evaluate C(z). Repeat with the same angles.
Enough repetitions will produce a string z with C(z)
very near or greater than Fp(y, B). The rub is that
it is not obvious in advance how to pick good
angles.



new quantum algorithm for NP-hard
optimization problems

1.

2.

starts with a uniform superposition over all n-bit
strings,

applies a set of unitary transformations, one for
each variable and constraint of the NP-hard
Instance,

. repeats the set some number of times p (the case

p=1 is already interesting), and then

. measures the state in the computational basis to

see what solution was obtained.

by Aaronson https://goo.gl/nXgSS1



Beating the random assignment on

constraint satisfaction problems of
bounded degree

Boaz Barak, Ankur Moitra, Ryan O'Donnell, Prasad
Raghavendra, Oded Regev, David Steurer, Luca
Trevisan, Aravindan Vijayaraghavan, David
Witmer, John Wright

2015
https://eccc.weizmann.ac.il//report/2015/082/



O COEBMOEZEDHIL. EFIaE1—3%F AT SFarhi
DX DFERZ ERISHEH, HHAETILI) XL THEET
HDH_EETRT,

O 7O X LDEMILZEREZNHS > TIE, T=EFETEE vs
BEFT—FR ECSTIEDOMIZ TEFFILTYXL VS i
ﬁwiﬁufx‘mauaﬁﬂmﬁm“é:aa BEOMIRT
W (VA Y




A Quantum Approximate Optimization

Algorithm Applied to a Bounded
Occurrence Constraint Problem

Edward Farhi, Jeffrey Goldstone, Sam Gutmann
https://arxiv.org/abs/1412.6062
last revised 25 Jun 2015



https://arxiv.org/abs/1412.6062

Combinatorial Optimization on Gate
Model Quantum Computers: A Survey

Ehsan Zahedinejad - Arman Zaribafiyan
2017
https://arxiv.org/pdf/1708.05294.pdf



https://arxiv.org/pdf/1708.05294.pdf

The advent of quantum computing processors with
possibility to scale beyond experimental capacities
magnifies the importance of studying their applications.
Combinatorial optimization problems can be one of the
promising applications of these new devices. These
problems are recurrent in industrial applications and
they are in general difficult for classical computing
hardware. In this work, we provide a survey of the
approaches to solving different types of combinatorial
optimization problems, in particular quadratic
unconstrained binary optimization (QUBO) problems
on a gate model quantum computer. We focus mainly
on four different approaches including digitizing the
adiabatic quantum computing, global quantum
optimization algorithms, the quantum algorithms that
approximate the ground state of a general QUBO
problem, and quantum sampling. We also discuss the
quantum algorithms that are custom designed to solve
certain types of QUBO problems.
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I. INTRODUCTION

[0 Eigenvalue and more general optimization
problems lie at the heart of applications and
technologies ranging from Google’s Page Rank and
aircraft design to quantum simulation and quantum
chemistry. Quantum computers promise to provide
ground breaking advances in our ability to solve
these problems by offering solutions that may be
exponentially faster than the classical equivalent in
some cases. However, delivering on these promises
may require overcoming considerable technological
challenges.



Error Resilience

[0 The VQE has the notable property that it can run
on any quantum device, making it a candidate for
exploring the performance of early quantum
computers. Moreover, the algorithm is designed to
take advantage of the strengths of a given
architecture. That is, if some gates or quantum
operations may be performed with higher fidelity,
then the algorithm can leverage these strengths in
the design of the quantum hardware ansatz.
Perhaps one of the most interesting features of the
algorithm is its ability to variationally suppress
some forms of quantum errors, which is discussed
later in this work.



Hamiltonian

[] Let us consider a quantum system S composed of
N qubits which will act as our quantum computer,
and a Hamiltonian H of a different system Q that
need have no relation to S other than acting on a
space of < N qubits. This Hamiltonian could be
derived from a physical system such as a collection
of interacting spins or the discretization of an
interacting electronic system. Similarly it could
come from the encoding of an optimization problem
or the problem Hamiltonian in adiabatic quantum
computation. In all of these instances, one is
interested in the eigenvectors |Ai> and eigenvalues,
Ai of the Hamiltonian H, and the goal will be to find
and study these eigenvectors and eigenvalues
using S.



Low Energy State

[0 We order the eigenvectors by the eigenvalues such
that A1 < A2 < ... £ AN . Indeed in many cases,
the eigenvectors corresponding to the lowest few
eigenvalues and their properties are of primary
interest. In physical systems this is because low-
energy states play a dominant role in the
properties of the system at modest temperatures,
and in optimization problems they often encode the
optimal solution.



Algorithm Outline

1. Prepare the state |W(6)> or p(8) on the quantum

computer, where 6 can be any adjustable
experimental or gate parameter.

