


How many atoms are in a human body?

Anyone have a guess? About 1045,

How many stars are in the entire observable universe?
Something like 104,

How many subatomic particles are in the observable
universe? No one knows for sure — but 1079%js a
reasonable estimate.

Scott Aaronson



Why don’t you call it entropy? In the first place, ....

no one understands entropy very well, so in any
discussion you will be in a position of advantage

John von Neumann



But in his final attack Einstein pointed to something
so deep, so counterintuitive, so troubling, and yet
so exciting, that at the beginning of the twenty-first
century it has returned to fascinate theoretical
physicists. Bohr’s only answer to Einstein’s last
great discovery— the discovery of entanglement—
was to ignore it.

Leonard Susskind
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Pressure (P)

Temperature (T)

Carnot Cycle

Carnot (Ideal) Heat Cycle P-V Diagram

Heat added
Entropy increases

Gas expands
Constant Temperature
Isothermal expansion

Gas compressed D Gas expands
No heat added or lost No heat added or lost
Constant entropy Constant entropy
Temperature nses Temperature falls
Adiabatic compression B Adiabatic expansion

Gas compressed
Heat given out
Entropy falls
Constant Temperature
isothermal compression

Volume (V)'
Carnot (Ideal) Heat Cycle Entropy Diagram
Heat added

Constant temperature
Expansion (Work done BY gas)

Cc D
Compression Expansion
No heat added or ost No heat added or lost
No work done No work done

B T Heat extracted 2 1796_1832

Constant temperature
Compression (Work done ON gas)

Entropy (S) ]
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I propose to name the quantity S o~
the entropy of the system, after ]
the Greek word [Tponn trope],
the transformation.

I have deliberately chosen the
word entropy to be as similar as
possible to the word energy:

$=1

1822 - 1888

TdS = dU + PadVv
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A Mathematical Theory of
Communication

C. E. SHANNON
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PART II:
THE DISCRETE CHANNEL WITH NOISE

CORRECTION DATA

SOURCE

OBSERVER

TRANSMITTER

RECEIVER

CORRECTING
DEVICE
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John C. Baez, Tobias Fritz, and Tom Leinster:

"A Characterization of Entropy in Terms of
Information Loss"
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logW = log( b ) = log N! - Z logn;! -

n1inging - - - ny!

C (]\r log ‘va . *NT) . Z(ni log n; - ‘n-f)

O &IZR=&II2.Xn;, = NGEDT,. ED -NEADY, n; (L. T
5EHLH-THAS,

logW = Nlog N - Z n; log n;



logW = Nlog N - Zn,- log n;

O CCTop = o &84 n=piN THS,
F-. Xn;, = NTEDT, Xp; =1 THB,

Wlog W =logN - — (Zm lognz)
= log N — Zp,- log(p:N)

= log N — (pr log p; + Zp,- logN)
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*X—Thb.

Bnergura = 3" miBs = N(E)

O MlENTEST, p = & #FEAE. ROXARYIDZEA
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O COrs, — ) pilogp: (X, EDKSHEFICRKIZHELZDONE
AEDo
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L= ( >_:p:- logp!) - o <>_:p: 1) - B (Z:P:E: :IEj)

O CORZEp, TRMS LA EAIZESE. TR A E{EZER
HEHEMNRDHOND,
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0=—-—=—log(pi) — 1+ a+ BE;
op;

logp; = -1 4+ a+ BE; pi = exp(—1+ a + BE;).



NH 5, logpi = -1+ a+ BELNDONENS, p; =exp(—1+ a+ BE;)o
& DE. 1:Zp,-:exp(—1+a)Zc‘:EW%>o ele L, Z.:_Zexp(,BEj)T‘@éo

BE;
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B, pi= %exp(ﬁEz-) ERZX >N Di = S PE;
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Z = z exp(BE;)
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BEZET. RILYTUERE kg& LB, 0=

ROFDHERBABMNIANGNS,
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[0 “You should call it ‘entropy’ for two reasons:

First, the function is already used
in thermodynamics under that name; second, and

more importantly, most people don’t know what
entropy really is, and if you use the word ‘entropy’
in an argument you will win ever time.”

