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ñProof of the geometric Langlands conjectureò

https://people.mpim -bonn.mpg.de/gaitsgde/GLC/

https://people.mpim-bonn.mpg.de/gaitsgde/GLC/
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Robert Langlands 1936~ 

Langlands Langlands program
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monstrous moonshine



Robert Langlands

https:// ja.wikipedia.org /wiki/

https://en.wikipedia.org/wiki/Robert_Langlands

Langlands program

https://ja.wikipedia.org/wiki/

https://en.wikipedia.org/wiki/Langlands_program

https://ja.wikipedia.org/wiki/ロバート・ラングランズ
https://en.wikipedia.org/wiki/Robert_Langlands
https://ja.wikipedia.org/wiki/ラングランズ・プログラム
https://en.wikipedia.org/wiki/Langlands_program
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Edward Frenkel ñLove and Mathò

A
B



Frenkel Langlands program 

-- Proof of 
the geometric Langlands conjecture 2024



Edward Frenkel

ñLove and Mathò

https:// www.amazon.co.jp / - / en /Edward -Frenkel/ dp /0465064957
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super string theory 

super string theory

2024
Langlands program

super string theory 



super string theory Susskind

https:// youtu.be /2p_Hlm6aCok



Witten Blackhole

2024 7 Witten

https://lsp.icbs.cn/upload/1143 -1720859282 -
Edward%20Witten%EF%BC%8807 -
13%20final%20version%EF%BC%89 -Black -Hole -
BeijingLecture.pdf

https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf


2024/07 Witten 

( Youtube )
https://youtu.be/VoozXnBxf8k

https://youtu.be/VoozXnBxf8k


2024
21

It's been too long since we took the time

No oneós to blame, I know time flies so quickly 
But when I see you, darling

It's like we both are falling in love again

It'll be just like starting over (over)

Starting over (over)
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https://en.wikipedia.org/wiki/Modularity_theorem

https://ja.wikipedia.org/wiki谷山–志村予想
https://en.wikipedia.org/wiki/Modularity_theorem
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https://www.sagemath.org/

ὼȟώᶰ ὼȟώᶰπȟρȟȣȟὴ ρ ὴ

ὼ ὴ ώ

ώ ώ ὼ ὼ άέὨὴ

Sage 

https://www.sagemath.org/
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def my_loop2 ():

print("Elliptic Curve: ", "y^2 + y == x^3 - x^2")

p_loop = [2,3,5,7,11,13,17,19,23,29,31,37]

for p in p_loop :

solutions = []

for x in Zmod (p):

for y in Zmod (p):

if y^2 + y == x^3 - x^2:

solutions.append ((x, y))

print(" ")

print("Prime:", p)

print("Solution")

for x, y in solutions:

print("(", x, ",", y, ")" , end = " ")

n_of_sol = len (solutions)

print(" \ nNumber of solutions: ", n_of_ sol )



def my_loop2 ():

print("Elliptic Curve: ", "y^2 + y == x^3 - x^2")

p_loop = [2,3,5,7,11,13,17,19,23,29,31,37]

for p in p_loop :

solutions = []

for x in Zmod (p):

for y in Zmod (p):

if y^2 + y == x^3 - x^2:

solutions.append ((x, y))

print(" ")

print("Prime:", p)

print("Solution")

for x, y in solutions:

print("(", x, ",", y, ")" , end = " ")

n_of_sol = len (solutions)

print(" \ nNumber of solutions: ", n_of_ sol )



Elliptic Curve:  y^2 + y == x^3 - x^2

Prime: 2

Solution

( 0 , 0 ) ( 0 , 1 ) ( 1 , 0 ) ( 1 , 1 ) 

Number of solutions:  4

Prime: 3

Solution

( 0 , 0 ) ( 0 , 2 ) ( 1 , 0 ) ( 1 , 2 ) 

Number of solutions:  4

Prime: 5

Solution

( 0 , 0 ) ( 0 , 4 ) ( 1 , 0 ) ( 1 , 4 ) 

Number of solutions:  4



Prime: 7

Solution

( 0 , 0 ) ( 0 , 6 ) ( 1 , 0 ) ( 1 , 6 ) ( 4 , 2 ) ( 4 , 4 ) ( 5 , 1 ) ( 5 , 5 ) ( 6 , 3 ) 

