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I propose to consider the question, "Can machines think?"

The original question, "Can machines think?" I believe to be
too meaningless to deserve discussion. Nevertheless I
believe that at the end of the century the use of words and
general educated opinion will have altered so much that one
will be able to speak of machines thinking without expecting
to be contradicted.

-- Alan Turing



What's the main idea of this paper? As I read it, it's a plea
against meat chauvinism. Sure, Turing makes some
scientific arguments, some mathematical arguments, some
epistemological arguments. But beneath everything else is a
moral argument.

One can indeed give weighty and compelling arguments
against the possibility of thinking machines. The only
problem with these arguments is that they're also
arguments against the possibility of thinking brains!

-- Scott Aaronson



Voice Two: "So who made the machines? That's who we
want to contact.”

Voice One: "They made the machines. That's what I'm
trying to tell you. Meat made the machines."”

Voice Two: "That's ridiculous. How can meat make a
machine? You're asking me to believe in sentient meat."

Voice One: "I'm not asking you, I'm telling you. These
creatures are the only sentient race in that sector and
they're made out of meat.”

Terry Bisson " They're Made out of Meat!"
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EE% 1: Embedded Reber grammar

LSTMIE. COXEZFETED !

method | hidden units | # weights | learning rate %0 of success success after
RTRL 3 ~ 170 0.05 “some fraction” 173,000
RTRL 12 ~ 494 0.1 “some fraction” 25,000
ELM 15 ~ 435 0 > 200,000
RCC -9 ~ 119-198 o0 182,000
LSTM | 4 blocks, size 1 264 0.1 TO0 30,710
LSTM | 3 blocks, size 2 276 0.1 100 21,730
LSTM | 3 blocks, size 2 276 0.2 97 14,060
LSTM | 4 blocks, size 1 264 0.5 97 9,500
LSTM | 3 blocks, size 2 276 0.5 100 8.440




HMTEDEE
=EX5: MULTIPLICATION PROBLEM

[0 Task. Like the task in Section 5.4, except that the
first component of each pair is a real value
randomly chosen from the interval [0; 1]. In the
rare case where the rst pair of the input sequence
gets marked, we set X1 to 1.0. The target at
sequence end is the product X1 x X2.

T minimal lag | # weights | ns., | # wrong predictions | MSE Success after

100 o0 93 140 139 out of 2560 0.0223 482,000
100 o0 93 13 14 out of 2560 0.0139 1,273,000

LSTMIZ. RLE (EER4) L HNTELFE TSD !
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CDFF, EFIEESN=Z&FArIZ,
XXM A-TLVSAE5Q.,
X, YD A-TULVSLLR,
Y XM ADTULVSAEILS,
YYD A-TULVSL LU

ELT. BEZAN=-XFIE73ET S,

FDE—HIES. FE_HIEQ.

FE=HIE,. EOVWIThTHENIEIZES,

task # weights | # wrong predictions | Success after
Task 6a 156 1 out of 2560 31.390
Task 6b 308 2 out of 2560 271,100

Task6bld. =& RThi,
XIXIX -> QI XIXIY -> RI XIYI X -> SI XIYIY -> UI

Y XX ->V:YXY->A:Y,Y.X->B:Y,YY ->C

D85 %,
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“"Generating Text with Recurrent
Neural Networks”

Ilya Sutskever et al.
http://goo.gl/vHRHSN
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http://goo.gl/vHRHSn

“a—IFI)IRYMNILKBXEDER

[0 Google® Ilya Sutskever(&. XF#MNEELFIZHD
X5 TFAER BRI ZM (T TRecurrent Neural
Nets [CEEIH . ROR—VDISBEXEEXEMT D
EMTET-,

Figure 1. A Recurrent Neural Network is a very deep feedforward
neural network whose weights are shared across time. The non-
linear activation function used by the hidden units is the source of
the RNN’s rich dynamics.



“An example of what recurrent neural nets
can now do” WikiPedia TE=&EL=t®D

[0 The meaning of life is the tradition of the
ancient human reproduction: it is less favorable
to the good boy for when to remove her bigger.
In the show’s agreement unanimously
resurfaced. The wild pasteured with consistent
street forests were incorporated by the 15th
century BE. In 1996 the primary rapford
undergoes an effort that the reserve
conditioning, written into Jewish cities, sleepers
to incorporate the .St Eurasia that activates the
population.

http://goo.gl/vHRHSN



“An example of what recurrent neural nets
can now do” New York TimesT=®&

[0 while he was giving attention to the second
advantage of school building a 2-for-2 stool
killed by the Cultures saddled with a halfsuit
defending the Bharatiya Fernall s office . Ms .
Claire Parters will also have a history temple for
him to raise jobs until naked Prodiena to paint
baseball partners , provided people to ride both
of Manhattan in 1978 , but what was largely
directed to China in 1946 , focusing on the
trademark period is the sailboat yesterday and
comments on whom they obtain overheard
within the 120th anniversary , where ......

http://goo.gl/vHRHSN



Colorless green ideas sleep furiously

is a sentence composed by Noam Chomsky in his 1957 book
Syntactic Structures as an example of a sentence that is
grammatically correct, but semantically nonsensical.
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"The Unreasonable Effectiveness
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Andrej Karpathy
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http://karpathy.github.io/2015/05/21/rnn-effectiveness/
http://goo.gl/mNqwCv

/*

* Increment the size file of the new incorrect UL_FILTER group information

* of the size generatively.
*/
static int indicate_policy(void)
{
int error;
if (fd == MARN_EPT) {
/*
* The kernel blank will coeld it to userspace.
w/
if (ss->segment < mem_total)
unblock_graph_and_set_blocked();
else
ret=1;
goto bail;
}
segaddr = in_SB(in.addr);
selector =seg / 16;
setup_works = true;
for (i = O; i < blocks; i++) {
seq = buf[i++];
bpf = bd->bd.next + i * search;
if (fd) {
current = blocked;

}

Linux®yY—Xa—k%
R=oREN S e ek 1))



/*
* If this error is set, we will need anything right after that BSD.
7
static void action_new_function(struct s_stat_info *wb)
{
unsigned long flags;
int lel_idx_bit = e->edd, *sys & ~((unsigned long) *FIRST_COMPAT);
buf[0] = OxFFFFFFFF & (bit << 4);
min(inc, slist->bytes);
printk(KERN_WARNING "Memory allocated %02x/%02x, "
"original MLL instead\n"),
min{min(multi_run - s->len, max) * num_data_in),
frame_pos, sz + first_seq);
div_u64_w(val, inb_p);
spin_unlock(&disk->queue_lock);
mutex_unlock(&s->sock->mutex);
mutex_unlock(&func->mutex);
return disassemble(info->pending_bh);

}

static void num_serial_settings(struct tty_struct *tty)

{

if (tty == tty)
disable_single_st_p(dev);
pci_disable_spool(port); Linux®yY—Xa—k%

T M8 S E140



For @, _, .. where £, = 0, hence we can find a closed subset H in H and
any sets F on X, U is a closed immersion of S, then U — T is a separated algebraic
space.

Proof. Proof of (1). It also start we get
S=SpeC(R) = XxU X x U

and the comparicoly in the fibre product covering we have to prove the lemma
generated by [[Z xy U — V. Consider the maps M along the set of points
Schyyy and U — U is the fibre category of S in U in Section, 77 and the fact that
any U affine, see Morphisms, Lemma 77?7. Hence we obtain a scheme § and any
open subset W C U in Sh{G) such that Spec(R’) — § is smooth or an

U=|JUixs U

which has a nonzero morphism we may assume that f; is of finite presentation over
S. We claim that Oy . is a scheme where z, z', " € §’ such that Ox .- — O, . is

separated. By Algebra, Lemma 7?7 we can define a map of complexes GLg (z'/S")
and we win, =

To prove study we see that F|y is a covering of A", and 7, is an object of Fy g for
i > 0 and F, exists and let F; be a presheaf of Ox-modules on C as a F-module.
In particular F = U/F we have to show that

M*=71° Rspec(k) Og.s — i)—(l-r)
is a unique morphism of algebraic stacks. Note that
Arrows = (Sch/ S)?;f, Iz (SchfS) ppps

and
V =I'(S,0) — (U, Spec{ A))
is an open subset of X. Thus U is affine. This is a continuous map of X is the

inverse, the groupoid scheme S.
AR ° Stack Theory O E%
28 ISE-50

Proof. See discussion of sheaves of sets.