2. Measure the expectation value <H>(6)

3. Use a classical non-linear optimizer such as the
Nelder-Mead simplex method to determine new
values of 6 that decrease <H>(6)

4. Iterate this procedure until convergence in the

value of the energy. The parameters 6 at
convergence define the desired state
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Quantum computers promise to efficiently solve
important problems that are intractable on a
conventional computer. For quantum systems, where
the dimension of the problem space grows
exponentially, finding the eigenvalues of certain
operators is one such intractable problem and
remains a fundamental challenge. The quantum
phase estimation algorithm can efficiently find the
eigenvalue of a given eigenvector but requires fully
coherent evolution. We present an alternative
approach that greatly reduces the requirements for
coherent evolution and we combine this method with
a new approach to state preparation based on

ans atze and classical optimization. We have
implemented the algorithm by combining a small-
scale photonic quantum processor with a conventional
computer.
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We describe a quantum algorithm that generalizes
the quantum linear system algorithm [Harrow et al.,
Phys. Rev. Lett. 103, 150502 (2009)] to arbitrary
problem specifications. We develop a state
preparation routine that can initialize generic states,
show how simple ancilla measurements can be used
to calculate many quantities of interest, and integrate
a quantum-compatible preconditioner that greatly
expands the number of problems that can achieve
exponential speedup over classical linear systems
solvers. To demonstrate the algorithm's applicability,
we show how it can be used to compute the
electromagnetic scattering cross section of an
arbitrary target exponentially faster than the best
classical algorithm.



[0 We have demonstrated a quantum algorithm that
generalizes the QLSA to solve arbitrary linear
systems. We show how simple ancilla
measurements can efficiently calculate many useful
guantities of interest from the exponentially large
solution space.

[0 Additionally, we have greatly expanded the class of
problems that can be solved with exponential
speedup, by incorporating matrix preconditioning
into the quantum algorithm.



[0 To demonstrate its functionality we showed how
one could use it to solve an electromagnetic
scattering problem using the finite element method
and estimate the scattering cross section. We show
that this can be done in a time exponentially faster
than the best classical algorithm.

[0 This opens up the potential for quantum computing
to be applied to a broad class of problems of
practical interest to the computational physics
community.
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The finite element method is used to approximately
solve boundary value problems for differential
equations. The method discretises the parameter
space and finds an approximate solution by solving a
large system of linear equations. Here we investigate
the extent to which the finite element method can be
accelerated using an efficient quantum algorithm for
solving linear equations. We consider the
representative general question of approximately
computing a linear functional of the solution to a
boundary value problem, and compare the quantum
algorithm’s theoretical performance with that of a

standard classical algorithm - the conjugate gradient
method.



Prior work had claimed that the quantum algorithm
could be exponentially faster, but did not determine
the overall classical and quantum runtimes required
to achieve a predetermined solution accuracy. Taking
this into account, we find that the quantum algorithm
can achieve a polynomial speedup, the extent of
which grows with the dimension of the partial
differential equation. In addition, we give evidence
that no improvement of the quantum algorithm could
lead to a super-polynomial speedup when the
dimension is fixed and the solution satisfies certain
smoothness properties.



Appendix A: Use of HHL for approximating
the norm of the solution

[0 Assume that we have an s-sparse system of linear
equations Ax = b, for some Hermitian N x N
matrix A such that A_..(A) < 1, A,i,(A) = 1/k. We
would like to approximate ||x|| up to accuracy e||x||
using the HHL algorithm.

[0 Note that quantum linear equations algorithms
subsequent to HHL achieved better dependence on
K, € or both for the task of producing |x>; however,
it does not seem obvious how to use these to
achieve improved accuracy for estimating ||x|| .
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We present a quantum algorithm for simulating the
wave equation under Dirichlet and Neumann
boundary conditions. The algorithm uses Hamiltonian
simulation and quantum linear system algorithms as
subroutines. It relies on factorizations of discretized
Laplacian operators to allow for improved scaling in
truncation errors and improved scaling for state
preparation relative to general purpose linear
differential equation algorithms. We also consider
using Hamiltonian simulation for Klein-Gordon
equations and Maxwell’s equations.



Future Work

[ It is an interesting open question whether our
gquantum algorithm is optimal. In particular, it is
natural to ask whether an analogue of the no-fast-
forwarding theorem from [18] could yield a lower
bound for the complexity of the problem of
simulating wave equations that matches the
complexity of the algorithm presented here. It is
also interesting to investigate the performance of
gquantum algorithms for simulating the wave
equation based on finite element methods, rather
than finite difference methods, as considered here.
Lastly, one can consider extending the quantum
algorithm presented here to more complicated
wave equations.
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Abstract

Solving linear systems of equations is a common
problem that arises both on its own and as a
subroutine in more complex problems: given a matrix
A and a vector b, find a vector x such that Ax=b. We
consider the case where one doesn't need to know
the solution X itself, but rather an approximation of
the expectation value of some operator associated
with X, e.g., X'Mx for some matrix M. In this case,
when A is sparse, N by N and has condition number
kappa, classical algorithms can find x and estimate
X'Mx in O(N sqgrt(kappa)) time. Here, we exhibit a
quantum algorithm for this task that runs in poly(log
N, kappa) time, an exponential improvement over the
best classical algorithm.