O "nobody really knows what entropy is anyway.”
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iR H5AvtE—UICEEDVWV-IRHRODEDR
AT HE

Kt

DR AVE—VFZRITMORICHONDFEHDEIL. TDAY
t—UNEDEEDHY EILLDNIUKTFT D,
HHAVE—IUN, HYEITLEVLIGEDTHNIEHDIFEE. £
NZEZITES=ROFEHRIET. FTITFTTKEGED,

Def. 1: X = {x1, x2, ..., x{3 Z L D AvtE—LDEEEL
£33, X EDWHERLS#H P = (pl, p2, ..., pb) &lFk. FNFhD

Ayt— Xj [THLT, #2E pj = p(xj) ZENYATH-ELDOTH
5o

ZDZélF.pj=0andpl + p2+ ...+ pl=1 28KTS

'
| G- P — 1 O
—— [ — R A== )N




FERDRENEI=9 NSEKMH

Def. 2: XIZESTHDIFHRDRELIE. ROFHZH-9EHIE

ZMAHEHHX)THSD. H(X) : {XDHEHRZH} > R

O Continuity. H(p1, ..., pt) [X. E&HTHS,

O Additivity. #Z&52%# P, Q IZXL T,

H(plql, ..., pigt) = H(P) + H(Q)

[0 Monoticity. —#kGHERSHP,QIZKLTIX. L IZTDON T,
FERIFIERTDH.P = (1/¢, ..., 1/f) TQ = (1/m, ...,
1/m)DOFF. m > L 73n H(Q) > H(P)

O Branching. H(p1, ..., p?) [X. FDT7OERA, EDLS
IR R EISNTEHILTH S,

[0 Bit normalization. ZDDREILEREZF D DAvE—IUMS

A= FES =2 < . —

1




CHERFEDIIGEKRTIFRDODREIZGEHM?

[0 Claim (Shannon 1949): ZME#EAH-9 B, £k
[C—FBELMFELGEL, TaHE. ROy /DI MA
E—(Cv/ODEHR=E) THH.

14
H(X) = _Z p; 10g2 P;
=1

OHX) pl =p2 =... =pl = 1/t DERFKIZES,
O H(X) = 0 £52D1E. —DDpjh#HH 1 T, ZOHEYIL.
TRTODBETH,
O logDEX2THS : log,x =y = x = 2V,
B Bit normalization requires:
o If X = {x1, x2}, and P = (2, ¥2), then H(X) = 1.
e H(X) = - (2log'2 + V2log"2) = log2.
e log2 = 1 if and only if log is to base 2.
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P=(py ..., Pp) & VA LLGEHEICEZES

X =Xy, o) Xof DHEESHET S,

O Def. 1. X QEAFE E(X)IXROAKXTHI-2on5
E(X) = Xio1pj %

O Def. 2. £ L. XAMEX; ZEDERTESN =K, BIRSN=1EHR
[X. - log, p; TH=AbNSD

B Bt p AAZVIEE, xEREERLOISAY, ZhICEES TSN
EIERI. KYNSDEDICHERETHS,

ERISNI=IER - log, pOHAFEIX, v/ DFREITLES
E(- log, p;) = - Xi-1pj log, pj = H(X)
H(X) (&, Bl X L TEAFSNDIEHRDEFTZTRT




FEZR p(xi) [, EDLIITEERSNDZNEMN?

O AEEIZHFTH
B AytE— xi DFHROIAVTOVIE, ZITRYFIZESTIE., £
MDA EENTHD,
B Tz, TR, BEBNETLDTHS,
B, p(xi)IE, AvtE—Y XIOEESIZTDONWTO., ZITRYFDIE
SNEEORETHD,
O LML, COEXRIK, V—RAOMEEIZLE>TEESIN-LDT=
B tL., ZOYV—AN, BEERWLGEDTHEMN =5, p(xi)l&. F25EH
HIIZFEFRTE 5,
B L. V—RD, ELEERBILGDBDIZET HE, p(xi)lE,. V—X
MAvt—2 Xi ZHE RS DFERVERLEBIRTED,




Ayt—UDEMRDERAREELELTOH(X)




Avt—LDEHEDBRAEELTOH(X)

OX = {x1, ..., xt> . TN ¢vtE—CHNREHEINDEIXFE
DEEGELES

O Avt—Tld NXEMEDET S,

O RS P =(pl, ..., pb) F. XFESLOHLDIZLS,
ZTDEK(E

O FNFNROXFE xi M, Ayt—TERRT HHERE pitd

O AMDOEWNAZINIL, BEMLGAYE—DF, XF x1%. pyN
EH. XF x2%. p,NEL,




HENTFRANTOTILI7RN YLD HIRHEER

z Q; Di

1 a 0.0575 a 16 p 0.0192 p
2 b 0.0128 b 17 q 0.0008 q
3 ¢ 0.0263 C 18 r 0.0508 r
4 d 0.0285 d 19 s 0.0567 s
5 e 0.0913 e 20 t 0.0706 t
6 £ 0.0173 £ 21 u 0.0334 u
7 g 0.0133 g 22 v 0.0069 v
8 h 0.0313 h 23 w 0.0119 W
9 i 0.0999 i 24 x 0.0073 X
10 3 0.0006 ] 20 y 0.0164 y
11 k 0.0084 X 26 =z 0.0007 z
12 1 0.0335 | 27 0.1928

13 m 0.0235 m

14 n 0.0596 n

15 o 0.0689 o)
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BLRIp), Bl 5
Iyt—I D

Fh
[ R, Bd J _,
10g2 _ 0g2

N!