Proof. Omitted. O

Lemma 0.1. Let C be a set of the construction.
Let C be a gerber covering. Let F be a quasi-coherent sheaves of O-modules. We
have to show that
Oo, = O0x(L)

Proof. This is an algebraic space with the composition of sheaves F on Xz, we
have

Ox (F) = {morphy xo, (G, F)}
where G defines an isomorphism F — F of O-modules, O
Lemma 0.2. This is an integer Z is injective,
Proof. See Spaces, Lemma 77, O

Lemma 0.3. Let S be a scheme. Let X be a scheme and X is an affine open
covering. Let U C X be a canonical and locally of fimite type. Let X be a scheme,
Let X be a scheme which is equal to the formal complex.

The follounng to the construction of the lernma follows.
Let X be a scheme. Let X be a scheme covering. Let

b: X =Y a0 Y Y a2Y xxY = X.
be a morphism of algebraic spaces over S and Y.

Proof. Let X be a nonzero scheme of X. Let X be an algebrai
quasi-coherent sheaf of Ox-modules. The following are equivalent

(1) F is an algebraic space over S.

(2) If X is an affine open covering.
Consider a common structure on X and X the functor Ox(U) v Stack Theory DHEMEZ
finite type. r%%‘]éﬂ'f:%@



This since F € F and r € G the diagram

S—_—

ror,

=a ———san X
Spec(Ky) Morse, d(Ox,,,.0)

is a limit. Then € i a Anite type and assume S is a flat and F and € s a finite
type f.. This is of finite type diagriuns, and

e the composition of § is a regular sequence,

o Oy is a sheal of rings.

O

Proof, We have see that X = Spec{R) and F is a Anite type representable by
algebraic space. The property F is a nite morphism of algebraic stacks. Then the
cobomology of X s an open neighbourbood of U

Proof, This is clear that G is a finite presentation, soe Lemmas 77,

A reduced above we conclixde that U is an open covering of C. The §
“field

Oxx = Fr -UOx,,,.) = OF10x,(0%))
is an isomorphisn of covering of Oy, If F is the unique element of F such that X
= an Bomorphisom.
The property F is a disjoint union of Proposition 77 and we can filtered set of
presemtations of a scheme O x-algebra with F are opens of finite type on
If F is a scheme theoretic image points. StaCk Theory 0)#5[*4%%
If F is a finite direct sum Ox, is a closed immersion, see Lenona 77 r%%‘ ] é-ﬂ-f::bd)
sequence of F is a similar morphism,



RNNIZ., LatexDEXFRAIZFEEL.
OLEV—H5 U REERTES,

\begin{proof}

We may assume that $\mathcal{l}$ is an abelian sheaf on $\mathcal{C}$.
\item Given a morphism $\Delta : \mathcal{F} \to \mathcal{l}$

is an injective and let $\mathfrak q$ be an abelian sheaf on $X$.

Let $\mathcal{F}$ be a fibered complex. Let $\mathcal{F}$ be a category.
\begin{enumerate}

\item \hyperref[setain-construction-phantom]{Lemma}
\label{lemma-characterize-quasi-finite}

Let $\mathcal{F}$ be an abelian quasi-coherent sheaf on $\mathcal{C}$.
Let $\mathcal{F}$ be a coherent $\mathcal{0}_X$-module. Then
$\mathcal{F}$ is an abelian catenary over $\mathcal{C}$.

\item The following are equivalent

\begin{enumerate}

\item $\mathcal{F}$ is an $\mathcal{0}_X$-module.

\end{lemma}



This since

Diagram® ELIMNATEEL !

X

l

Spec(Ky) Morsets d(Oxy,,.G)

is a limit. Then G is a finite type and assume S is a flat and F and @ is a finite
type f.. This is of finite type diagrams, and

e the composition of G is a regular sequence,

e Oy is a sheaf of rings.

Proof. We have see that X = Spec(R) and F is a finite type representable |
algebraic space. The property F is a finite morphism of algebraic stacks. Then t
cohomology of X is an open neighbourhood of U.

Proof. This is clear that G is a finite presentation, see Lemmas 77,
A reduced above we conclude that U is an open covering of C. The functor F is a
“field
Ox:— Fr UOx,n.) — Ox:0x,(0%,)
is an isomorphism of covering of Oy,. If F is the unique element of F such that X Stack Th eo ry 0)#& *5'.%%

is an isomorphism. s T3]

The property F is a disjoint union of Proposition ?? and we can filtered set of F%E J'éﬂ'f:%@
presentations of a scheme O x-algebra with F are opens of finite type over S.

If F is a scheme theoretic image points. O

If F is a finite direct sum Ox, is a closed immersion, see Lemma 7?7, This is a
seauence of F is a similar morphism.
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An isomorphism
between G and H

fla) =1

Graph G Graph H
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“On Formally Undecidable Propositions of Principia
Mathematica and Related Systems”

Kurt Godel &R by Bernard Meltzer


https://goo.gl/PMMqYr
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CDF, ROBEA#gEEZ S,

def g():
if halts(g):
loop_forever()

halts(gQ) NEZF RIS, Fhld. gD ENEILETEEE
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Every effectively calculable function (effectively
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Chomsky Hierarchy
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Chomsky Hierarchy

Production rules

Grammar Languages Automaton :
(constraints)
Recursivel — P (no
Type-0 d Turing machine = ,ﬂ,(
enumerable restrictions)
Context- Linear-bounded non-
Type-1 aAfB — «
YP sensitive deterministic Turing machine B 2/
Non-deterministic pushdown
Type-2 Context-free 2 A— vy
automaton
A—a
Type-3 Regular Finite state automaton and
A — aB

https://en.wikipedia.org/wiki/Chomsky_hierarchy
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Chomsky Hierarchy&
Deep Learning ThD 3 EIEAZ D ERY #H A

Type-0

Type-1

Type-2

Type-3

Xk 15l Deep Learning

IR HRED Bl & Fa—)oTIoy

Q25 3 P

(= =]= |

XHREHEXE  TRISLEE Karpathy 20154

%3778~ EEA—F,<Fr>  Hochreiter 19974

HAREEBDZLDIEIE., Contex-Free TRk TE S,
Mildly Context Sensitive Languages',proposed
by Aravind Joshi.
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Type-2 | XARBHEXZE  TRAJSLEEE Karpathy 20154

Type-3 | IEFR3E BREA—F<r> | Hochreiter 19974
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Recursive Language
“"Merge” is recursive

recursively enumerable

context-sensitive

context-free
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Mildly Context SenS|t|ve Languages

Recursively Erumerable (Type-D)

Context-Sensilive (Type-1)

Context-Free (Type-2)

LL(1)

Regular (Type-3)
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The finitary point of view

As a condition for the use of logical inferences and the
performance of logical operations, something must already
be given to our faculty of representation, certain extra-
logical concrete objects that are intuitively present as
immediate experience prior to all thought. If logical
inference is to be reliable, it must be possible to survey
these objects completely in all their parts, and the fact that
they occur, that they differ from one another, and that they
follow each other, or are concatenated, is immediately given
intuitively, together with the objects, as something that can
neither be reduced to anything else nor requires reduction.
This is the basic philosophical position that I consider
requisite for mathematics and, in general, for all scientific
thinking, understanding, and communication.

Hilbert, 1926



Proof Theory

The goal of Hilbert's program -- to give consistency
proofs for analysis and set theory within finitist
mathematics -- is unattainable, the program is dead.

