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Langlands Langlands program

Robert Langlands 1936~
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Robert Langlands
https:// _ja.wikipedia.org /wiki/

https://en.wikipedia.org/wiki/Robert Langlands

Langlands program
https://ja.wikipedia.org/wiki/

https://en.wikipedia.org/wiki/Langlands_program



https://ja.wikipedia.org/wiki/ロバート・ラングランズ
https://en.wikipedia.org/wiki/Robert_Langlands
https://ja.wikipedia.org/wiki/ラングランズ・プログラム
https://en.wikipedia.org/wiki/Langlands_program
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Frenkel Langlands program

-- Proof of
the geometric Langlands conjecture 2024
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super string theory
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super string theory

'E NEED §&
TO START |
OVER”

The Crisis in String Theory is
Worse Than You Think...

https:// youtu.be /2p HIm6aCok

Susskind




Witten Blackhole

2024 7 Witten
https://Isp.icbs.cn/upload/1143 -1720859282 -
Edward%20Witten% EF%BC%8807 -
13%20final%20version%EF%BC%89 -Black -Hole -

BeijingLecture.pdf



https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf

INTERNATIONAL CONGRESS OF BASIC SCIENCE BiMsA Lilibili

OEREMBFXRS

The answer is “yes,” as was first found by Ryu and Takayanagi 2024/07 Wltten

(2006), with later refinements by other authors. The simplest .
setup is to consider a universe with two “ends” (or asymptotic
regions where an observer might live) with the universe overall in a
state of minimum uncertainty (a pure state)

BASIC SCIENCE

. -

( Youtube )
https://youtu.be/VoozXnBxf8k



https://youtu.be/VoozXnBxf8k
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It's been too long since we took the time

No oneds to bl ame, | know ti me f
But when | see you, darling

It's like we both are falling in love again
It'll be just like starting over (over)
Starting over (over)
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https://ja.wikipedia.org/wiki/ I

’@.‘- ZOEDOXEXAREE UTRERLBRE., FREXELI2DOHATSVWREBICHR>TWET,
7 XEEDIDPILLTELS, BENREEINTWET, (20224118)

https://en.wikipedia.org/wiki/Modularity theorem

This section needs additional citations for
verification. Please help improve this article by
adding citations to reliable sources in this section.

@ Unsourced material may be challenged and
removed.

Find sources: "Modularity theorem" — news - newspapers -
books - scholar - JSTOR (March 2021) (Learn how and

when to remove this message)



https://ja.wikipedia.org/wiki谷山–志村予想
https://en.wikipedia.org/wiki/Modularity_theorem
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https.//www.sagemath.org/



https://www.sagemath.org/

GitHub - Wiki - Questions? - W Sponsor - Donate
5 m E Online: CoCalc - SageCell or Install, Clone
E.@

Home Tour Help Library Download Development Links

SageMath is a free open-source mathematics software system licensed under the GPL. It builds on top of
many existing open-source packages: NumPy, SciPy, matplotlib, Sympy, Maxima, GAP, FLINT, R and many more.
Access their combined power through a common, Python-based language or directly via interfaces or
wrappers.

Mission: Creating a viable free open source alternative to Magma, Maple, Mathematica and Matlab.

Learn how to use SageMath:
Sage for Undergraduates by Gregory Bard (Spanish: Sage para Estudiantes de Pregrado)

Mathematical Computation with Sage by Paul Zimmermann et al.
(French: Calcul mathématique avec Sage, German: Rechnen mit Sage)

Sage on CoCalc @

or: SageMathCell V

Help/Documentation
Video - Forums - Tutorial - FAQ - Questions?