Ayt—I D (p,N)!(p,N)!---(p,N)!

N!
(2N)!(pyN)!--+(p,V)!

A=) 50N : log(N!) = NlogN - N &5
m(NlogQN—N)—{(plNlogz plN_plN)+"'+(p£NlOg2 PeN_peN)}

logz[ ] = log,(N'!) — {log,((p,N)!) + ... + log,((pN)!) }

= N{log, N —1—p,log, p, — p log, N + p, —...— p, log, p, — p,log, N + p, }
- - (pllogN + p2logN + --- +pilogN)

=—Nijlog2pj = -(p1+p2+ - +pi)logN=IlogN
I pl+p2+---+pi=1

= NH(X)
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O AR O Ayt—o

O ELQ53700KEBEHA LTS 0O BLdA9E—2%8A LTS
O N=3/04—D2DHFNDHK O N=Avt—SHhOXFEHR

O {n1,---,nl}=l-cell~D 5% O {x1,-- XI}=IXFEDT7ILIT7Ry

~

O {pl,---,plt=cell LOFEENH O {pl,--,pl}=XFLOHESH
O pi=ni/N=340%KkEMNcelllzdpsd O E_i=ni/N=xi7b‘“>“yt—*‘)(:37;%>EE
O Npi=cell RDOIZOIREED K O Npi=Ayt—2ADXIDE

/4 /4
SB(FD‘):_Nk p; lnpj' H(X):_ P log2pj
5 =1

J J
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Thermodynamic entropy:

Boltzmann entropy:

Gibbs entropy:

Shannon entropy:

_ _ (7 0Q
AS—Sf—SZ.—RfiT

¢
Ss(I'p) = —NkZ p;Inp; + const.

=1

Sa(p) = & [ otz ) n(p(z, 1)) do

H(X Zp] log2p]

=1




D,
HAp BiT5
1 7~ : zx" — NH
082 [ Ayt—2 DK ] )

PN

AL B S — 9NH(X)
Ayt—NE

b NXFDAYE—IE, 2N FHLMNFEELZLY,
ZDEIE, A= DLARILTIE, 2NHX) bit Z{F->T
Ioa—FR9H5LMENENSTE,

2 possible messages require 1 bit: O, 1.

4 possible messages require 2 bits: 00, 01, 10, 11.

ZTNTIE XFULARILTIE NXFDTILIT 7RIS,
NXFEDAvE—22ITa0—KR35DIZ, 1 bit E(C
A3V 0



F— NXFDT7ILIT7RAYrZEIOA—FTHDIC
{albit HE M ?

On=XF#H x=XFIEDbiti
2 XF 1bit: 0, 1
4 = 2 bits: 00, 01, 10, 11
8 X = 3 bits: 000, 001, 010, 011, 100, 101, 110, 111

O f=M5: n = 2%, so x = log,n.

O 13X log,n bits ELVWSZEIF.NXFEDU—7 2 RIZDNT
[X. N log,n bits &LV5Z &,

0 &CAT, Ayt—o-LARJLTIE, NH(X) bitsTT>a—FTET -,
Ehib, Ayt—UFTa—k95DIZ, N log,n bitsIThET
[E7%2<. NH(X) bitsTRIEETH S,

O SS5LT.HX) [, Baon=-XFhbifEont=-Ayt—UMN, [
MNP REZEZ 5,




OX ={A, B, C, D} &35 (n = 4)
DB, 1XFIZTDZE log, 4 = 2 bits HABETHS
FHzI£. : A=00,B=01C=10,D = 11.

O NXFEDAvE—I% T a—RT 5012, 2N bits ARE

O ZNZENDXFH, BHEWGENXFDAYE—UITHEET S
RN, ROFOTZELED,
Pa = 1/2, pg = 1/4, pc = pp = 1/8

O COBF, SHOLEHEBENXFDAYE—D DR,
NH(X)=—N(tlog: 1+ 1logs 1 + Llog, 1 + Llog, 1) = 1.75N
ZOE NXFEDAyE—SFIVa—K$50IZ, 2N bits T
[2#:<, 1.75N bitsTLINZ &I12H 5,

O 2 TOXFNFELIVERTHIRT 595
NH(X)=—N(tlog, 1 +1log, 1 + Llog, 1 + Llog, 1) = 2N.