Number of solutions:  9

Prime: 11

Solution

( 0 , 0 ) ( 0 , 10 ) ( 1 , 0 ) ( 1 , 10 ) ( 5 , 3 ) ( 5 , 7 ) ( 7 , 5 ) ( 8 , 5 ) ( 10 , 

4 ) ( 10 , 6 ) 

Number of solutions:  10

Prime: 13

Solution

( 0 , 0 ) ( 0 , 12 ) ( 1 , 0 ) ( 1 , 12 ) ( 2 , 5 ) ( 2 , 7 ) ( 8 , 2 ) ( 8 , 10 ) 

( 10 , 6 ) 

Number of solutions:  9



Prime: 17

Solution

( 0 , 0 ) ( 0 , 16 ) ( 1 , 0 ) ( 1 , 16 ) ( 2 , 8 ) ( 7 , 7 ) ( 7 , 9 ) ( 8 , 2 ) ( 8 , 
14 ) ( 9 , 1 ) ( 9 , 15 ) ( 11 , 4 ) ( 11 , 12 ) ( 12 , 4 ) ( 12 , 12 ) ( 13 , 7 ) 

( 13 , 9 ) ( 15 , 7 ) ( 15 , 9 ) 

Number of solutions:  19

Prime: 19

Solution

( 0 , 0 ) ( 0 , 18 ) ( 1 , 0 ) ( 1 , 18 ) ( 2 , 6 ) ( 2 , 12 ) ( 3 , 7 ) ( 3 , 11 ) 

( 8 , 5 ) ( 8 , 13 ) ( 9 , 1 ) ( 9 , 17 ) ( 13 , 9 ) ( 14 , 1 ) ( 14 , 17 ) ( 15 , 8 ) 

( 15 , 10 ) ( 16 , 1 ) ( 16 , 17 ) 

Number of solutions:  19

Prime: 23

Solution

( 0 , 0 ) ( 0 , 22 ) ( 1 , 0 ) ( 1 , 22 ) ( 3 , 10 ) ( 3 , 12 ) ( 4 , 1 ) ( 4 , 21 ) 

( 6 , 6 ) ( 6 , 16 ) ( 7 , 10 ) ( 7 , 12 ) ( 10 , 8 ) ( 10 , 14 ) ( 12 , 4 ) ( 12 , 
18 ) ( 14 , 10 ) ( 14 , 12 ) ( 19 , 3 ) ( 19 , 19 ) ( 20 , 7 ) ( 20 , 15 ) ( 22 , 

9 ) ( 22 , 13 ) 

Number of solutions:  24



Prime: 29

Solution

( 0 , 0 ) ( 0 , 28 ) ( 1 , 0 ) ( 1 , 28 ) ( 5 , 6 ) ( 5 , 22 ) ( 6 , 2 ) ( 6 , 26 ) 
( 8 , 6 ) ( 8 , 22 ) ( 10 , 5 ) ( 10 , 23 ) ( 13 , 7 ) ( 13 , 21 ) ( 16 , 3 ) ( 16 , 

25 ) ( 17 , 6 ) ( 17 , 22 ) ( 18 , 7 ) ( 18 , 21 ) ( 19 , 1 ) ( 19 , 27 ) ( 20 , 
1 ) ( 20 , 27 ) ( 22 , 8 ) ( 22 , 20 ) ( 25 , 14 ) ( 28 , 7 ) ( 28 , 21 ) 

Number of solutions:  29

Prime: 31

Solution

( 0 , 0 ) ( 0 , 30 ) ( 1 , 0 ) ( 1 , 30 ) ( 4 , 10 ) ( 4 , 20 ) ( 6 , 7 ) ( 6 , 23 ) 

( 9 , 9 ) ( 9 , 21 ) ( 10 , 12 ) ( 10 , 18 ) ( 11 , 12 ) ( 11 , 18 ) ( 14 , 2 ) 
( 14 , 28 ) ( 16 , 13 ) ( 16 , 17 ) ( 22 , 13 ) ( 22 , 17 ) ( 24 , 6 ) ( 24 , 24 ) 

( 25 , 13 ) ( 25 , 17 ) 