Install 10.4

Releases - Clone from GitHub

Feature Tour

Quickstart - Research - Graphics

-
=

Library Search

Testimonials - Books - Publications - Press Kit ' [Search...




def my_loop2 ():

print("Elliptic Curve: ", "y"2 + y == x"3 - X"2")
p_loop =12,3,5,7,11,13,17,19,23,29,31,37]
forpin p_loop :

solutions =]

forxin Zmod (p):
foryin Zmod (p):
if yA2 +y == x"3 - X"2:
solutions.append ((X, Y))

print(" ")
print("Prime:", p)
print("Solution™)

for x, y in solutions:
print("(", x, ",",y,")",end ="")

n_of sol = len(solutions)
print(" \nNumber of solutions: ", n_of sol )



def my_loop2 ():

print("Elliptic Curve: ", "y"2 + y == x"3 - X"2")
p_loop =12,3,5,7,11,13,17,19,23,29,31,37]
forpin p_loop :

solutions =]

forxin Zmod (p):
foryin Zmod (p):
if yA2 +y == x"3 - X"2:
solutions.append ((X, Y))

print(" ")
print("Prime:", p)
print("Solution™)

for x, y in solutions:
print("(", x, ",",y,")",end ="")

n_of sol = len(solutions)
print(" \nNumber of solutions: ", n_of sol )



Elliptic Curve: y*2 +y == x"3

Prime: 2

Solution
(0,0)(0,1)(1,0)(1,1)
Number of solutions: 4

Prime: 3

Solution
(0,0)(0,2)(1,0)(1,2)
Number of solutions: 4

Prime: 5

Solution
(0,0)(0,4)(1,0)(1,4)
Number of solutions: 4

- X2



Prime: 7

Solution
(0,0)(0,6)(1,0)(1,6)(4,2)(4,4)(5,1)(5,5)(6,3)
Number of solutions: 9

Prime: 11
Solution

(0,0)(0,10)(1,0)(1,10)(5,3)(5,7)(7,5)(8,5) (10,
4)(10,6)

Number of solutions: 10

Prime: 13

Solution
(0,0)(0,12)(1,0)(1,12)(2,5)(2,7)(8,2)(8,10)
(10,6)

Number of solutions: 9



Prime: 17
Solution

(0,0)(0,16)(1,0)(1,16)(2,8)(7,7)(7,9)(8,2)(8,
14)(9,1)(9,15)(11,4)(11,12)(12,4)(12,12)(13,7)
(13,9)(15,7)(15,9)

Number of solutions: 19

Prime: 19

Solution
(0,0)(0,18)(1,0)(1,18)(2,6)(2,12)(3,7)(3,11)
(8,5)(8,13)(9,1)(9,17)(13,9)(14,1)(14,17)(15,8)
(15,10)(16,1)(16,17)

Number of solutions: 19

Prime: 23

Solution
(0,0)(0,22)(1,0)(1,22)(3,10)(3,12)(4,1)(4,21)
(6,6)(6,16)(7,10)(7,12)(10,8)(10,14)(12,4) (12,
18)(14,10)(14,12)(19,3)(19,19)(20,7)(20,15) (22,
9)(22,13)

Number of solutions: 24



Prime: 29

Solution
(0,0)(0,28)(1,0)(1,28)(5,6)(5,22)(6,2)(6,26)
(8,6)(8,22)(10,5)(10,23)(13,7)(13,21)(16,3)(16,
25)(17,6)(17,22)(18,7)(18,21)(19,1)(19,27) (20,
1)(20,27)(22,8)(22,20)(25,14)(28,7)(28,21)
Number of solutions: 29

Prime: 31

Solution
(0,0)(0,30)(1,0)(21,30)(4,10)(4,20)(6,7)(6,23)
(9,9)(9,21)(10,12)(10,18)(11,12)(11,18)(14,2)
(14,28)(16,13)(16,17)(22,13)(22,17)(24,6) (24, 24)
(25,13) (25, 17)

Number of solutions: 24

Prime: 37

Solution
(0,0)(0,36)(1,0)(21,36)(3,15)(3,21)(7,8)(7,28)
(9,7)(9,29)(10,3)(10,33)(12,5)(12,31)(13,5) (13,
31)(15,6)(15,30)(17,10)(17,26)(23,4)(23,32) (24,
1)(24,35)(27,17)(27,19)(29,9)(29,27)(32,8) (32,
28)(35,14)(35,22)(36,8)(36,28)

Number of solutions: 34
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Elliptic Curve: y*2 +y == x"3 - XN2
a(2)= -2
a(3)= -1
a(5)=1
a(7)= -2
a(11)=1
a(13)= 4
a(17)= -2
a(19)=0
a(23)= -1
a(29)=0
a(31)=7

a(37)= 3
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Martin Eichler

Martin Eichler ,

https://en.wikipedia.org/

rtin g 3
1912 -1992°%  ~ wiki/Martin_Eichler




There are five fundamental operations in mathematics ,
addition, subtraction, multiplication, division and
modular forms.

