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Carnot Cycle
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Constant entropy Constant entropy
Temperature rises \ Temperature falls
Adiabatic compression B Adiabatic expansion
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Entropy falls
Constant Temperature
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Volume (V)'
Carnot (Ideal) Heat Cycle Entropy Diagram
Heat added
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No work done No work done

8™ Heat extracted - 1796_1832

Constant temperature
Compression (Work done ON gas)

Entropy (S) ]



. g Q
I MAE— S = — Rudolf Clausius

T 18654

I propose to name the quantity S o=
the entropy of the system, after ]
the Greek word [Tponn trope],
the transformation.

I have deliberately chosen the
word entropy to be as similar as
possible to the word energy:

3=1]

1822 - 1888

TdS = dU + PadVv
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Boltzmann's H Theorem
18724

In classical statistical mechanics, the H-theorem,
introduced by Ludwig Boltzmann in 1872, describes
the tendency to decrease in the quantity H (defined
below) in a nearly-ideal gas of molecules.

H(t) = /0 " KB (m I (\]/E’Et) _ 1) dE.

https://en.wikipedia.org/wiki/H-theorem
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Gibbs generalized Boltzmann's
statistical interpretation of
entropy S by defining the entropy
of an arbitrary ensemble as

S = —kg sz' In p;.

Sa(p) = —k /%dmx) log p(s).




Mathematical Foundations of Quantum Mechanics:
von Neumann
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We have at this point completed the desired reversible process. The entropy
has increased by N& ) w,Inw, and since it must be zero in the final state it

was 59

—Nk E w, Inw,,

n=1
in the initial state.

Since U has the eigenfunctions ¢, ¢, ... with eigenvalues wy, ws,... the
operator UInU has the same eigenfunctions but eigenvalues wy In wy, walnwo, . . .
Consequently

o0

Tr(UInVU) = ) w, Inw,

n=1

We observe that from 0 < w,, < 1 it follows that w,, Inw, < 0, with equality
only for w,, = 0 or 1; note also that for w, = 0 we take w,, Inw,, to be zero, as
follows from the fact that in the preceding discussion the vanishing w, were
not considered at all. One is led to those same conclusions by continuity
considerations.

So we have determined that the entropy of a U-ensemble, consisting of
N individual systems, is —N&Tr(UInU). The preceding remarks concerning
w,, In w,, establish that this is always = 0, and = 0 only if all w,, are either 0 or 1.
From TrU = ) w, = 1 it follows that in such cases only one w, = 1 and all
the others are 0, therefore U = P(4. That is, the states have entropy = 0, while
mixtures have entropies > (.

3. REVERSIBILITY AND EQUILIBRIUM PROBLEMS

We can now prove the irreversibility of the measurement process, as asserted

in V1 Far ovamnla if Il ic a c¢tate thon |l — P. ., and in tha moaciiramont af a

a Mathematical Foundations of Quantum Mechanics
& By John von Neumann
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3. If a choice be broken down into two successive choices, the original H should be the weighted sum
of the individual values of H. The meaning of this 1s illustrated in Fig. 6. At the left we have three

1/2 /5 1/2
1/3
2/3
s 5 1/3
1/3>1/6

Fig. 6—Decomposition of a choice from three possibilities.

possibilities p; = 7 D= 3 L= 6 On the right we first choose between two possibilities each with

probability % and 1f the second occurs make another choice with probabilities ; , % . The final results
have the same probabilities as before. We require, in this special case, that

H( )=H(3.3)+3H(3,3)-

=

1
737

[

The coefficient % 1s the weighting factor introduced because this second choice only occurs half the
time.

In Appendix 2, the following result is established:
Theorem 2: The only H satisfying the three above assumptions is of the form:

H=-K) pilogp;
i=1

where K is a positive constant.

A Mathematical Theory of Communication
By C. E. SHANNON
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“You should call it ‘entropy’ for two reasons:
First, the function is already used
in thermodynamics under that name;

second, and more importantly, most people don’t
know what entropy really is, and if you use the word
‘entropy’ in an argument you will win ever time.”