The mathematical instrument, however, that Hilbert
invented for attaining his programmatic aim is
remarkably well: proof theory has obtained important
results and pursues fascinating logical questions . . .

we may ask ourselves whether the results of proof
theory are significant for the foundational concerns
that motivated Hilbert's program and, more generally,
for a reflective examination of the nature of
mathematics.

Wilfried Sieg, Hilbert's Programs and Beyond,
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show me flights to Boston
S/N N PP/NP N
YN Azx.flight(x) Ay.\x.to(z,y) BOSTON
>
PP
Az.to(x, BOSTON)
T LEIX. Syntax N\N
TOTFIL. A.Az.f(x) Ato(x, BOSTON)
<
S ES i N
e osineas Az flight(z) A to(z, BOSTON)
>
S

Ax. flight(x) A to(x, BOSTON)

https://goo.gl/PZE90A
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Ack(m,n) = ¢ Ack(m —1,1), ifn =20
Ack(m — 1, Ack(m,n — 1)), otherwise

COREIE. —HRIBHEBMELTEEINTLVAD T, Fy—F
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0 1 2 3 n

1 2 3 4 5 n+1
2 3 4 5 6 n+2=2+(n+3)—3
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5 13 29 61 125 i)
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65536 265536 7 2¥ -3
13 | 65533 209530 _3 |97 _3 A3 A4 3)=22" -3 “~
n + 3 twos
.'2
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65533 2 __ T3 AW AG 1) | A4 AG. 2) A4 AB, 3) A(4,A(5,n—1))
65536 twos

A(B, 1) | A(b, A6, O)) | A(5, A6, 1)) | A(b, A(6, 2)) | A(b, A(6B, 3)) A(5, A(6, n— 1))
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Cantor Normal Form

Theorem. Every ordinal « can be uniquely written as
, — 1381 P2, (. 1Pk o
Q= We, 1 W0 T =~ T W™ Ck

where [ is a natural number, C1,C2,...,Ck are positive integers, and
B1 > By >+ > [ > 0 areordinals.
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[0 Denition. P is the class of languages L c {0,1}* for
which there exists a Turing machine M and a
polynomial g so that for inputs x € {0,1}* , M
terminate in at most g(n) steps and accepts if and
only if x € L.

[0 Denition. PSPACE is dened like P, except we're
limited by g(n) space, rather than time.

[0 Denition. EXP is dened like P, but we're limited by
29 time steps.



[0 Denition. BPP is the class of languages L c {0,1}"
for which there exists a Turing machine M and a
polynomial g so that for inputs x € {0,1}* , M
terminate in at most g(n) steps and

B if x e Lthen M accepts with probability > 2/3
B if x ¢ Lthen M accepts with probability < 1/3

The constants 1/3 and 2/3 aren't important; we can

amplify to make the success probability as high as we want

by running the program a bunch of times and taking the
majority result.



We can pull the randomness out of the denition of
BPP by making M take an addition argument r, which
can take values in {0,1}"

[0 Denition. BPP is the class of languages L c {0, 1}
for which there exists a Turing machine M and a
polynomial g so that for inputs x € {0,1}* , M
terminate in at most q(n) steps and
B if xeLthen M(X, r) accepts for at least 2/3 the

possible values of r

B if x ¢ Lthen M(X, r) accepts for at least 2/3 the
possible values of r



NP-hard

Hamilton cycle
Steiner tree
Graph 3-coloring
Satisfiability
Maximum clique

Matrix permanent
Halting problem

Factoring
Graph isomorphism

Graph connectivity
Primality testing

Matrix determinant
Linear programming



K EM7E NP-Complete D44l

[0 Satisfiability: the boolean satisfiability problem for formulas
in conjunctive normal form (often referred to as SAT)

B 0-1 integer programming (A variation in which only the
restrictions must be satisfied, with no optimization)

B Clique (see also independent set problem)
0 Set packing
[0 Vertex cover
B Set covering
B Feedback node set
B Feedback arc set

B Directed Hamilton circuit (Karp's name, now usually
called Directed Hamiltonian cycle)

= Undirected Hamilton circuit (Karp's name, now
usually called Undirected Hamiltonian cycle)

https://goo.gl/56gLWk


https://en.wikipedia.org/wiki/Boolean_satisfiability_problem
https://en.wikipedia.org/wiki/Conjunctive_normal_form
https://en.wikipedia.org/wiki/Integer_linear_programming
https://en.wikipedia.org/wiki/Clique_problem
https://en.wikipedia.org/wiki/Independent_set_problem
https://en.wikipedia.org/wiki/Set_packing
https://en.wikipedia.org/wiki/Vertex_cover_problem
https://en.wikipedia.org/wiki/Set_cover_problem
https://en.wikipedia.org/wiki/Feedback_vertex_set
https://en.wikipedia.org/wiki/Feedback_arc_set
https://en.wikipedia.org/wiki/Hamiltonian_path_problem
https://en.wikipedia.org/wiki/Hamiltonian_path_problem

K EM7E NP-Complete D44l

B Satisfiability with at most 3 literals per
clause (equivalent to 3-SAT)

[0 Chromatic number (also called the Graph Coloring
Problem)

m Clique cover
B Exact cover
= Hitting set
= Steiner tree
= 3-dimensional matching

= Knapsack (Karp's definition of Knapsack is closer
to Subset sum)

= Job sequencing
= Partition
= Max cut

https://goo.gl/56gLWk



https://en.wikipedia.org/wiki/Boolean_satisfiability_problem
https://en.wikipedia.org/wiki/Graph_coloring
https://en.wikipedia.org/wiki/Graph_coloring
https://en.wikipedia.org/wiki/Clique_cover
https://en.wikipedia.org/wiki/Exact_cover
https://en.wikipedia.org/wiki/Hitting_set
https://en.wikipedia.org/wiki/Steiner_tree
https://en.wikipedia.org/wiki/3-dimensional_matching
https://en.wikipedia.org/wiki/Knapsack_problem
https://en.wikipedia.org/wiki/Subset_sum
https://en.wikipedia.org/wiki/Job_shop_scheduling
https://en.wikipedia.org/wiki/Partition_problem
https://en.wikipedia.org/wiki/Maximum_cut

PSPACE-complete problems

] Logic
Quantified boolean formulas - First-order logic of equality -
Provability in intuitionistic propositional logic - Satisfaction
in modal logic S4 - First-order theory of the natural
numbers under the successor operation- First-order
theory of the natural numbers under the standard
order- First-order theory of the integers under the standard
order - First-order theory of well-ordered sets - First-order
theory of binary strings under lexicographic ordering- First-
order theory of a finite Boolean algebra- Stochastic
satisfiability - Linear temporal logic satisfiability and model
checking

[0 Lambda calculus

https://g00.gl/XZIJYF5 https://goo.gl/hXveKm



https://en.wikipedia.org/wiki/Quantified_boolean_formula
https://en.wikipedia.org/wiki/First-order_logic
https://en.wikipedia.org/wiki/Equality_(mathematics)
https://en.wikipedia.org/wiki/Intuitionistic_logic
https://en.wikipedia.org/wiki/Modal_logic
https://en.wikipedia.org/wiki/First-order_theory
https://en.wikipedia.org/wiki/Natural_number
https://en.wikipedia.org/wiki/First-order_theory
https://en.wikipedia.org/wiki/Natural_number
https://en.wikipedia.org/wiki/First-order_theory
https://en.wikipedia.org/wiki/Integer
https://en.wikipedia.org/wiki/First-order_theory
https://en.wikipedia.org/wiki/Well-ordered_set
https://en.wikipedia.org/wiki/First-order_theory
https://en.wikipedia.org/wiki/Binary_string
https://en.wikipedia.org/wiki/Lexicographic_order
https://en.wikipedia.org/wiki/First-order_theory
https://en.wikipedia.org/wiki/Boolean_algebra_(structure)
https://en.wikipedia.org/wiki/Linear_temporal_logic
https://goo.gl/xZJYF5
https://goo.gl/hXveKm

PSPACE-complete problems

O Formal languages

Word problem for context-sensitive language - Intersection
emptiness for an unbounded number of regular

languages - Reqgular expression star freeness - Equivalence
problem for regular expressions - Emptiness

problem for regular expressions with

intersection. - Equivalence problem for star-free reqular
expressions with squaring.