TEDI—F 4 words 2bit

(—
lldogll 00
“cat"” . 01
“fish" code 10
“bird" 11
e S—
symbols codewords

00010011) encodedstring

(00 01 00 11 ) codewords

(dog cat dog bird )] source symbols

Visual Information Theory
http://colah.qgithub.io/posts/2015-09-Visual-Information/




DRI

EL\b‘%é 1/2 udogn
p(z) AIFEEAD

/1 | “cat" EO LR

s ["bird”

Old Code
2 bits
1/2 0 0
p(z)
1/4 0 1
1/8 1 0
1/8 1 1
1 bit 2 bit
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o

CEE—
lldogll O
“cat" i 10
“fish" code 110
"bird" 111
— TSR
symbols codewords
New Code
1.75 bits
0
1 0
1 1 0
1 1 1
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Cross-Entropy

1/8 udogu
1/2 lldo "
g | 1/2 | "cat"
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1/4 "cat”
s ["Feh? /4 | "fish”
| /8 "bird" 1/8 | "hiedA™
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Bob Alice



Cross-Entropy

p(x) q(x)

T

&2

Ty

&2

L3

L3

Ly

Iy

H,(q) = E q(x)log, ([%x) )

Cross-Entropy: H (q)

Average Length
of message from q(x)
using code for p(x).
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Bob using his own code (H(p) = 1.75 bits)
Alice using Bob’s code (H,(g) = 2.25 bits)
Alice using her own code (H(g) = 1.75 bits)
Bob using Alice’s code (H,(p) = 2.375 bits)

H(p) = H,(p) = 1.75 bits

—

Ly(x)

H,(q) = 2.25 bits

"

Lp(-"’)

H,(p) = 2.375 bits

H(q) = H,(q) = 1.75 bits

q(x) -

Lq(l')
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(Kullback-Leibler divergence)

H,y(p) | H,(q)

| Dy(p) ‘ Dy(q)

D,(p) = Hy(p) — H(p)



oy

O —




ZEfTETorOE—

1 Def. 1:
BEFyYURILIT. ASKE X = {x1, ..., x{> 2H DIk
BEY = {y1, ..., Y&} [TV TTBTF/\AATH5,

[0 Def. 2:
X, YEDO®HEELSF p(xi) and p(yi) SR p(xi A
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EZEND,

p(xilyj) = p(xi Ayj) / p(y])

0 Def. 3:
YWNEZoNT-BF XOEFHEFE /oI orOE—(X. XD
X Thi=ZbN b, )

— H{X|Y ZP y] —EP(%ij)long(xz‘lyj) =




HOH1Y) = 5080, - olalog, (o)

1
H(X|Y) = Zy',p(ﬂ ;1’("'” log, ( p(xly) )

= Zp(x’ y)log, (p(:Iy) )
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Claim: H(X A Y) = H(Y) + H(X|Y) ]
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Check Claim:
H(OEN ) — —Ep z; Ny;)log,[p(z; Ay;)]

— —Zp T A yj)logz[P(yj)P(nyj)]

— —Z p(z; A y;)log, p(y;)] — Z p(z; A y;)log,[p(z:|y;)]

=—Zp y,)log,[p(y,)] Zp y;)p(z:]y,)log,[p(z:]y;)]

= H(Y)+ H(X|Y) 2@ Ay) = p(y,).
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"A Practical Introduction to Tensor Networks:
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Pair States"
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Scott Aaronson - Computational complexity underpinnings of the Harlow-Hayden argument Qo »
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he Firewall Paradox (aves 2012)

B = Interior
of “Old”
Black Hole




-~ The-Firewall Paradox (amps 2012)
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ER=EPR

Juan Maldacena & Leonard Susskind
Cool horizons for entangled black holes
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EINSTEIN ATTACKS
QUANTUM THEORY

Scientist and Two Colleagues
Find It Is Not ‘Complete’
Even Though ‘Correct.’

SEE FULLER ONE POSSIBLE

———

Believe a Whole Description of
‘the Physical Reality’ Can Be
Provided Eventually.
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ER = EPR

Also in 1935, Einstein and Rosen (ER) showed that widely separated
black holes can be connected by a tunnel through space-time now

often known as a wormhole.
\

: /
. ', Wormhole ,)- 19%4
Black axi \~ ST o = _ \ Black
hole 1 {1+t i ‘

Quantum
ntanglement

e
Particle @ Particle
1 2

Physicists suspect that the connection in a wormhole
and the connection in quantum entanglement

are the same thing, just on a vastly different scale
Aside from their size there is no fundamental difference.