“nobody really knows what entropy is anyway.”
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log, GG o~ log,(N!) — {log,((p.N)!) + ... + log,((pN)!) }

~ (Nlog, N — N)—{(p,N log, p,N — p,N) + ...+ (p,N log, p,N — p,N)}
= N{loge# —1—p,log, p, — p logrN + py — ...~ p,log, p, — p logsWN + .}

logN - (p;logN + pslogN + --- +p;logN)
=1ogN - (p; +p, ++-- +p)logN =0
Lo T. ZDIAEIEFEAZD,




M =log, W %5t&E9 5

FTRWERDEB A TITEHELH LT HAD

N!
log, G| log,(N'!) — {log,((pN)!) + ... + log,((pN) ) }

~ (Nlog, N —N)— {(p1N10g2 plN—plN)+-'-+(peNlog2 peN—peN)}

= N{loge® —1—p,log, p — plogrN + py — ...~ p,log, p, — p logsWN + pi}

-1+(py + pp + *- +pi)=0
CDELHAD




M =log, W %5t&E9 5

FTRWERDEB A TITEHELH LT HAD

N!
log, G| log,(N'!) — {log,((pN)!) + ... + log,((pN) ) }

~ (Nlog, N —N)—{(p,N log, p,N — p,N)+ ...+ (p,N log, p,N — p,N)}
= N{loge® _#— p,log, p — p logrN + # —...— p,log, p, — p loagsN + pa}

-1+(py + pp + *- +pi)=0
CDELHAD




M=log, WZit&ET 5

FEDIEDEINZSD

(2N)!(p.N)!---(p,N)!

= log,(N!) — {log,((p.NV)!) + ... + log,((p.N) 1)}

~ (N10g2N—N)—{(p1Nlog2 plN—plN)+...+(p2N10g2 peN—peN)}

= N{loge#" _#— p, log, p, — p logrV + pt —...— p, log, p, —

|B20E. CoERTTHS |

plert 30



M =
log, W Z#5t&E 9 5

FEDIEDEINZSD

10g2( = N!
p,N)!(p,N)!---(p,N = log,(N
D, )' g2( !)_{1082((p1N)!)+ BT ((

~ (N log, N
2 "N)_{(
p,N lo
g, N —pN)+...+(p,N1
NN log, p,N —
peN)}

£ %

¢
=—-N
;p_j log, D;




M=log, WZit&ET 5

- z pilog, p;i . v/ bOE— H(X)ITHEZE SN,
i

N!
(2N)!(p.N)!---(p,N)!

10g2[ ] = log,(N'!) — {log,((p.N)!) + ...+ log,((p.N)") }

~ (Nlog, N - N)—{(p,N log, p,N — p,N) + ...+ (p,N log, p,N — p,N)}

= N{log - p log, p, — plogeN + 2 — ... — p,log, p, — p JoarN + prt

4
==l E p;log, p;
j=1




M=log, WZit&ET 5

- z pilog, p;i . v/ bOE— H(X)ITHEZE SN,
i

N!
(2N)!(p.N)!---(p,N)!

10g2[ ] = log,(N'!) — {log,((p.N)!) + ...+ log,((p.N)") }

~ (Nlog, N - N)—{(p,N log, p,N — p,N) + ...+ (p,N log, p,N — p,N)}

= N{log - p log, p, — plogeN + 2 — ... — p,log, p, — p JoarN + prt

4
==l E p;log, p;
j=1

= NH(X)



NEDRESDXFIDAvE—2D

IVRAE—ZZ&EZ 5D

S8 LIS, /EDT7IVI7AVha BEFEL. LOTHFRARAT,
TILIFZAVED—XF aMEONDLETERE; NEALN
TWBELED,

DR, LORSNDELGHHMBGEAYE—D DI MAE—(L,
RN Tp; D/ oIorOE— AH(X)DE, NH(X)TE A
Y (R



o A, B5
log, | ZSEHEs 3= -

Zmo
BT, 2GS | _ o NH(X)
Iyt—IO D

e NXFEDAvE—o1E, 2NH) BLMNFELLLY,
ZDZEIE AVE—DLANILTIE, 2NHK) bit 2> T
IO—KRgALMNENENSTEEEKRT S,

2 possible messages require 1 bit: 0, 1.
4 possible messages require 2 bits: 00, 01, 10, 11.

ZTNTIE. XFULARILTIE NXFDTILIT 7RIS,
NXFDAYvE—2IT0—KR35DI2, {1 bit bE(C
1LHh7?



RILII I E /D

T2k

O —O) Lb &




RILIR E /D

I FOE—D LS

RILYIY

OO00O 0O O

O

AR
Bi537044K5E
N:2OOFRFDE
{ny, *,n}:l-cellI~Dnm

{pi, =*,p}:cell LDFEERSF
pi=n/N=3/07KEM celllZH 5
piN: cellNDZH/OIREED

A2 LTS

¢
Sp(L'p) = —Nkz p;Inp;-

j=1

Iyt—o

BB A Avt—VF A LTS
N: Ayt—DXFEE

{ai, ", a}: IXFDTILIT7RNYL
{p1, ", P} XFDIERS
pi=ni/N: aiAvt—I2HHHEER

piN: AytE—TURDa, D3

14
H(X) = —Epj log, p;
j=1



Ur/oDEHmRE/IoOE—&

T rAE—EZEDRE %

Thermodynamic entropy:

Boltzmann entropy:

Gibbs entropy:

Shannon entropy:

_ _ '@k
AS—Sf—S,-—Rﬁ?