[0 Quantified Boolean formulas
[0 Puzzles and games

https://g00.gl/XZIJYF5 https://goo.gl/hXveKm



https://en.wikipedia.org/wiki/Context-sensitive_language
https://en.wikipedia.org/wiki/Regular_language
https://en.wikipedia.org/wiki/Regular_expression
https://en.wikipedia.org/wiki/Star-free_regular_language
https://en.wikipedia.org/w/index.php?title=Equivalence_problem&action=edit&redlink=1
https://en.wikipedia.org/wiki/Regular_expression
https://en.wikipedia.org/wiki/Emptiness_problem
https://en.wikipedia.org/wiki/Regular_expression
https://en.wikipedia.org/w/index.php?title=Equivalence_problem&action=edit&redlink=1
https://en.wikipedia.org/wiki/Regular_expression
https://goo.gl/xZJYF5
https://goo.gl/hXveKm
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74120785350949561017417256114460496971828161169529
80089256690109516566242803284854935655097454968325
70980660176344529980240910175257246046044979228025
/5771151854805208765058993515648321741354119777796
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90591584199376184970716056712502662159444663041207
99923528301392867571069769762663780101572566619882
47506945421793112446656331449/5055881189471060177/2
36559599539650767076706500145117029475276686016750
65295229541290448711078495182631695097472697111587
32776867610634089559834790714490552734463125404673
/70809010860451321212976919019625935072889346503212
31429040253205457633515626107868771760119916923828
74680371458459216127416939655179359625797982162506
60314494227818293289/79254614732935080486701454668
21939225145869908038228128045266110256571782631958
92689852569468996669587422751961691118179060839800
1974214915398771591696883364/534774800748757776661
12880815431005997/890623859440699663891591940342058
44534513595160016891606589527654143070266884025253
13506538908970519826326303859380836606399479857223
51182179370081120817/877269116559398341767052162655
91720120243332830032375287823064283197180507239529
/3532295517310483710218115976193011673158268680311



/3532295517310483710218115976193011673158268680311
96305710080419119304/79715796727850295295594397/972
94500432643483372677378872480519292318129075141594
30017042374851948272409014919776223009518089664572
07992743507711148214208698063203898384663486444006
34378985820511533007233636175063664244348363429381
71686527767592717386843513084430760538597788497854
57039288736337621694394446002685937650424904397470
7046939649930/353236961551408770635423051623551580
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40355100698032539208500321737935916572824167109243
92179632770888698806462239286922365720234049353262
29319760109739336919551555856149717013936570835108
29337138019755841416703048425473095781543947284695
30557891048303296887105203445899799657005379321565
69516567462536723341045028533527590132444550041637
29329181785691615066366432555395455966924963740865
92347905851808900172725987566577427348338512074400
14671953393767922133480111674181667283600828299423
61956450241322000295203110123701834947807654204715
50872484529282734610014634854736508912653344685939
21925381546951641870418349782007870841424352960246
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/725693910894339658/7781783827866809713105339479801
94252766851530607523746692117596241149131822801952



284436290544060293540140781684488394688543109/77774
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40040338242074160211898209536897949768268405300638
55020960995862149067127133242923955216689288381118
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094775331185914014814736561666644096984/71099509772
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57070699334124035606469963629320951287401378625068
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/78878227032599708324913637134795947392057672257001
88982988598790346622775744604841009275542606005747
/3489847857869077885071196141198763333605601699259
29619179821052298166718147760782068394323831299733
35022262733114475600303463447691380426320406458971
00672747110856632877598317707068109285992387448288
96303378384828434300860309575950421131368727514681
55719991530038357093718116282958853868614897146782
549670803334/75258187/514533923483088945298272830364
47705805899342687014494268126923276698359373141482



44674928751199880396209243410394589961770757345685
64543015202758133002674347175029218497929457573786
65467651289853262700253064391422801251703856704304
39933674129974352639333328279021853998/732340493391
52439866339607669375777654460893584609291320819482
35450294931218519646257691473024784635292462805654
60565812545710189564825444516533104654549626307774
13759501791681585406819992391995410832229305735031
79743073679478401659929359532688412917629928632646
23531586811022948074724601440807980838830594224020
/70309042157187760781779401504832688794481346645989
9784894146719136782011032591/723306165886986506294
3183141236334841851/7790881203602332829570523258317
17949497171355624217480958863040591015617418162750
637243055244050913058610723552048559284/75793642357
60246280346642123778396019497710295060768286004460
923086173007352313031964335234573261034/70236858178
28414431828300312373660803542368392168889742383761
808217703476539265609383680/6716961022633531512872
88504183987441820108573621090001961860938961602460
20885687763639795010335265588767970024085673382770
49445342795888876360045283740672969599921612120088
1908843324216508529595491070/655578576243692034551



=1

46076619939139036787876060299301996426764725427403
64011297421238171255442319681637731281152043413431
8506089439159952445287/804433461699505505009530/7491
88403737341503747816446538950384710455426239295288
28998531209709108913722340683342671325423513366061
63474488522182030819462026736771976453958939935828
32050459497790182712782471389976977879426526570877
30339646201949991550918186788970663139748645058559
72718469140463791494759075349756092667385993283854
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steps and then halts!
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Just as the theory of computability had its foundations in the
Church-Turing thesis, computational complexity theory rests
upon a modern strengthening of this thesis, which asserts
that, any “"reasonable” model of computation can be
efficiently simulated on a probabilistic Turing Machine (an
efficient, simulation is one whose running time is bounded
by some polynomial in the running time of the simulated
machine). For example, computers that can operate on
arbitrary length words in unit, time, or that can exactly
compute with infinite precision real numbers are
unreasonable models - since it seems clear that they cannot
be physically implemented. It had been argued that the
Turing Machine model (or the polynomial time equivalent
cellular automaton model ) is the inevitable choice once we
assume that we can implement only finite precision
computational primitives. Given the widespread belief that
NP = BPP, this would seem to put a wide range of important,
computational problems (the NP-hard problems) well beyond
the capability of computers.



However, the Turing Machine is an inadequate model for all
physically realizable computing devices for a. fundamental
reason: the Turing Machine is based on a classical physics
model of the Universe. whereas current physical theory
asserts that, the Universe is quantum physical. Can we get
inherently new kinds of ( discrete) computing devices based
on quantum physics?

The first indication that such a. device might potentially be
more powerful than a probabilistic Turing Machine appeared
in a paper by Feymnan [Fe82] about a decade ago. In that
paper, Feynman pointed out a very curious problem: it,
appears to be impossible to simulate a general quantum
physical system on a probabilistic TM without an exponential
slowdown. The difficulty with the simulation has nothing to
do with the problem of simulating a continuous system with
a. discrete one - we may assume that, the quantum physical
system to be simulated is discrete, some kind of a gquantum
cellular automaton. In view of Feynman’s observation, we
must reexamine the foundations of computational
complexity theory, and the complexity-theoretic form of the
Church-Turing thesis, and study the computational power of
computing devices based on quantum physics.



In this paper, we prove the existence of a universal quatum
Turing Machine whose simulation overhead is polynomially
bounded. In full generality, on any given input a quantum
TM produces a random sample from a probability
distribution. We say that quantum TM T’ simulates T with
accuracy c, if on every input z, T’ outputs a sample from a
distribution which is within total variation distance c of the
corresponding distribution for T. We prove that there is a
universal quantum TM, which takes as input the description
of a quantum TM T. time t, and input, z, and simulates T(x)
for time t with accuracy e. The slowdown is polynomial in t
and 1/e.