Nature®2015% 11 AMEEE "The quantum source of space-time”
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Wormholes and Entanglement

John C. Baez & Jamie Vicary
Wormholes and Entanglement
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[0 Maldacena and Susskind have proposed a
correspondence between wormholes and
entanglement, dubbed ER=EPR. We study this in
the context of 3d topological quantum field theory,
where we show that the formation of a wormhole is
the same process as creating a particle-antiparticle
pair. A key feature of the ER=EPR proposal is that
certain apparently entangled degrees of freedom
turn out to be the same. We name this
phenomenon ‘fake entanglement’, and show how it
arises in our topological quantum field theory
model.
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Figure 2: Spacetime history of pair creation in a 3d TQFT

Figure 3: Formation of a wormhole
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Susskind "Entanglement and Complexity: Gravity and Quantum Mechanics"
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tensorflow/tensorflow/python/ops/nn_ops.py




softmax (logits, dim=-1, name=None)

| o e o, J OF
For each batch i and class 'j we have

softmax = exp(logits) / reduce_sum(exp(logits), dim) I

Args: Partition Function
logits: A non-empty Tensor . Must be one of the following
types: " half’, “float32 ", float64 .

dim: The dimension softmax would be performed on. The
default is -1 which indicates the last dimension.

name: A name for the operation (optional).

Returns: A Tensor . Has the same type as logits . Same
shape as logits .

return softmax(logits, gen nn ops. softmax, dim, nhame)

softmax(Z. softmaxzFEA Tlrb,



_softmax (logits, compute_op, dim=-1,
name=None)

"""Helper function for softmax and log_softmax.

It reshapes and transposes the input logits into a 2-D Tensor and
then invokes the tf.nn._softmax or tf.nn._log_softmax function.
The output would be transposed and reshaped back.

Args:
logits: A non-empty Tensor . Must be one of the following types:
“half , float32 , float64 .

compute_op: Either gen_nn_ops._softmax or
gen_nn_ops._log_softmax

dim: The dimension softmax would be performed on. The default is
-1 which indicates the last dimension.

name: A name for the operation (optional).

Returns: A "Tensor . Has the same type as "logits . Same

shape as logits .



softmax_cross_entropy_with_logits

"""Computes softmax cross entropy between " logits' and labels .
Measures the probability error in discrete classification tasks in
which the classes are mutually exclusive (each entry is in exactly
one class). For example, each CIFAR-10 image is labeled with one
and only one label: an image can be a dog or a truck, but not both.

**NOTE:** While the classes are mutually exclusive, their
probabilities need not be. All that is required is that each row of
“labels” is a valid probability distribution. If they are not, the
computation of the gradient will be incorrect. If using exclusive
“labels” (wherein one and only one class is true at a time), see
" sparse_softmax_cross_entropy_with_logits .

**WARNING:** This op expects unscaled logits, since it performs
a softmax  on logits internally for efficiency. Do not call this

op with the output of softmax , as it will produce incorrect
results.



softmax_cross_entropy_with_logits

cost, unused_backprop =
gen_nn_ops._softmax_cross_entropy_with_logits(

precise_logits, labels, name=name)




sparse_softmax_cross_entropy_with
_logits

"""Computes sparse softmax cross entropy between logits' and
“labels " .

Measures the probability error in discrete classification tasks in
which the classes are mutually exclusive (each entry is in exactly
one class). For example, each CIFAR-10 image is labeled with one
and only one label: an image can be a dog or a truck, but not both.

**NOTE: ** For this operation, the probability of a given label is
considered exclusive. That is, soft classes are not allowed, and
the "labels’ vector must provide a single specific index for the
true class for each row of "logits (each minibatch entry). For
soft softmax classification with a probability distribution for each
entry, see " softmax_cross_entropy_with_logits .




Cross Entropy BA%k




HJOX-TrAE— H(p,q) DEZE

BREOHER T—30fER
NAF A

\ 1 |
> > p(x)log(q(x))

/7 A\
BT DEOH




HJOX-TrAE— H(p,q) DEZE

BREOHER T—30fER
NATFR

\ .
= 2 2 p(x)log(q(x))
N X
s \ F9.COEADEED
HSUILOH HEOH YUTIILERTEID,




Hlffsnsd £330 I
p(x) BED 5% q(x) T—3D7H

— —

P(1)=2/3,p(2)=1/4,p(3)=5/24,p(4)=5/24 | p(1)=1/8,q(2)=1/8, q(3)=5/8,q(4)=1/8

x=1DF 2/3log(1/8) = -2/3log8 = -2log2

x=2MDF 1/4log(1/8) = -1/4log(8) = -3/4log2

x=3MF 5/24log(5/8)= 5/24log(5) - 15/24log2

x=4DF 5/24log(1/8)= -5/24log(8) = -15/24log2

EEHMELEDOESE
-(48log2+18log2-5log5+15log2+15log2)/24=-(96log2-5log5)/24

> p(x)log(q(x))
)%+ =1

H(p,q) = (96log2-5log5)/24
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P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=2/3,q(2)=1/4,a9(3)=5/24,q9(4)=5/24