{
Se(lp = —Nkz p;Inp; + const.

j=1

So(p) =~k [ p(z,t)In(p(z,1)) dz

¢
H(X) = _E p; log, Y

j=1



I hAE—%
77747])1/( *xIFTH

Christopher Olah
“Visual Information Theory”



http://colah.github.io/posts/2015-09-Visual-Information/

v/ UDIVRAE— H(X)

-
H(X) — H(xler» ...,Xn) — H(pl) P2, "'rpn)

1
= —Zpi log p; = zpilogz—_
i i Pi

\

J




S /UDIVROE— H(X)

H(X) — H(Xl,XZ, ...,Xn) — H(pl; P2, ---:pn)

1
= —zpi log, p; = zpi log, —
i i Pi

p(x) =p; L(x) = logzpii LB,

H(X) = Z p(x)L(x;) &S




S /UDIVROE— H(X)

H(X) — H(Xl,XZ, ...,Xn) — H(pl; P2, ---:pn)

= —zmlogzpi =
l. .




Sw/UDIVRAE— H(X)

ERAVOEEDOMELTEZS

H(X) — H(Xl,xz, ---»xn) — H(p1; P2, ---:pn)

1
= —zpi log, p; = zpi log, —
i i Pi

p(xl) - pl L(xl) - 1082 tﬁ(t
H(X) = Z e aiwé

CZT.&< plxy) 18 L(xl) DEAFOEBEOFELTI VA
E—%&Z%,

p(x;) A

L(x;)



Sx)oDIVRAE— H(X)
*RATOEBEDIELTEZS

HX) = H(xq,x,) = H(%,%) ELLED,

1
p(x1) =p(xz) = 5 L(xy) = L(x;) =log,2 =1
CCT.ESplx) B L(x) OERARZOEBEDOFELTIV A

E—%&Z5& L(x;) = L(x,)=1 bit
. s
— 1 2 B
pOa)=1/2 1 e )
i
POR)= 129 | 2 pe)Lx)

ChiE. IoAE— H(LD) OESITHEIIEERLTLS,




H(p.q)=H(p.1-p) DT 57

H(X) =H(xy,x,) = H(p,q)

= H(p,1—p)

: AN
. / N
7 |4 \

Hip, 1-p) | |/ \
5 / \\
1 \
L \
Al \
Nl \
' |



W

H(p.q)=H(p.1-p) DX

11
H(X) =H(x{,xy) = H(E’E) =%log22+%10g22=]0g22=1 bit

1 —
2] 1g 1

1] 15 1
2

H(X) = H(xq,xy) = H(%,%) = §10g3 +§]0g%

1
3] 15 log 3

2 _
3 - 1 5 log 3 -1




H(1/2.1/2),
H(1/3,2/3),H(2/3,1/3) D&

H(1/2,1/2)

H(1/3,2/3) | H(R273,1/3)
o | e

. / AN

) |4 \

oL/ ‘

5 / \\

Py \

Ry \

Rl \

Nl \

| |

o 4 2 3 4 5 6 4 8 9 40
p




NXFEDTILIF7ANYLE

ITO—kF95DIZfAbit HhEM?

n=7IIJ7RVbD%
X = PILIT7RYE—XZFNDbit#x

2 XF 1bit: 0, 1
4 3= 2 bits: 00, 01, 10, 11
8 X = 3 bits: 000, 001, 010, 011, 100, 101, 110, 111

f=his: n = 2%, x = log,n.
13X F log,n bits &LV ElE. NXFREDAYE—(ZDUVT
[X. N log,n bits BN ELINVSZ L,



00010011

(00 01 00 11 )

[dog cat dog birdj

AERDI—F 4 words 2bit
"dog" 00
“Cat" 01
n n i
fish COde 10
"bird" 11
symbols codewords

encoded string
codewords

source symbols




NXFDAYE—FTa—FTHDI,

falbit MHEM ?
X={A B, C, D} &9% (n=4)

D, 1XFIZDE log, 4 = 2 bits ABETHS
HizIE.: A=00,B=01,C=10,D = 11.

NXFDAvt—IOFToa—KR3T5D(Z, 2N bits KA E



NXFEDAVE—I%ITa—FT5DIC.
falbit NAHEM?

X = {A, B, C, D} £33 (n = 4)
ZDE. 1XFIZDE log, 4 = 2 bits ABETHS
HizIE.: A=00,B=01,C=10,D = 11.