In this paper, we present, the first evidence that, quantum
TMs might, be more powerful than classical probabilistic TMs.
We prove that there is an oracle relative to which there is a
language that can be accepted in polynomial time by a
quantum TM but cannot be accepted in n®legn) time by a
bounded-error classical probabilistic TM. A more careful
construction exhibits an oracle relative to which quantum
polynomial time is not even contained in the class Arthur-
Merlin where the verifier has n°(eg n) time (see [BMW] for a
definition of this class).



BQP

Let BQP ( bounded-error quantum polynomial time)
be the class of languages that are accepted by a
polynomial time quantum TM with error probability at
most 1/3. It is not hard to show that, BQP € PSPAC'E.
Therefore, we cannot, hope to prove that BPP c BQP
without resolving the longstanding open question

BPP #? PSPACE. In fact, Valiant [Va92] recently
pointedout to us that, the above result can be
strengthened to say that BQP c #P.



Controlling Error

[0 In the early days of quantum computing (the '80s,
say), skeptics said quantum computation was ‘just’
another form of analog computation (a machine
manipulating real-valued quantities), and subject
to the same limitation: perturbative noise that
could erase information and throw off a
computation by successively accumulating errors.

[0 This criticism ignored or glossed over an important
insight (explained in Bernstein-Vazirani ‘93): unlike
other types of transformations used in classical
analog computers, quantum operations cannot
amplify error except by directly introducing more of
it!



[0 Bernstein and Vazirani observe that the total error
is (in an appropriate sense) at most the ‘sum’ of
the errors in all preparation and gate components.
Thus, if engineers can produce circuit elements
with error 1/t we expect to be able to faithfully
execute computations on quantum circuits with
size on the order of t.



Threshold Theorem

[1 This idea was improved upon substantially. In a
sequence of papers, work by Aharanov, Ben-Or,
Knill, Laflange, Zurek and others culminated in the
1996 'Threshold Theorem’, which showed how to
use ‘hierarchical coding’ ideas to build quantum
circuits for arbitrary BQP computations, which
would remain reliable even if each gate was
subjected to a sufficiently small (but constant) rate
of error. This result was analogous to (but more
complicated than) earlier work by Von Neumann on
fault-tolerant classical computation.



Quantum Complexity Theory

“"Quantum Complexity Theory”
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Abstract

In this paper we study quantum computation from a
complexity theoretic view point. Our first result is the
existence of an efficient universal quantum Turing
Machine in Deutsch’s model of a quantum Turing
Machine. This construction is substantially more
complicated than the corresponding construction for
classical Turing Machines - in fact even simple
primitives such as looping, branching and comp
osition are not straightforward in the context of
quantum Turing Machines. We establish how these
familiar primitives can be implemented and also intro
duce some new purely quantum mechanical
primitives such as changing the computational basis
and carrying out an arbitrary unitary transformation

of polynomially bounded dimension.



We also consider the precision to which the transition
amplitudes of a quantum Turing Machine need to be
specified. We prove that O(log T) bits of precision
suffce to support a T step computation. This justifes
the claim that that the quantum Turing Machine
model should be regarded as a discrete model of
computation and not an analog one.

We give the first formal evidence that quantum
Turing Machines violate the modern complexity
theoretic formulation of the Church-Turing thesis.

We show the existence of a problem relative to an
oracle, that can be solved in polynomial time on a
guantum Turing Machine, but requires super
polynomial time on a bounded error probabilistic

Turing Machine and thus not in the class BPP .




O The class BQP, of languages that are efficiently
decidable with small error probability on a quantum
Turing Machine, satisfies: BPP < BQP c P#P,



Definition of BQP

[0 Definition. BQP is the class of languages L
c {0, 1} for which there exists a uniform family of
polynomial-size quantum circuits {C, } over some
basis of universal gates and a polynomial g so that
for all n and inputs x € {0,1}"

B if x e Lthen C,(|x > |0 >®1(™) accepts with
probability > 2/3

B if x¢Lthen C,(|x > |0 >®1(™) accepts with
probability < 1/3

Since circuits have to pre-specify the input size, so
we need a circuit for each input size n. By uniform,
we mean that there is a classically ecient algorithm to
produce C, given n.



[0 We define the class EQP, exact or error free
gquantum polynomial time, as the set of languages
which are exactly accepted by some polynomial
time QTM. More generally we define the class
EQTime (T(n)) as the set of languages which are
exactly accepted by some QTM whose running time
on any input of length n is bounded by T(n).

[0 More generally, we defune the class BQTime
(T(n)) as the set of languages which are accepted
with probability 2/3 by some QTM whose running
time on any input of length n is bounded by T(n).



Upper and lower bounds
on the power of QTMs

0 Theorem1l P < EQP

[0 Theorem 2 BPP < BQP

0 Theorem 3 BQP < PSPACE
[0 Theorem 5 BQP c P#P

[0 Fourier Sampling and the power of QTMs

In this section we give evidence that QTMs are
more powerful than bounded error probabilistic TMs.
We define the recursive Fourier sampling problem

which on input the program for a boolean function
takes on value 0 or 1. We show that the recursive
Fourier sampling problem is in BQP.



Basic properties of BQP

EXP

PP
PSPACE
pP# # BOP
BPP
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Abstract

A digital computer is generally believed to be an
efficient universal computing device; that is, it is
believed able to simulate any physical computing
device with an increase in computation time of at
most a polynomial factor. This may not be true when
qguantum mechanics is taken into consideration. This
paper considers factoring integers and finding
discrete logarithms, two problems which are generally
thought to be hard on a classical computer and have
been used as the basis of several proposed
cryptosystems. Efficient randomized algorithms are
given for these two problems on a hypothetical
quantum computer. These algorithms take a number
of steps polynomial in the input size, e.g., the
number of digits of the integer to be factored.
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If computers that you build are quantum,

Then spies everywhere will all want ‘em.

Our codes will all fail,

And they’ll read our email,

Till we get crypto that’s guantum, and daunt ‘em.



BQP (Bounded-Error Quantum Polynomial-Time): The class
of problems solvable efficiently by a quantum computer,
defined by Bernstein and Vazirani in 1993

Shor 1994: Factoring integers is in BQP

NP-complete

N

NP
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Church-Turing Thesis
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Extended Church-Turing Thesis

The time it takes to compute something on any

one machine is polynomial in the time it takes on
any other machine

Even before quantum computing, there were
indications that the Extended Church-Turing Thesis
might be on shakier ground than the original Church-
Turing Thesis. For example, randomized algorithms
are sometimes faster than deterministic algorithms,
leading to a class called BPP(Bounded-Error
Probabilistic Polynomial-Time). ObviouslyP  BPP.
(Today we believe that BPP =P,but we can’t prove

It.
) https://goo.gl/b2Z1M9



More precisely, the Church-Turing Thesis holds that
virtually any model of computation one can define will
be equivalent to Turing machines, in the sense that
Turing machines can simulate that model and vice
versa. A modern refinement, the Extended Church-
Turing Thesis, says that moreover, these simulations
will incur at most a polynomial overhead in time and
memory. Nowadays, most computer scientists and
physicists conjecture that quantum computation
provides a counterexample to the Extended Church-
Turing Thesis—possibly the only counterexample that
can be physically realized.



It's also conceivable that access to a true random-
number generator would let us violate the Extended
Church-Turing Thesis, although most computer
scientists conjecture that it doesn't, for reasons that
I'll explain in Section 5.4.1. On the other hand, as
long as we're talking only about classical, digital,
deterministic computation, the Extended Church-
Turing Thesis remains on extremely solid ground.



Conjecture P = BPP

Of course, if P = BPP, then the question of whether
randomized algorithms can efficiently solve NP-
complete problems is just the original P 7= NP
question in a different guise. Ironically, however, the
“obvious” approach to proving P = BPP is to prove a
strong circuit lower bound—and if we knew how to do
that, perhaps we could prove P/= NP as well!



Conjecture NP ¢ BQP

Naturally, there’s little hope of proving Conjecture 34
at present, since any proof would imply P/= NP! We
don’t even know today how to prove conditional
statements (analogous to what we have for BPP and
P/poly): for example, that if NP € BQP then PH

collapses.