x=1DKF 0log2/3
x=2MF 1llogl/4
x=3Dk 0log5/24
x=4MDkF 0log5/24

ZEELT i
log1/4 = -log4 = -2log2 p(2) = 1 DIFED

H1i(p,q) = 2log2
> p(x)log(q(x))
Y OFE



MiEEN 3 eI
H> P(X)  Caosm a(x) 3

TBR1OpDL .,

—

L—)L \5 2‘:7::%)0

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=1/4,a(2)=2/3,aq(3)=5/24,q(4)=5/24

x=1MDk Ologl/4

x=2MDk 1llog2/3

x=3MDk 0log5/24

x=4MDF 0log5/24

£HT _ a A
log2/3 = log2 - log3 p(2) =1 DIHFED

> p(x)log(q(x))
)%+ =1

H2(p,q) = log3-log2



MiEEN 3 eI
Hs P(X)  Caosm a(x) 3

TBR1OpDL .,

—

L—)L \5 2‘:7::%)0

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=5/24,q(2)=2/3,q(3)=1/4,q(4)=5/24

x=1MDkF 0log5/24

x=2MFF 1log2/3

x=3MDK O0Ologl/4

x=4MDkF 0log5/24

EHMBELELESE

l0g2/3 p(2) =1 OHED

H3(p,q) = log3-log2 > p(x)log(q(x))
T DEE



HEIND ES7 30
H, p(x) 5B 537 F—AD 5T

TBR1OpDL .,

L—BL \5 2‘:7::%)0

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=0,q(2)=1,q(3)=0,q(4)=0
x=1MDKF 0logd =0
x=2MDF 1llogl =0
x=3MDF 0logd =0
x=4MDF 0logd =0

p(2) =1 DBED

> p(x)log(q(x))
)%+ =1

H5(p,q) = 0



p(x)H one-hot-value MDA

H(p,q) = — Z Z p(x)log(q(x))
= — > log(q(i))

= - {YUTILHDERFEZLEST= i [2DLVTD log(q(i))DF }

0 = q(i) = 1 T. log(q(i)) = 0 255,
Cl(i_) > 0 OFF log(q(i_)) > -

-~ q() > 1 OF log(q(i) >0
=i, q()AIERISEWNEE ., H(p,q)[F/ha<iE5,




J0X-ThOE— H(p,q) DER

BREOHER T—30fER
NATFR

\ l |
> > p(x)log(q(x))

/7 A\
BT DEOH

CDERT ., EDTGHM?




HOX-IVFOE—DEDOEE

FRTOYUTIL-T—42 x 22T, 2 p(x)log(q(x)) ZEtEL.
(FRWLVKED) . ZD&R. INbZEIRTRLEDE S, (FRDKH),

2

A

LTHDT—4
(x)log(q(
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4 )
H(p, q) = -2 { p(x)log(q(x)) + (1-p(x))log(1-q(x)) }

| J

P(x),q(x)I&. HEERZRLTLDSDT
O=p(x)=1.0=qx) =1
O0=1px)=1.0=1qgqx) =1

P(x) = 0 T.log(q(x)) = 0 =hi5
p(x)log(q(x)) = 0

(1-p(x)) = 0 T.log(1-q(x)) = 0 =5
(1-p(x))log(1-q(x)) = 0

FOT. 2ZDHD
p(x)log(q(x)) + (1-p(x))log(1-q(x)) = 0 &7%3%

ZOHNZ RAFTAFENFNTWSDT.H(p, q) = 0




. Binary Entoropy
A+ A
T D= D 5

U POO)MREYIIDBERE  p(X) A RRYILF=7RL i
H(p, q) = -2 { p(x)log(q(x)) + (1-p(x))log(1-q(x)) }
X

D(X)=0MDES (L. 0(x)=1DE (4.
ZDIEHMNHAS ZDIEMNEHAD

H(p, q) = Z{ p(X)log(q(X))'+ -(l-p(X))/og(l q(X))-}

______________________________

H(p) = - D> p(x)log(p(x)) Shannon®Entoropy



P(x) q(x)

— —
P(1)=2/3,p(2)=1/4,p(3)=5/24,p(4)=5/24 q(1)=1/8,q(2)=1/8, q(3)=5/8,4(4)=1/8

x=1Dk 2/3log(1/8)+(1-2/3)log(1-1/8) 2/3log(1/8)+1/3log(7/8)
x=2M 1/4log(1/8)+(1-1/4)log(1-1/8) 1/4log(1/8)+3/4log(7/8)
x=3MDF 5/24log(5/8)+(1-5/24)log(1-5/8) = 5/24log(5/6)+19/24log(3/8)
x=4MDk 5/24log(1/8)+(1-5/24)log(1-1/8) = 5/24log(1/8)+19/24log(7/8)
EHMBLENLESE
(-2/3log8+1/3(log7-log8)) + (-1/4log8+3/4(log7-log8)) +
(5/24(log5-log6)+19/24(log3-log8) + (-5/24log8+19/24(log7-log8))
= ( -16log8+8log7-8log8-6log8+18log7-18log8 +
5log5-5log6+19log3-19log8-5log8+19log7-19l0g8)/24
= (-(16+8+6+18+19+5+19)log8+(8+18+19)log7-5log6+19log3)/24
H(p,q) = - ( -91log8 + 45log7 - 5(log2+log3) +19log3)/24
= (278log2-45log7+14log3)/24