NXFEDAvE—ZFITa—KTBHNDIZ, 2N bits N E
f=f=. TNIF B XEIRICHERTHIRT A THS,

ETOXFNFLIMERTHIRT HLT DL
NH(X)=—N(Llog: 1+ Llog, 1+ Llog, 1+ Llog, 1) = 2N.




HAPGENXFDAvE—D%F

I a—F345DIC, falbit KALEMN?

FNENDOXEN, BEPENIFO A vE—ICHE T SHE
M. XDELS5EELLS,
Pa=1/2,pg = 1/4, pc = pp = 1/8

)

CORF, IOLI=HEBEENIIF DAy E—D DHIF,
NH(X)=—N (Llog; 1 + log, 1 + Llog, 1 + log, 1) = 1.75N



L BIIEIN D AvtE—%
I/ZI K HDIZ, [abit AALEH ?

FNENDOIFH, BERENIF O v —SCHIRT SRR
M. XDELS5ELLS,
Pa=1/2,pg = 1/4, pc = pp = 1/8

CORF, IOLI=HEBEENIIF DAy E—D DHIF,
NH(X)=—N(1log, 1+ 1log, 1 + Llog, 1 + Llog, 1) = 1.75N

OB NXFEOAvtE—UZFTa—K35H0DIZ, 2N bits Tl
75<.1.75N bitsTL\W N\ &IZh 5,



1/2

SEOHIREREIC p(z) RIFEAD
N S B A 1/4 SEDHIRMERE
Eb\ﬁ\ﬁ)éiﬁ =) e

1/8

HEEI—F 2bit

1/2

p(x)

14

1/8
1/8 |

1
1 1

1 bit 2 bit
L(z)



NI -a—K

- o udogn 0
Ego) 'l::ll IE!&E 1; (ﬁ ucatn 10
=B N
BV HZBE ||| g | 10
nbirdu 111
symbols codewords

AfZE&fKI—F 1.75 bit

1/2 0
p(z)
1/4 1 0
1/8 1 1 0
/8 1 1 1

1 bit 2 bit 3 bit



ELad—FDEHE
TOXROmEE

H(X)

p(x)

1 bit 2 bit 3 bit



HORI>bOE—%
574N ILIZRIRT 5




p(x)

rRDHBEMEDELD

2O IL—T

kﬂ%@k@

2D HIHAE
Bob

3

hﬂ%@k@

2D HIRAE
Alice

E




KIFZ=DBobD T IL—TAHD
O3 = 45— tREDa—K

p(x)

RIFEDAD
S HIBSERE H(p) = 1/2x1 + 1/4x2 + +
Bob =14+ 3/4 =1.75



JHIF=DAlice T IL—TAHAD
OSa=4H—3av|Zi&Ena—F

1/8 | ‘110’
1/2 \OI
q(x)
1/4
1/8
JHEIFEDAD H(q) =
3 (q) = + 1/2x1 +
e DHIRBE =1+ 3/4 =1.75

Alice



Cross-Entropy Hp(C])

1
H,(q) = Z q(x)log, (lTx) )
p(x) q(x)
— Cross-Entropy: H (q)

P(X)DA—FZEEST
q(X) DDAV E—FE DD
Iy —CDRIOTY




BRA5ZDO07II—7MOIaZa=47—3Y
ANia EIEER

/
"cat"
/
4/_' llﬁshll

e

]

ANEg p I




Bob(X)D 5 IL—TphisAlice i) DT IL—TF g
HEEqQEE->TAYE—D%ES Hy(p)

= 0> 110

p(x)

1/4 10> 0

18 [
1/8

RIFEDAD
S HIBSERE Ho(p) = 1/2x3 + 1/4x1 + +

Bob = 2.375

110 - 10
111 - 111




Alice(J&) D7 IL—Tgh bBob (K) DT IL—Tp~
REBpEFE-TAYE—TU%F1ES H(q)

1/2 [Scatt 0> 10
q(x)
VHTAShT L 10 5 110
s ["bird"| 111> 111
BFEDAD
EOHIREE Hq(P) *

= + +
Alice = 2.25




Cross Entropy® ¥ 5 745)L735RIT D5l

Bob pABE N Oa—KpZE{E>
H(p) = H,(p) = 1.75 bits

o

[
L,(x)

Alice gh'BobMa—KpZ{ES>
H,(q) = 2.25 bits

I .

Ly(z)

Bob pAtAlice®a—KRqgZ{E>

H,(p) = 2.375 bits

Alice gh'tBADa—kqZz#E>

q(x)

H(q) = H,(q) = 1.75 bits

B

Lq(l')



MR TUrOE— Dy(p)

(Kullback-Leibler divergence)

H,y(p) | H,(q)

I DQ(p) ‘ -Dp(‘I)

D,(p) =H,(p)-H(p) D,(q) =H,(q) - H(q)