Number of solutions:  24

Prime: 37

Solution

( 0 , 0 ) ( 0 , 36 ) ( 1 , 0 ) ( 1 , 36 ) ( 3 , 15 ) ( 3 , 21 ) ( 7 , 8 ) ( 7 , 28 ) 

( 9 , 7 ) ( 9 , 29 ) ( 10 , 3 ) ( 10 , 33 ) ( 12 , 5 ) ( 12 , 31 ) ( 13 , 5 ) ( 13 , 

31 ) ( 15 , 6 ) ( 15 , 30 ) ( 17 , 10 ) ( 17 , 26 ) ( 23 , 4 ) ( 23 , 32 ) ( 24 , 
1 ) ( 24 , 35 ) ( 27 , 17 ) ( 27 , 19 ) ( 29 , 9 ) ( 29 , 27 ) ( 32 , 8 ) ( 32 , 

28 ) ( 35 , 14 ) ( 35 , 22 ) ( 36 , 8 ) ( 36 , 28 ) 

Number of solutions:  34
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Elliptic Curve:  y^2 + y == x^3 - x^2

a( 2 ) =  -2

a( 3 ) =  -1

a( 5 ) =   1

a( 7 ) =  -2

a( 11 ) =  1

a( 13 ) =  4

a( 17 ) =  -2

a( 19 ) =  0

a( 23 ) =  -1

a( 29 ) =  0

a( 31 ) =  7

a( 37 ) =  3
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Martin Eichler

Martin Eichler

1912 -- 1992
https://en.wikipedia.org/
wiki/Martin_Eichler



There are five fundamental operations in mathematics , 
addition, subtraction, multiplication, division and 
modular forms.

-- Martin Eichler
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Modular Form

Modular form function
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Modular Form
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Modular Form
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Modular Form 



p b p 

b( 2 ) =  -2

b( 3 ) =  -1

b( 5 ) =   1

b( 7 ) =  -2

b( 11 ) =  1

b( 13 ) =  4

b( 17 ) =  -2

b( 19 ) =  0
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a( 2 ) =  -2

a( 3 ) =  -1

a( 5 ) =   1

a( 7 ) =  -2

a( 11 ) =  1

a( 13 ) =  4

a( 17 ) =  -2

a( 19 ) =  0

b( 2 ) =  -2

b( 3 ) =  -1

b( 5 ) =   1

b( 7 ) =  -2

b( 11 ) =  1

b( 13 ) =  4

b( 17 ) =  -2

b( 19 ) =  0

Modular Form
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Eichler ώ ώ ὼ ὼ
Modular form
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Modular Form
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a( 2 ) =  -2

a( 3 ) =  -1

a( 5 ) =   1

a( 7 ) =  -2

a( 11 ) =  1

a( 13 ) =  4

a( 17 ) =  -2

a( 19 ) =  0

b( 2 ) =  -2

b( 3 ) =  -1

b( 5 ) =   1

b( 7 ) =  -2

b( 11 ) =  1

b( 13 ) =  4

b( 17 ) =  -2

b( 19 ) =  0

Modular Form

modular form
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André WeilJean-Pierre Serre

1955



Eichler

2001 Richard Taylor, Christophe 
Breuil
https://www.ams.org/journals/jams/2001 -14 -04/S0894 -0347 -01 -
00370 -8/viewer /

modularity 

theorem

https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-00370-8/viewer
https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-00370-8/viewer


Modularity theorem

N
X0(N)

N modular parametrization

N parametrization
 

conductor
parametrization 2 N

q new form



Wiles

1990

A.Wiles

1993 Wiles 7
semistable elliptic curves

-
squarefree conductors ; Knapp 
1999

Weisstein , Eric W. ñTaniyama ïShimura Conjectureò. 