H, p(x) q(x)

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=2/3,q9(2)=1/4,q9(3)=5/24,q(4)=5/24

x=1MDk 0log2/3+1log(1-2/3) log(1/3) = -log3
x=2MF 1logl/4+0log(1-1/4) log(1/4) = -2log2
x=3MDF 0log5/24+1log(1-5/24) = log(19/24) = log19 -log24
x=4MDF 0log5/24+1log(1-5/24) = log(19/24) = log19 -log24
EHELEDLESLE
-log3-2log2+l0g19-log24+log19-log24
= -log3-2log2+2log19-2(log3+log8)= -3log3+2log19 - 8log2

H1(p,q) = 3log3+8log2-2l0g19



H, P(x) q(x)

P(1)=0,p(2)=1,p(3)=0,p(4)=0 ,4(4)=5/24

H(p, q) = - 2.{ p(x)log(q(x)) + (1-p(x))log(1-q(x))

p(x)A'. One Hot ValueD D H NDIHE TH.
Q) DA EDIEEE RTINS,




H, p(x) q(x)

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=1/4,q(2)=2/3,q9(3)=5/24,q(4)=5/24

x=1MDK 0Ologl/4+1log(1-1/4) log(3/4) = log3 - log4
x=2MF 1log2/3+0log(1-2/3) log2/3 = log2 -log3
x=3MDF 0log5/24+1log(1-5/24) = log(19/24) = log19 -log24
x=4MDF 0log5/24+1log(1-5/24) = log(19/24) = log19 -log24
EHELEDLESLE
log3-log4+log2-log3+log19-log24+log19-log24
= log4+2log19-2(log3+log8)= -log3-8log4+2log19

H2(p,q) = log3+8log2-2log19

H1-H2 = (3log3+8log2-2log19) -(log3+8log2-2log19)
= 2log3 > 0



H, p(x) q(x)

P |

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=5/24,q(2)=2/3,q(3)=1/4,q(4)=5/24

x=1DF 0log5/24+1log(1-5/24) = log(19/24) = log19 -log24
x=2MF 1log2/3+0log(1-2/3) = log(2/3) = log2 - log3
x=3MDF 0Ologl/4+1log(1-1/4) = log(3/4) = log3 - log4
x=4MDF 0log5/24+1log(1-5/24) = log(19/24) = log19 -log24
EHMBELELESE

SEDH2LRELCIZES

H3(p,q) = H2(p,q) =log3+8log2-2log19



H, p(x) q(x)

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=0,9(2)=3/4,q9(3)=1/8,q(4)=1/8

x=1MDF O0log0+1log(1-0) =0
x=2MkF 1log3/4+0log(1-3/4) = log(3/4) = log3 - log4
x=3MDk 0logl/8+1log(1-1/8) = log(7/8) = log7 -log8
x=4MF 0logl/8+1log(1-1/8) = log(7/8) = log7 -log8
EHMBELELESE

log3-log4+log7-log8+log7-log8

= log3+2log7-8log2

H4(p,q) = 8log2-2log7-log3

H3-H4 = (log3+8log2-2log19) - (8log2-2log7-log3)

= 2log3+ 2log7 -2log19 > 0 9x49 > 19x19



Hs p(x) q(x)

P(1)=0,p(2)=1,p(3)=0,p(4)=0 q(1)=0,q(2)=1,q(3)=0,q(4)=0

x=1MDF 0log0+1log(1-0)
x=2MF 1logl+0log(1-1)
x=3Mk 0log0+1log(1-0)
x=4MF 0log0+1log(1-0)

OO0 OoOo

H5(p,q) =0



tensorflow/tensorflow/python/ops/nn_impl.py




sigmoid_cross_entropy_with_logits

z * -log(sigmoid(x)) + (1 - z) * -log(1 - sigmoid(x))
=z"-log(1/ (1 + exp(-x))) + (1 - z) * -log(exp(-x) / (1 + exp(-x)))
=z *log(1 + exp(-Xx)) + (1 - 2) * (-log(exp(-x)) + log(1 + exp(-x)))
=z*log(1 + exp(-x)) + (1 -2) * (x + log(1 + exp(-X))
=(1-2)*x+log(1+ exp(-x))
=X-X*z+log(1+ exp(-x))

For x < 0O, to avoid overflow in exp(-x), we reformulate the
above

X -X*z+log(1+ exp(-x))
log(exp(x)) - X * z + log(1 + exp(-x))
=-X*z+log(1 + exp(x))




weighted_cross_entropy_with_logits

This is like "sigmoid_cross_entropy_with_logits()  except that
"pos_weight ', allows one to trade off recall and precision by up-
or down-weighting the cost of a positive error relative to a
negative error.