[1 Linear equations play an important role in virtually
all fields of science and engineering. The sizes of
the data sets that define the equations are growing
rapidly over time, so that terabytes and even
petabytes of data may need to be processed to
obtain a solution. In other cases, such as when
discretizing partial differential equations, the linear
equations may be implicitly defined and thus far
larger than the original description of the problem.



Algorithm

[0 We sketch here the basic idea of our algorithm,
and then discuss it in more detail in the next
section. Given a Hermitian N x N matrix A, and a

unit vector b, suppose we would like to find %

satisfying Ax = b . (We discuss later questions of
efficiency as well as how the assumptions we have

made about A and b can be relaxed.)
1 First, the algorithm represents b as a quantum
N DED DARY AT

=



Algorithm

[0 Next, we use techniques of Hamiltonian simulation
to apply et to |b> for a superposition of different
times t. This ability to exponentiate A translates,
via the well known technique of phase estimation,
into the ability to decompose |b> in the eigenbasis
of A and to find the corresponding eigenvalues A, .

0 Informally, the state of the system after this stage
is close to ¥7_; Bjlu>|A>, where u; is the
eigenvector basis of A, and |b> = ¥I_; B;lu>



Algorithm

[0 We would then like to perform the linear map
taking |A;> to C;*|A>, where C is a normalizing
constant. As this operation is not unitary, it has
some probability of failing, which will enter into our
discussion of the run-time below.

(1 After it succeeds, we uncompute the [A;> register
and are left with a state proportional to
SN B A u> = A7 b> = |x>.
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Each cell of a memory array can be univocally determined by its numerical
address. An n-bit register can then address 2" possible locations:

n b i t re g i Ste r AN EEE RN N RN AR RRRNN N RRNR RN ORARRANE RN NN RN AN (NRNANARE NRRRRNEN N RRNRR NN [ ONONRANE  RRNEEERN (NRRRRRAND (RONL

'/ RAM

i

P , output register:

g ¥ | content of the /th
o Mempry array memory cell.

takes an n bit address as input,
provides the content of the memory cell as output




quantum Random Access Memor

Same as the previous, but the index and output registers are made of qubits!
(Eventually also is the memory array):

n qubit register

/ qRAM
i) > |mi)
112(3]-- i 2" .
P = output register:
e | content of the ith
. Memopry @rray memory cell.

takes an n qubit address as input,
provides the content of the memory cell as output




...this has important consequences!

Suppose that the input register is in a superposition of querying for N different addresses:

Now the output register is ENTANGLED with the input register!



Internal workings of conventional RAMs

E.g. addressregister="2"=| 0 | 0 | 1 | O

each register bit deviates the signal in one level of a bifurcation tree:
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Internal workings of conventional RAMs 2

This ideal structure
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Bucket brigade

there's another way to implement the binary decision tree

v

bucket brigade protocol |  Put(tritjmemory elements in the tree nodes.

waiting| |[left| | right

1. Initialize all of them in the “waiting” state:

waiting

waiting waliting

N N

waiting waliting waiting waiting

SN N

memory cells
—




Bucket brigade 3

3. when all the address bits have been sent, there's a route carved in the tree:

e.g. for address register = 010:

waliting

waiting

4. extract the information through this route.




bucket brigade gRAM

It's very simple to quantize this RAM architecture:

just use qutrits in place of trits FEEIIEEENY

three-level quantum systems

lwaiting) lleft) ’mghwqi;y\?*\




Implementation 2

lons level structure lleft >

\

left > Iright,>

10> 11>
|waiting> AL

0/0|1]0 4{ y >
photons: ‘ # ? ‘ Z"':.%right left

rigfff"( O
1. All the photons of the address register are sent in.

« if they encounter a ion in |waiting>, they are stored either in level |left > or [right > depending on
their polarization.

o if they encounter a ion in [left > or [right >, they are re-emitted (using a Raman transition
mediated through [left > and [right >) and continue along the tree, to the left or to the right,

respectively (the |left > and |right > levels are spatially coupled only to the left and right outgoing modes).




Implementation 3

il s SIS
|Ieft right > memory array .
0> 11>
|@9>\ AL Ieft< .
/ i
010 \ y > left rig
’( © A
photons: ¢ ¢ ? ‘ % right left < o
2. Now the bus photon is sent in ”th

It follows the path carved by the address register photons (stored in the ions).