MathWorld . https://mathworld.wolfram.com/Taniyama -

ShimuraConjecture.html

https://mathworld.wolfram.com/Taniyama-ShimuraConjecture.html
https://mathworld.wolfram.com/Taniyama-ShimuraConjecture.html
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b( 2 ) = -1

b( 3 ) = -2

b( 5 ) = 0

b( 7 ) = 1

b( 11 ) = 0
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def my_loop2xy():

print(" : ", "y^2 + x*y + y == x^3 - x")

p_loop = [2,3,5,7,11,13]  

for p in p_loop :

solutions = []

for x in Zmod (p):

for y in Zmod (p):

if y^2 + x*y + y == x^3 - x:

solutions.append ((x, y))

print(" ")

print("  p =:", p)

print("  F_p ")

for x, y in solutions:

print("(", x, ",", y, ")" , end = " ")

n_of_sol = len (solutions)

print(" \ n : ", n_of_sol )

print(" : ", p - n_of_sol )



:  y^2 + x*y + y == x^3 - x

 p =: 2

 F_p

( 0 , 0 ) ( 0 , 1 ) ( 1 , 0 ) 

:  3

:  -1

 p =: 3

 F_p

( 0 , 0 ) ( 0 , 2 ) ( 1 , 0 ) ( 1 , 1 ) ( 2 , 0 ) 

:  5

:  -2

 p =: 5

 F_p

( 0 , 0 ) ( 0 , 4 ) ( 1 , 0 ) ( 1 , 3 ) ( 4 , 0 ) 

:  5

:  0



 p =: 7

 F_p

( 0 , 0 ) ( 0 , 6 ) ( 1 , 0 ) ( 1 , 5 ) ( 3 , 5 ) ( 6 , 0 ) 

:  6

:  1

 p =: 11

 F_p

( 0 , 0 ) ( 0 , 10 ) ( 1 , 0 ) ( 1 , 9 ) ( 2 , 4 ) ( 4 , 8 ) ( 4 , 9 ) ( 6 , 
6 ) ( 6 , 9 ) ( 7 , 7 ) ( 10 , 0 ) 

:  11

:  0



ώ ὼώ ώ ὼ ὼ

a( 2 ) =  -1

a( 3 ) =  -2

a( 5 ) =  0

a( 7 ) =  1

a( 11 ) =  0

a( 13 ) =  -4



Modular form
ώ ὼώ ώ ὼ ὼ

a( 2 ) =  -1 b( 2 ) =  -1

a( 3 ) =  -2 b( 3 ) =  -2

a( 5 ) =  0 b( 5 ) =  0

a( 7 ) =  1 b( 7 ) =  1

a( 11 ) =  0 b( 11 ) =  0

a( 13 ) =  -4 b( 13 ) =  -4



Modular form

LMFDB
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Modular form

LMFDB

Modular form
LMFDB

The LMFDB Collaboration, 

The L - functions and modular forms database, 

https://www.lmfdb.org

L- function modular 
forms L- function 

https://www.lmfdb.org/


https://www.lmfdb.org/

https://www.lmfdb.org/


ώ ώ ὼ ὼ
ώ ὼώ ώ ὼ ὼ

modular form

ή ρ ή ɇρ ή

ή ρ ή ρ ή ρ ή ρ ή



modular form

ή



modular form 

¸ Eichler

¸

¸ modular

¸ é

¸ é

¸ Wiles Modularity Theorem



LMFDB

LMFDB

LMFDB

modular form
Modularity Theorem



Langlands Program LMFDB

LMFDB Langlands 
Program

LMFDB LMFDB Universe 

Langlands program Motivic
L Automorphic



LMFDB Universe



LMFDB

LMFDB

Automorphic World Motivic 
World ñShimura varietiesò
ñShimuraò

Motivic World ñTannakian 
formalismò ñTannakianò 
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Part 3 Langlands program

Part 3 Langlands program
1970 program  



https://publications.ias.edu/rpl/

https://publications.ias.edu/rpl/


Langlands program

Langlands program  

Part 3 
Langlands program



Part 3 
Langlands program

Agenda

1. Weil  -- 1967

2. Euler -- Euler product

3. Grothendieck ï1965



Weil -- 1967
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Langlands Program 

1967 1

https://publications.ias.edu/sites/default/files/handwritten -
ltw_rpl_3.pdf

Langlands Program

https://publications.ias.edu/sites/default/files/handwritten-ltw_rpl_3.pdf
https://publications.ias.edu/sites/default/files/handwritten-ltw_rpl_3.pdf


If you are willing to read it as pure speculation I would appreciate that; 
if not ð I am sure you have a waste basket handy.ò
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Langlands Program