The usual cross-entropy cost is defined as:
targets * -log(sigmoid(logits)) +
(1 - targets) * -log(1 - sigmoid(logits))

The argument pos_weight is used as a multiplier for the positive
targets.:




weighted_cross_entropy_with_logits

|
For brevity, let 'x = logits’, 'z = targets’, 'q = pos_weight'.
The loss is:

=qz *-log(1/ (1 + exp(-x))) + (1 - z) * -log(exp(-x) / (1 + exp(-x)))
=qz * log(1 + exp(-x)) + (1 - ) * (-log(exp(-x)) + log(1 + exp(-x)))
=gz *log(1 + exp(-x)) + (1 -2) * (x + log(1 + exp(-X))
=(1-2)*x+(gqz+ 1-2) *log(1+ exp(-x))
=(1-2)*x+(1+(q-1)"2) " log(1 + exp(-x))

Setting 'I=(1+(g-1)*2z) , to ensure stability and avoid
overflow, the implementation uses

(1-z)*x+1|*(log(1+ exp(-abs(x))) + max(-x, 0))




Algorithmic Thermodynamics

John C. Baez, Mike Stay

February 27, 2013
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XTI bOE— [FEHROER

O CorfExtToraE—]&., BubIZEFR SN, [Kullback-
Leibler divergence]. NME&8AFI1ZET . Z<DLHITH
[Fh T3,

O NMEHRFFIN., TOEKERELLEKRLTILVS,

AN, HEEBRDIERMN., EERAEqITR-TH T HE.
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UsRL T, COBEIMBIEPICROICETRRLIZELELES. CD
¥, BIFSNSI1FEHD. S(p, q) TH5,
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[0 I like relative entropy because it's related to
the Bayesian interpretation of probability. The idea
here is that you can't really 'observe' probabilities
as frequencies of events, except in some
unattainable limit where you repeat an experiment
over and over infinitely many times. Instead, you
start with some hypothesis about how likely things
are:. a probability distribution called the prior.
Then you update this using Bayes' rule when you
gain new information. The updated probability
distribution — your new improved hypothesis — is
called the posterior.

swift kick in the posterior!




[0 For example, suppose you're flipping a coin, so
your set of events is just Q={heads, tails}
In this case all the integrals are just sums with two
terms.
Suppose your prior assumption is that the coin is
fair. Then g(heads)=1/2 q(tails)=1/2
But then suppose someone you trust comes up and
says "Sorry, that's a trick coin: it always comes up
heads!” So you update our probability distribution

and get this posterior: p(heads)=1, p(tails)=0

S(p,q) = 1. l()g(m)ﬂ) l()g(](/J‘z 1

So: you've learned one bit of information!



[0 That's supposed to make perfect sense. On the
other hand, the reverse scenario takes a bit more
thought.

(] You start out feeling sure that the coin always
lands heads up. Then someone you trust says “No,
that's a perfectly fair coin.” If you work out the
amount of information you learned this time, you'll
see it's infinite.
prior: gq(head)=1, g(tail)=0
posterior: p(head)=1/2, p(tail)=1/2
S(p, q) = Y2-log((1/2)/1) + Y2+log((1/2)/0)=

[0 why is that?



[0 The reason is that something that you thought was
impossible — the coin landing tails up — turned out
to be possible. In this game, it counts as infinitely
shocking to learn something like that, so the
information gain is infinite. If you hadn't been so
darn sure of yourself — if you had just believed
that the coin almost always landed heads up —
your information gain would be large but finite.

[0 The Bayesian philosophy is built into the concept of
information gain, because information gain
depends on two things: the prior and the posterior.
And that's just as it should be: you can only say

—how much you learned if you know what you

believed beforehand!



"The category of probabilistic mappings --
With Applications to Stochastic Processes,
Statistics, and Pattern Recognition”

V. W. Lawvere

19624




Stochastic Processes and Decision Maps
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Stochastic Processes and Decision Maps
[HERIBIEERTEEZ

O 0z. T ADERET S,
"R, T\ —B# I OB, EfRitshniL f=F -
O L%GBHLIE. XRDER O ZROLHMREICIFESINS,
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