On the other hand, it is known that, if a fast quantum
algorithm for NP-complete problems exists, then in
some sense it will have to be extremely different from
Shor’s or any other known quantum algorithm.



Example Problems

n x n chess
nxnGo

Box packing
Map coloring
Traveling salesman
n x n Sudoku

Graph isomorphism
Factoring
Discrete logarithm
Graph connectivity
Testing if a number
IS a prime
Matchmaking

Efficiently solved by
classical computer

computer
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NP-complete Problems and
Physical Reality

Scott Aaronson
20054

“The limit of Quantum Computer”
Scientific American 298, 62 - 69 (2008)


https://goo.gl/xyK2Rs

Can NP -complete problems be solved efficiently in
the physical universe? I survey proposals including
soap bubbles, protein folding, quantum computing,
quantum advice, quantum adiabatic algorithms,
quantum-mechanical nonlinearities, hidden variables,
relativistic time dilation, analog computing,
Malament-Hogarth spacetimes, quantum gravity,
closed timelike curves, and “anthropic computing.”
The section on soap bubbles even includes some
“experimental” results.

While I do not believe that any of the proposals will
let us solve NP -complete problems efficiently, I argue
that by studying them, we can learn something not
only about computation but also about physics.



Hamilton cycle
Steiner tree
Graph 3-coloring
Satisfiability
Maximum clique

Matrix permanent
Halting problem

\ccomplete

Factoring

Graph
iIsomorphism
Minimum circuit
size

Graph
connectivity
Primality testing
Matrix
determinant
Linear
programming



Other Alleged Ways to Solve NP-complete
Problems

Dip two glass plates with pegs between them
into soapy water; let the soap bubbles form a
minimum “Steiner tree” connecting the pegs
(thereby solving a known NP-complete
problem) '

Protein folding stuck at local

optima (e.g., M«c

DNA computerg

vely parallel
classical compyji



(@

The NP Hardness

Assumption

There is no phy5|cal means to solve NP
(2} complete p

Rest of talk: Show how [~
Alright, what c{complexity yields a new

assumption? |perspective on linearity
* Implies, byof QM, anthropic

e As falsifiabl postselection, closed
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e Consiggent : al
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1. Nonlinear variants of the
Schrodinger Equation

Abrams & Lloyd 1998: If guantum
mechanics wet . non) \ear Hne could

exploit that to 7 nlete
problems Can take as an
additional
argument for
why QM is
linea

—> 1" solution to NP-complete
— > ploblsations




2. Anthropic Principle

Foolproof way to solve NP-complete problems

in polynomial time (at least in the Manv-Worlds
Interpretatiol NP Hardness Assumption
First gueq  Y'elds anontrivial 4, Hic jerg
constraint on anthropic
wrong, Ki C
theorizing: no use of the

C Anthropic Principle can be 9

| valid, if its validity would |
Technicq give us a way to solve lions,
you're ou NP-complete problems in
Solution: With tiny PGBABARN RN B3 nything. Then, if you

find yourself in a universe where you didn’t do anything, there
probably were no solutions, since otherwise you would’ve found

one!




What if we combine quantum

computing with the Anthropic
Principle?

I.e. perform a polynomial-time quantum

computation, but where we can

measure a qubit and assume the

come will be |1)

ﬁ g cads to a new complexity
' class: PostBQP

(Postselected BQP)

(CD)

Certainly PostBQP contains NP—Dbut is
it even bigger than that?



3. Time Travel

Everyone’s first idea for a time travel
computer: Do an arbitrarily long
computation, then send the answer back in
time to before you started

THIS DOES NOT
WORK

e Ignores the Grandfather Parad £

Why not?

e Doesn’t take into account the computation
you'll have to do after getting the answer



Concluding

Remarks | fﬁ‘

COMPUTATIONAL
COMPLEXITY

XY
PHYSIC

|

THIS BRIDG

Prediction: NP Hardness Assumption will
eventually be seen as analogous to Second Law of
Thermodynamics or impossibility of superluminal

Open Question: What is polynomial time in
quantum{fgraviguestion: What is time in quantum
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“Black holes and Entropy”
Jacob D. Beckenstein

19734

AE—DOHER



http://www.phys.huji.ac.il/~bekenste/PRD7-2333-1973.pdf
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S. W. Hawking
“Black hole explosion?”
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https://www.nature.com/nature/journal/v248/n5443/abs/248030a0.html
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THE BLACK
HOLE WAR

LEONARD SUSSKIND

MY BATTLE WITH |
STEPHEN HAWKING
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' QUANTUM MECHANICS




AdS/CFT * i

J. M. Maldacena,

“The large N limit of superconformal field theories
and supergravity”
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https://arxiv.org/pdf/hep-th/9711200.pdf
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Ryu and Takayanagi,

"Holographic derivation of entanglement entropy
from AdS/CFT”
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M. Van Raamsdonk,

“Building up spacetime with quantum
entanglement”

20104%5H



https://arxiv.org/pdf/1005.3035.pdf
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Tensor Network

Roman Orus

"A Practical Introduction to Tensor Networks:
Matrix Product States and Projected Entangled
Pair States"



https://arxiv.org/pdf/1306.2164.pdf
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AMPS Paradox 2012

Scott Aaronson

“The Cryptographic Hardness of Decoding Hawking
Radiation”

20144%4HA



https://www.scottaaronson.com/talks/hawking.ppt

Scott Aaronson - Computational complexity underpinnings of the Harlow-Hayden argument Qo »
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ER=EPR

Juan Maldacena & Leonard Susskind
Cool horizons for entangled black holes

2013%7H



https://arxiv.org/pdf/1306.0533.pdf
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EINSTEIN ATTACKS
QUANTUM THEORY

Scientist and Two Colleagues
Find It Is Not ‘Complete’
Even Though ‘Correct.’

SEE FULLER ONE POSSIBLE

————

Believe a Whole Description of
‘the Physical Reality’ Can Be
Provided Eventually.
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[0 "The Particle Problem in the General Theory of
Relativity" M8xt 1% 0D — AR RIZH T DRI F DR
#8 | https://go0o.gl/KG4mjp

O —#RIZIE. Z DD TSV IR—ILEFESEINFEELYSCE
=REBLIRXIEEEDONTLNS, CDIFE L. "Einstein-
Rosen Bridge" &FEEN D, A& T T—LR—)L1EBFFIEN
5, (1=, "wormhole" TWeb #4545 >TH. HEYRATD
LMMEERIZ T oo ZElyY, )
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ER = EPR

Also in 1935, Einstein and Rosen (ER) showed that widely separated
black holes can be connected by a tunnel through space-time now
often known as a wormhole.

R ‘,
NS /) Wormhole ) A
Black ‘\~ o \ Black

S — . |

hole 1 [i++ === " ' hole 2

~

Quantum
ntanglement

e
Particle @ Particle
1 2

Physicists suspect that the connection in a wormhole
and the connection in quantum entanglement

are the same thing, just on a vastly different scale
Aside from their size there is no fundamental difference.

Nature®2015%F 11 AMEE "The quantum source of space-time”
https://go00.gl/Xx0HgA2
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Wormholes and Entanglement

John C. Baez & Jamie Vicary
Wormholes and Entanglement

20144 2R



https://arxiv.org/pdf/1401.3416.pdf

[0 Maldacena and Susskind have proposed a
correspondence between wormholes and
entanglement, dubbed ER=EPR. We study this in
the context of 3d topological quantum field theory,
where we show that the formation of a wormhole is
the same process as creating a particle-antiparticle
pair. A key feature of the ER=EPR proposal is that
certain apparently entangled degrees of freedom
turn out to be the same. We name this
phenomenon ‘fake entanglement’, and show how it
arises in our topological quantum field theory
model.
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Figure 2: Spacetime history of pair creation in a 3d TQFT

Figure 3: Formation of a wormhole







YEFEIL.
HKDYEFZZEDIOITIRATNNSDMN?