Julia Mueller Langlands

¸ ΰΜAutomorphic L - function χ ᾋ

¸òFunctoriarityò

ӟᴞʺζχ Ϭ ᵒΰϢΞʻ

¬On the Genesis of Robert P. Langlandsô Conjectures and his 

Letter to Andre Weilò

https://www.ams.org/journals/bull/2018 -55 -04/S0273 -0979 -
2018 -01609 -1/supplementary - information/S0273 -0979 -2018 -
01609 -1-original -version.pdf

https://www.ams.org/journals/bull/2018-55-04/S0273-0979-2018-01609-1/supplementary-information/S0273-0979-2018-01609-1-original-version.pdf
https://www.ams.org/journals/bull/2018-55-04/S0273-0979-2018-01609-1/supplementary-information/S0273-0979-2018-01609-1-original-version.pdf
https://www.ams.org/journals/bull/2018-55-04/S0273-0979-2018-01609-1/supplementary-information/S0273-0979-2018-01609-1-original-version.pdf


Langlands
Automorphic L - function

(1) Automorphic Representation --
Automorphic L -

function -- L-

L- L-
1936

Automorphic Representation -- L- function
L-

Automorphic L - function -- L



Functoriarity
Reciprocity Law

(2) The Principal of Functoriarity --
Principal of nonabelian class field theory --

L-
Automorphic Representation 

--

Functorial Conjecture --
Artin abelian reciprocity law --

Artin reciprocity 
conjecture --



 
Langlands automorphic L -

2 1

automorphic L-  L (s, ɸ, ȍ) 
automorphic representation  ɸ

L-  ȍ



L Artin -Hecke
ȍ ɸ 2 L-

L- Artin L-

Hecke L-

L-

ὒίȟ“ȟ”
ρ

ÄÅÔρ
” ὧ“
ὴ



https://publications.ias.edu/sites/default/
files/letter - to -weil -1967 -01_rpl_3.pdf



Langlands Weil

The first question is whether or not these products define 
functions meromorphic in the entire complex plane with 
poles of the usual type and whether or not for each •there 
is an automorphic form ‪so thatὒίȟ•ȟ“Ⱦὒίȟ‪ȟ“) is an 
elementary function for all ɸ. “is the representation 
contragredient to “.

-  L-
  ɸ 

 L(s, , ɸ)/L(s, ȑ, ɸω)  ȑ 



Langlands Program
LMFDB Universe

1967 Weil Langlands Program



Reciprocity

Langlands Quadratic reciprocity 
-- Emil Artin reciprocity 
law --  

Artin reciprocity law --

L- L- L-
Hecke characters --

L- Artin
reciprocity law



Langlands L-
Langlands

Artin

Hecke L- automorphic form --

Langlands adele
ring -- GL(n)

automorphic cuspidal (
p



Langlands automorphic representation
automorphic L-

Artin L-
automorphic cuspidal 

Langlands reciprocity conjecture

automorphic 
representation Langlands group --  
Langlands dual group -- L-

L-

https://en.wikipedia.org/wiki/Langlands_program

https://en.wikipedia.org/wiki/Langlands_program


Functoriarity

Langlands

Functoriarity

Functoriarity L-
automorphic form --

representation --

Langlands Reciprocity

reductive group ï
Functoriarity

https://en.wikipedia.org/wiki/Langlands_program

https://en.wikipedia.org/wiki/Langlands_program


Langlands program Vladimir Drinfeld
Gérard Laumon

Langlands program

étale l-adic
vector bundle moduli stack l-adic

sheaves category object

2024 5 Dennis Gaitsgory 9
Hecke eigensheaf 

Geometric Langlands



Langlands automorphic L -

Langlands automorphic L -



ώ ώ ὼ ὼ (Eichler)
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ή ςή τή τή ή τή ςή
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Euler

Euler product
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Euler -- Euler product

Langlands automorphic L -
function Euler

1737 Euler

‒ί
ρ

ὲ

ρ

ρ ὴ

‒ί Euler product Leonhard Euler
1707 ï1783



EulerïRiemann ȃ- function
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Bernhard Riemann
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Dirichlet L-
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Dirichlet

1805 ï1859
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Dirichlet

Euler ‒



Euler product formula
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Rieman Hypothesis