It reaches the memory cell, where it copies (or swaps) its content.

It is reflected back and exits at the tree root node with the memory cell content.
3. The address register photons are re-emitted one by one (starting from the last nodes in the tree

4. The memory has been accessed, the address register reobtained, and the network reset.
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[0 Here we analyze two different RAM architectures
(the conventional fanout and the “bucket brigade”)
and propose some proof-of-principle
implementations which show that in principle only
O(n) two-qubit physical interactions need take
place during each gqRAM call. That is, although a
dRAM needs O(2" ) quantum logic gates, only O(n)
need to be activated during a memory call. The
resulting decrease in resources could give rise to
the construction of large gqRAMs that could operate
without the need for extensive quantum error
correction.
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fanout addressing scheme
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Modification of the conventional fanout circuit of Fig. 1b.
This architecture achieves memory addressing with the
activation of only O(n) transistors




Schematics for the
bucket-brigade addressing
scheme
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coupled with  coupled with
the "up" mode the "down" modg

memory cells

L

Bucket-brigade < 0 >

0
0
0
0
0
0
e,
0
0
e,
0

implementation ’ < 0

\zero)

T T T T




[0 This paper showed how quantum random access
memories (qQRAMs) might be implemented by using
gquantum optical and solid-state quantum
information processing techniques. We proposed a
new paradigm for constructing both classical and
guantum RAMs, the bucket-brigade paradigm, in
which the degree of fanout required to perform a
memory call can be reduced exponentially, from
O(2") to O(n).
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Abstract

0 In this work, we present a quantum algorithm for
recommendation systems that has running time
O(poly(k)polylog(mn)). All known classical
algorithms for recommendation systems that work
through reconstructing an approximation of the
preference matrix run in time polynomial in the
matrix dimension. Our algorithm provides good
recommendations by sampling efficiently from an
approximation of the preference matrix, without
reconstructing the entire matrix. For this, we
design an efficient quantum procedure to project a
given vector onto the row space of a given matrix.



Introduction

[0 A recommendation system uses information about
past purchases or ratings of products by a group of
users in order to provide personalized
recommendations to individual users. More
precisely, we assume there are m users, for
example clients of an online platform like Amazon
or Netflix, each of whom have some inherent
preference or utility about n products, for example
books, movies etc. The user preferences are
modeled by an m x n matrix P, where the element
P; denotes how much the user i values product j.



The low-rank assumption

[0 The underlying assumption in recommendation
systems is that one can infer information about a
specific user from the information about all other
users because, in some sense, the majority of
users belong to some well-defined “types”. In other
words, most people’s likes are not unique but fall
into one of a small number of categories. Hence,
we can aggregate the information of “similar” users
to predict which products have high utility for an
individual user. More formally, the assumption in
recommendation systems is that the preference
matrix P can be well approximated (according to
some distance measure) by a low-rank matrix.



Our model

[0 First, we describe a simple and general model for
online recommendation systems. We start with a
hidden preference matrix T, where the element Tij
takes values O or 1 and indicates whether product j
Is "good” for user i. Such boolean matrices arise
naturally in a "thumbs up / thumbs down” system,
where users can declare whether they like or not a
certain product. We can also easily construct such
matrices from non-boolean preference matrices.
For each user, we split the products into two
categories, the “good” and the “bad”
recommendations, based on the matrix entries.



[0 Our assumption is that the matrix T has a good
low-rank approximation. The reasons that justify
this assumption are the ones used already in the
literature. As before, we believe that there is a
small number of user types, and within each type
the users “agree” on the high-value elements. This
modelling of the users gives rise to a matrix T with
a good low-rank approximation. Once we have
defined the matrix T, then any algorithm that
reconstructs a matrix close to T, will provide a
good recommendation, since T is the indicator
matrix of good recommendations.



Recommendations by Matrix Sampling.

[0 The low-rank approximation of the matrix T can be
computed as follows: first, define the matrix T,
where with some probability each element of T is
equal to the corresponding element in T normalized
and otherwise it is zero. This matrix, that we call a
subsample matrix, corresponds to the information
the recommendation system has already gathered
about the matrix T.

[0 Then, by performing a Singular Value
Decomposition and computing the projection of this
matrix to its top-k row singular vectors, we
compute a matrix T, which can be proven to be
close to the matrix T, as long as T had a good
rank-k approximation.



An efficient quantum algorithm for Matrix
Sampling

[0 Here is where quantum computing becomes useful:
we design a quantum procedure that samples from
the row (7Ty): in time polylog(mn). Note that the
quantum algorithm does not output the row (T); ,
which by itself would take time linear in the
dimension n, but only samples from this row. But
this is exactly what is needed for recommendation
systems: Sample a high-value element of the row,
rather than explicitly output the entire row.