CCTIR.RAROYMEFEN. RRAYEFOREZ. EOX
IFEATNDDNZERTHE IS,




IR EFZOMEEX by Susskind
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Susskind "Entanglement and Complexity: Gravity and Quantum Mechanics"

https://goo.gl/JOwSkf
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"Our Quantum Society: Living with Entanglement" https://goo.gl/aWtAzi
Cathryn Carson https://goo.gl/i7bE57
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Mathematicians Map Eg $AR(1%

Mathematicians have mapped the inner workings of
one of the most complicated structures ever studied:
the object known as the exceptional Lie group Eg.
This achievement is significant both as an advance in
basic knowledge and because of the many
connections between Eg and other areas, including
string theory and geometry. The magnitude of the
calculation is staggering: the answer, if written out in
tiny print, would cover an area the size of Manhattan.
Mathematicians are known for their solitary work
style, but the assault on Eg is part of a large project
bringing together 18 mathematicians from the U.S.
and Europe for an intensive four-year collaboration.

http://www.aimath.org/E8/



NEDBIETEHIE, IXHUT,
Es Map: ESDEH R IF60EH,

Bigger than the Human Genome

The magnitude of the Eg calculation invites
comparison with the Human Genome Project. The
human genome, which contains all the genetic
information of a cell, is less than a gigabyte in size.
The result of the Eg calculation, which contains all the
information about Eg and its representations, is 60
gigabytes in size. That is enough space to store 45
days of continuous music in MP3 format. While many
scientific projects involve processing large amounts of
data, the Eg calculation is very different: the size of
the input is comparatively small, but the answer itself
IS enormous, and very dense.



Es Dynkin diagram

o—O o O—0C—0

The Lie algebra Eg is generated by 16 elements X.eq, Yreds Xbiue, Yblues«««,
Xbiacks Yblack COrresponding to the nodes in the Dynkin diagram.
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Garrett Lisi: An Exceptionally Simple Theory of Everything
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Voevodsky
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O GitHub: https://github.com/UniMath/UniMath

0 2016F9 A M:E;&E "UniMath - a library of
mathematics formalized in the univalent
style" https://goo.gl/3s]Jr1M
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Univalent Foundations&UniMath

https://github.com/UniMath/UniMath

UniMath by Voevodsky https://goo.gl/ShdXzr
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UniMath

Today we face a problem that involves two difficult to
satisfy conditions.

On the one hand we have to find a way for computer
assisted verification of mathematical proofs.

This is necessary, first of all, because we have to stop
the dissolution of the concept of proof in mathematics.

On the other hand we have to preserve the intimate
connection between mathematics and the world of
human intuition.

This connection is what moves mathematics forward
and what we oftenexperience as the beauty of
mathematics.

https://goo.gl/ShdXzr
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The Univalent Foundations (UF) is, a yet imperfect,
solution to this problem.

In their original form, the UF combined three
components:

ethe view of mathematics as the study of structures
on sets and their higher analogs,

ethe idea that the higher analogs of sets are reflected
in the set-based mathematics as homotopy types,

ethe idea that one can formalize our intuition about
structures on these higheranalogs using the Martin-
Lof Type Theory (MLTT) extended with the Law
ofExcluded Middle for propositions (LEM) , the Axiom
of Choice for sets (AC),the Univalence Axiom (UA)
and the Resizing Rules (RR).



The main new concepts that were since added to
these are the following:

ethe understanding that a lot of mathematics can be
formalized in the MLTT without the LEM and the AC
and that excluding these two axioms oneobtains
foundations for a new form of constructive
mathematics,

ethe understanding that classical mathematics
appears as a subset of this new constructive
mathematics,

ethe understanding that the MLTT extended with the
UA is an imperfect formalization system for this
constructive mathematics and that it should
bepossible to integrate the UA into the MLTT

obtaining a new type theorywith better computational
properties.



Library NaturalNumbers

Natural numbers and their properties.
Vladimir Voevodsky. Apr. - Sep. 2011

This file contains the formulations and proofs of general properties of natural
numbers from the univalent perspecive.

Contents

» Equality and inequality on nat

o Basic properties of paths on nat and the proofs of isdeceq and isaset

for nat

o S: nat -> nat is a decidable inclusion
e Inequalities on nat

o Boolean "less of equal" and "greater or equal" on nat
Semi-boolean "greater” on nat or natgth
Semi-boolean "less" on nat or natlth
Semi-boolean "less or equal" on nat or natleh
Semi-boolean "greater or equal” on nat or natgeh
Simple implications between comparisons
Comparison alternatives
Mixed transitivities
Two comparisons and S
Comparison alternatives and S

O O 0O 0O 0O o o o o






Equality and inequality on nat

Definition natnegpaths (x y : nat) : hProp := hProppair (x !=y) (isapropneg _).

Fixpoint natneg_hProp (n m : nat) : hProp :=
match n, m with
| Sn, S m=> natneq_hProp n m
| O, O => hfalse
| _, _ => htrue
end.

Notation " x #y " := (natneq_hProp x y) (at level 70, no associativity) : nat_scope.

Local Open Scope nat_scope.
Lemma negpathsOsx (x : nat) : = (0 = S x).
Proof.
intro.
set (f := A n: nat, match n with O => true | S m => false end).
apply (negf (@maponpaths _ _ f O (S x)) nopathstruetofalse).
Defined.

Lemma negpathssxO (x : nat) : = (Sx =0).
Proof.

intros x X. apply (negpathsOsx x (pathsinvO X)).
Defined.

Lemma invmaponpathsS (nm:nat):Sn=Sm->n=m.
Proof.
introsnm e.
set (f := A n:nat, matchnwithO => 0 |S m => m end).
apply (@maponpaths _ _ f (Sn) (Sm) e).



Library Monoids_and_Groups




Monoids

Basic definitions

Definition monoid : UU := total2 (A X : setwithbinop, ismonoidop (@op X)).

Definition monoidpair :
[T (t : setwithbinop), (A X : setwithbinop, ismonoidop op) t — X X : setwithbinop, ismonoidop op :=
tpair (A X : setwithbinop, ismonoidop (@op X)).

Definition pr1monoid : monoid -> setwithbinop := @pr1 _ _.
Coercion pr1monoid : monoid >-> setwithbinop.

Definition assocax (X : monoid) : isassoc (@op X) :=pr1 (pr2 X).

Definition unel (X : monoid) : X := pr1 (pr2 (pr2 X)).

Definition lunax (X : monoid) : islunit (@op X) (unel X) :=pr1 (pr2 (pr2 (pr2 X))).
Definition runax (X : monoid) : isrunit (@op X) (unel X) := pr2 (pr2 (pr2 (pr2 X))).
Definition isasetmonoid (X : monoid) : isaset X := pr2 (pr1 (pr1 X)).

Notation "x + y" := (op x y) : addmonoid_scope.
Notation "0" := (unel _) : addmonoid_scope.

Delimit Scope addmonoid_scope with addmonoid.

Notation "x * y" := (op x y) : multmonoid_scope.
Notation "1" := (unel _) : multmonoid_scope.



Library PartB

Contents




Basics about h-levels

h-levels of types

Fixpoint isofhlevel (n : nat) (X: UU) : UU
:= match n with
| O => iscontr X
ISm=>TTx:X[x":X, (isofhlevel m (x = x"))
end.

Theorem hlevelretract (n:nat) {XY:UU} (p: X->Y)(s:Y->X)
(eps:My:Y, paths (p (sy)) y) : isofhlevel n X -> isofhlevel n Y.
Proof.
intro.
inductionnas [ InlIHn].
-intros XY p s eps XO. unfold isofhlevel.
apply (iscontrretract p s eps X0).
- unfold isofhlevel. intros XY p s eps X0 x x'. unfold isofhlevel in XO.
assert (is: isofhlevel n (paths (s x) (s x'))) by apply XO.
set (s':= @maponpaths _ _ s x x'). set (p':= pathssec2 s p eps x x').
set (eps':= @pathssec3 _ _ s p eps x x'). simpl.
apply (IHh _ _ p's' eps' is).
Defined.