ȃ(s) s 1
 

s -2 -4 -6 ...
ȃ(s) = 0

s 

 1/2 



Dirichlet L-function

Dirichlet L -

ὒίȟ…
…ὲ

ὲ

…ὲ

Å ὥḳὦάέὨὔ …ὥ …ὦ

Å …ὥὦ …ὥ…ὦ

Å …ρ ρ

Å ὥ N …ὥ π

…ὲ Dirichlet character ï

n …ὲ ρ ὒ(ί,…) ‒ί



Dirichlet L - ὒίȟ… meromorphic 
function -- Dirichlet L-function 

ὒίȟ…

ὒίȟ… ὙὩί ρ Euler

ὒίȟ…
ρ

ρ
…ὴ
ὴ



Appendix 

Heckeôs degree-1 L -series.

ὒίȟ… …ὟὔὟ
ρ

ρ
…ὖ
ὔὖ

Heckeôs degree-2 L -series

ὒίȟὪ ὥὲ
ρ

ρ
ὥ
ὴ

ὴ

Artin L - functions

ὒίȟὶ ὒ ίȟὶ
ρ

ὨὩὸρ
ὶὊὶέὦ
ὔὖ

Langlandsô automorphic L- functions.
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ρ
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Grothendieck ï1965
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Alexander 
Grothendieck

(1928-2014)



Alexander Grothendieck

In the eyes of many, Alexandre Grothendieck wasthe 
most original and most powerful mathematicianof the 
twentieth century. He was also a man withmany other 
passions who did all things his own way,without regard 
to convention.

20
 

https://www.ams.org/journals/notices/201603/rnotip242.pdf

https://www.ams.org/journals/notices/201603/rnotip242.pdf


Weil Conjecture
1949

1966

1974
André Weil
1906Ϻρωωψ



V

ὔ ή

(1) 

(2) 

(3) 



(2) (3)

(1) 1960 (2)
1965

1974

https://en.wikipedia.org/wiki/Weil_conjectures

https://en.wikipedia.org/wiki/Weil_conjectures


Weil conjectures 1 Introduction

Richard Borcherds

https://youtu.be/2n8xpH5enDg

https://youtu.be/2n8xpH5enDg


GrothendieckôsMathematical Work

https://www.ams.org/journals/notices/201603/rnotip242.pdf

1956 1968 12

1950 1954

Esquisse dôun 
programme

https://www.ams.org/journals/notices/201603/rnotip242.pdf


4

IHES
motive topos dessin 
dôenfants



4

¸ὑ- theory and the Grothendieck -Riemann -Roch 
Theorem for Morphisms ὪḊὢŸ ὣ

¸ Formal Schemes, Nilpotents and the Fundamental 
Group

¸ Functors and the Hilbert, Picard, and Moduli 
Schemes

¸ Étale Cohomology

Weil conjecture Étale Cohomology



£tale Cohomology

1954  p

V
Frobenius automorphism

Lefschetz Fixed Point Formula



automorphism •
• trace

ρὝὶὥὧὩ •z



Ὄ ὠȟᴚȾὲ ὲ- torsion divisor class 

1

E. Artin H. Hasse



Grothendieck

Zariski

Serre local isotriviality

ὄ isotrivial ὢ
ὴ ὴ Zariski

ὟŹ ὄ Ὗȭ



M. Artin1961Grothendieck



injective

sheaf

ż-adic



1
fibration

Grothendieck Serre Artin
Grothendieck Verdier 1963 -
64 IHES

Grothendieck sheaf
ὒ- 1964 ὒ-

Verdier
1

Riemann Hypothesis 1974
Deligne



Grothendieck ï1967

Grothendieck visited North Vietnam in late 1967, 
during the Vietnam War, and spent a month teaching 
mathematics to the Hanoi University mathematics 
department staff, including Hoàng Xuân Sính , who 
took the notes for the lectures. Because of the war, 
Grothendieckôslectures were held away from Hanoi, 
first in the nearby countryside and later in ņʜiTι.