Corollary isofhlevelweqf (n: nat) {XY:UU} (f: X=Y):
isofhlevel n X -> isofhlevel n Y.

Proof.
intros n XY f XO.
apply (hlevelretract n f (invmap f) (homotweqginvweq f)).
assumption.
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Isolated points and types with decidable equality.

Basic results on complements to a point

Definition compl (X : UU) (x: X) ;=2 x'", x I=x".
Definition complpair (X : UU) (x : X) := tpair (A x' : X, x I=x").
Definition pr1compl (X: UU) (x: X) := @pr1 _ (A x": X, x I=x").

Lemma isinclpr1compl (X : UU) (x : X) : isincl (pr1compl X x).
Proof.

intros. apply (isinclpr1 _ (A x' : X, isapropneg _)).
Defined.

Definition compl_ne (X:UU) (x:X) (neq_x : negPred x) := 2y, neq_xy.

Definition compl_ne_pair (X : UU) (x : X) (neg_x : negPred x) (y : X)
(ne :neq_xy):
compl_ne X x neq_x := (y,,ne).

Definition pr1compl_ne (X : UU) (x : X) (neg_x : neqPred x)
(c : compl_ne X x neg_x) :
Ki=prilc.

Definition make_negProp {P : UU} : negProp P.
Proof.
intros. exists (— P). split.
- apply isapropneg. - apply isrefl_logeq.
Defined.
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Sections of families over an empty type and over coproducts
o General case
o Functions from the empty type
o Functions from a coproduct
Sections of families over contractible types and over total2 (over
dependent sums)
o General case
o Functions from unit and from contractible types
o Functions from total2
o Functiosn from direct product
Theorem saying that if each member of a family is of h-level n then the
space of sections of the family is of h-level n.
o General case
o Functions to a contractible type
o Functions to a proposition
o Functions to an empty type (generalization of isapropneg)
Theorems saying that iscontr T, isweq f etc. are of h-level 1
Theorems saying that various pr1 maps are inclusions
Various weak equivalences between spaces of weak equivalences
o Composition with a weak equivalence is a weak equivalence on weak
equivalences
o Invertion on weak equivalences as a weak equivalence
h-levels of spaces of weak equivalences
Weak equivalences to and from types of h-level (S n)
Weak equivalences to and from contractible types
Weak equivalences to and from propositions
Weak equivalences to and from sets
Weak equivalences to an empty type

o

(e} (2l (=) (2]



Sections of "double fibration" (P: T->UU) (PP:TTt:T,P t
-> UU) and pairs of sections

General case

Definition totaltoforall {X : UU} (P: X->UU) (PP: T x: X, P x->UU):
total2 (funsO:TTx: X, Px
=>[1x:X, PPx(sOx))->TIx:X, total2 (PP x).
Proof.
intros X P PP XO x.
exists (pr1 X0 x).

apply (pr2 X0 x).
Defined.

Definition foralltototal {X: UU} (P: X->UU) (PP: [T x: X, P x->UU):
(T x : X, total2 (PP x))
->total2 (funsO: T x:X,Px=>T]x:X, PP x (sO x)).
Proof.
intros X P PP XO.
exists (A x: X, pr1 (X0 x)).
apply (A x : X, pr2 (X0 x)).
Defined.

Theorem isweqforalltototal {X: UU} (P: X ->UU) (PP:TTx: X, P x->UU):
isweq (foralltototal P PP).
Proof.
intros.
simple refine (isweq_iso (foralltototal P PP) (totaltoforall P PP) _ _).
- apply idpath.



Homotopy fibers of the map T x: X, Px-> T x: X, Q x

General case

Definition maponsec {X:UU} (PQ:X->UU) (f:Mx: X,Px->Qx):
(Mx:X,Px)->(x:X, Qx)
=funs:TIx:X Px=>(Ax:X (fx) (s x)).

Definition maponsec1 {XY:UU} (P:Y->UU) (f: X->Y):
(My:Y,Py)->(Mx:XP(fx))
=funsy:TIy:Y,Py=> (A x:X sy (f x)).

Definition hfibertoforall {X: UU} (PQ:X->UU) (f:Tx:X,Px->QXx)
(sETx: X Ox):
hfiber (@maponsec _ _ _ f) s -> [1 x : X, hfiber (f x) (s x).
Proof.
intro. intro. intro. intro. intro. unfold hfiber.
set (map1 := totalfun (fun pointover: [T x: X, P x =>
paths (A x : X, f x (pointover x)) s)
(fun pointover: [Tx: X, P x =>
M x : X, paths ((f x) (pointover x)) (s x))
(fun pointover: [T x: X, P x =>
toforallpaths _ (A x : X, f x (pointover x)) s)).
set (map?2 := totaltoforall P (A x : X,
(A pointover : P x,
paths (f x pointover) (s x)))).
set (themap := A a: _, map2 (map1 a)). assumption.
Defined.



Library UnivalenceAxiom

The univalence axiom and its consequences

In this file, we formulate univalence and its consequences, including functional
extensionality (the statement that functions with equal values are equal).

One approach would be to take univalence as the only axiom and to formulate
theorems proving the consequences, whose proofs would appeal to the
univalence axiom. We adopt a different approach here, preferring also to
introduce axioms for various consequences of univalence. This allows us to
measure how subsequent theorems depend on the axioms using the "Print
Assumptions" command of Coaq.

An important point is that the types of all our axioms are propositions, that is
types of h-level 1 and once an element of such a type is declared or contructed
it becomes a contractible type.

In particular, the declared element corresponding to the axiom and the element
that can be contructed using another, stronger, axiom are connected by a path.

Proofs that the types of our axioms are propositions will be provided in the file
UnivalenceAxiom2.

We postpone stating the axioms themselves until after all the implications are
established; this helps us encourage the use of the axioms for the
consequences of univalence, rather than the theorems giving the implications.



We show that univalenceAxiom is equivalent to the axioms weqgtopathsStatement
and wegpathsweqStatement stated below .

Theorem univfromtwoaxioms :
(= weqtopaths: weqgtopathsStatement, wegpathsweqgStatement weqgtopaths)
<-> univalenceStatement.
Proof.
split.
{ intros [weqtopaths wegpathsweq] T1 T2.
set (P1:=AXY:UUXUU, pr1 XY =pr2 XY ).
set (P2 := A XY :UUXUU, (pr1 XY) = (pr2 XY) ).
set (Z1 :=total2 P1 ). set (Z2 :=total2 P2 ).
set ( f :=totalfun _ _ ( A XY : UU X UU, @eqwegmap (pr1 XY) (pr2 XY)) : Z1 ->Z2).
set ( g :=totalfun _ _ ( A XY : UU X UU, weqtopaths (pr1 XY) (pr2 XY) ):Z2->21).
assert (efg : funcomp g f ~ idfun _) .
-intro z2 . inductionz2 as [ XY e ].
unfold funcomp . unfold idfun . unfold g . unfold f . unfold totalfun . simpl .
apply ( maponpaths ( funw : (pr1 XY) = (pr2 XY) => tpair P2 XY w )
(weqgpathsweq (pr1 XY ) (pr2 XY )e)).
-set(h:=2aal1:Z1,pr1 (pr1al)).
assert (egfO:TTal:Z1,pr1 (g(fal))=prlal).
+ intro. apply idpath.
+ assert (egfl1:[Tal al':Z1,paths(pr1al’')(pr1al)->al'=al).
* intros.
set ( X' := maponpaths pr1 X).
assert (is:isweqh).
{ simplin h . apply isweqpripr1 .}
apply ( invmaponpathsweq ( wegpairhis ) _ _ X").
*set (egf:=21al,egfl __(egfO0al)).
set (is2 :=isweq_iso _ _ egf efg ).
apply (isweqtotaltofib _ _ ( A _, eqwegmap) is2 ( dirprodpair T1 T2 ) ).
}
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