Grothendieck ï1967





Grothendieck ï1967



N)Ówxtgd'Alexandre Grothendieck 
Pierre Deligne (French with English subtitles)

https://youtu.be/PeMAyPGjL68

https://youtu.be/PeMAyPGjL68
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Part 4
Wiles τϢϥˮТϴиЫ˔χΩ ˯χ

Part 4 Wiles

1995 Wiles

Wiles
2001 Wiles

Wiles 20

Langlands program





https://youtu.be/ZFOPxZtlkig

https://youtu.be/ZFOPxZtlkig


Part 4 
Wiles 

Agenda

1.

2. Wiles

3. Weil
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Pierre de Fermat

1607ī1665



1637
 

3  ὲ
ὼ ώ ᾀ

 ὼȟώȟᾀ

ὼώᾀπ

n 2
ὼ ώ ᾀ

ὼȟώȟᾀ



p  a

ὥ ḳὥ άέὨὴ

p  a  p

ὥ ḳρ άέὨὴ



Pierre de Fermat Ḑ1637

2 4 2
4 2

2



!ƴŘǊŜǿ ²ƛƭŜǎ

1995 Andrew Wiles 
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Andrew Wiles
1953 ī



https://staff.fnwi.uva.nl/a.l.kret/Galoistheorie/wiles.pdf

https://staff.fnwi.uva.nl/a.l.kret/Galoistheorie/wiles.pdf


n=4

n=4
ὼ ώ ᾀ

ὼȟώȟᾀ

ὼ ώ ᾀ ὼȟώȟᾀ
ὼώᾀπ

ὼ ώ ᾀ

ὼȟώȟᾀ



ὼ ώ ᾀ (ὼ, ώ, ᾀ) 

ὼ ώ ὼ ώ ᾀ

ὃ ὼȟὄ ώȟὅ ᾀ

ὃ ὄ ὅ

ὃȟὄȟὅ



ὃȟὄȟὅ άȟὲ
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(1) ὃ ὼ ςάὲ

(2) ὄ ώ ά ὲ

(3) ὅ ᾀ ά ὲ

ά ὲ ᾀ



(2) ὲ ώ ά

ὲȟώȟά

ὲȟώȟά ὲȟά

ὲȟώȟά ςὲάȟὲ ά ȟὲ ά

(4) Î ςὲά

(5) Ù ὲ ά

(6) Í ὲ ά

(1) (4), (6) 

ὼ ςάὲςὲ ά ςὲά τὲά ὲ ά
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ὼ ώ ᾀ
(ὼ, ώ, ᾀ) 

ὼ ώ ᾀ (ὼ, ώ, ᾀ) 

ὼ ώ ᾀ ᾀ (ὼ, ώ, ᾀ) 



ὼ ώ ᾀ ὲ τ
n

n = 3 1770 Euler

n = 5 1825 Legendre

Dirichlet

n = 7 1839 Lamé

1840 Lebesgue



Kummer

n

1810 -1893

n

Mordell, LJ (1921). ñThree Lectures on Fermatós Last 
Theorem ò https://archive.org/details/cu31924001075880

https://archive.org/details/cu31924001075880


Ideal 

12

1 2

Mordell 



Lame, Cauchy Kummer

Lame Liouville Kummer

Kummer Dirichlet
Dirichlet

Mordell 



Mordell 

ⱨ▼ꜟⱴכ─https://ja.wikipedia.org/ /

Gerd Faltings Mordell 1983 3
n  Ø ώ ᾀ

 0 

n

https://ja.wikipedia.org/ /

https://ja.wikipedia.org/フェルマーの最終定理/


Computational studies

20

1954 Harry Vandiver SWAC
2521

1978 Samuel Wagstaff 125,000

1993 400



 X 
X 

https://en.wikipedia.org/wiki/Fermat%27s_Last_Theorem

https://en.wikipedia.org/wiki/Fermat%27s_Last_Theorem


Wiles
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Wiles

Wiles

ñModular elliptic curve and Fermatôs Last 
Theoremò 1995 Annals of 
Mathematics 142 443 -551



https://staff.fnwi.uva.nl/a.l.kret/Galoistheorie/wiles.pdf

https://staff.fnwi.uva.nl/a.l.kret/Galoistheorie/wiles.pdf


1995 Annals of Mathematics 
141 443 -551 i

Introduction Abstract 



http://www.scienzamedia.uniroma2.it/~eal/Wiles -Fermat.pdf