-- Martin Eichler
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Modular Form

Modular form function

00)

flq) = Z anq"

q = Zmth——C f(Z) Z Zmnz

$H={ze C:im(z) > 0}. Weight 2 modular forms:

ERTEO FEE T
f:9H—C:|f (cz—l— d) = (cz + d)*f(2)for

a b
BEH 713 52x20175 { ( ) € SLy(Z): c= O(N)}
c d
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b(2)= -2
b(3)= -1
b(5)= 1
b(7)= -2
b(11)= 1
b(13)= 4
b(17)= -2
b(19)= 0






Modular Form

a(2)= -2 b(2)= -2
a(3)= -1 b(3)= -1
a(5)= 1 b(5)= 1
a(7)= -2 b(7)= -2
a(11)= 1 b(11)= 1
a(13) = 4 b(13) = 4
a(17)= -2 b(17)= -2

a(19)= 0 b(19)= O



Eichler

Eichler W W W
Modular form
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Eichler

Modular Form

q 1_[(1 o qn)Z(l o qlln)z




q) N Q)
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a(2)= -2
a(3)= -1
a(5)= 1
a(7)= -2
a(1l1)=1
a(13)=14
a(l7)= -2
a(19)=20

)
)

q)
™

modular form
¢n qn q)

¢i 1 E

Modular Form

b(2)= -2
b(3)= -1
b(5)= 1
b(7)= -2
b(11)= 1
b(13)= 4
b(17)= -2
b(19)= 0

)



1955

Jean-Pierre Serre André Well



Eichler

2001 Richard Taylor, Christophe

Breuil
https://www.ams.org/journals/jams/2001 -14-04/50894 -0347 -01 -

00370 -8/viewer [/

modularity
theorem


https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-00370-8/viewer
https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-00370-8/viewer

Modularity theorem

Theorem A. If E/q is an elliptic curve, then E is modular.

N
XO(N)

N modular parametrization
N parametrization

conductor
parametrization 2 N
q new form




Wiles

1990
A.Wiles
1993 Wiles 7
semistable elliptic curves
squarefree conductors , Knapp
1999

Weisstein, Er 1 danyima nShi mur a Conj ect

MathWorld . https:/mathworld.wolfram.com/Taniyama
ShimuraConjecture.html



https://mathworld.wolfram.com/Taniyama-ShimuraConjecture.html
https://mathworld.wolfram.com/Taniyama-ShimuraConjecture.html

Modular form

Eichler
Modular form

Modular form



Modular form
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n=1

01 2 3 456 7 8 91011 12 13
2 4 6 810 12141618 20

[ 7 14

1:14
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ARl A e A AR E

b(2)= -1
b(3)= -2
b(5)=0
b(7)=1
b(11)=0



00)
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def my_loop2xy():

print(" D YA2 + Xy +y == X3
p_loop =[2,3,5,7,11,13]
forpin p_loop :

solutions = []

forxin Zmod (p):
foryin Zmod (p):

if y2 + x*y + y == x"3 - X

solutions.append ((x, Y))

print(" ")
print(" p="p)
print(" Fp "

for x, y in solutions:
print("(", x, ",",y, )" ,end="")

n_of sol = len(solutions)
print(" \n ", n_of sol )
print(" :",p - n_of sol )

- X")



D YN2 + Xty +y == X3

p=:2
F_p
(0,0)(0,1)(1,0)
: 3

p=:3
F_p
(0,0)(0,2)(1,0)(1,1)(2,0)
. 5

p=:5
F_p
(0,0)(0,4)(1,0)(1,3)(4,0)
)



p=:7
F_p
(0,0)(0,6)(1,0)(1,5)(3,5)(6,0)
. 6

p=11
F_p

(0,0)(0,10)(1,0)(1,9)(2,4)(4,8)(4,9)(6,
6)(6,9)(7,7)(10,0)

11



a(2)= -1
a(3)= -2
a(5)=20
a(7)=1
a(11)=20

a(13)= -4



Modular form

a(2)= -1 b(2)= -1
a(3)= -2 b(3)= -2
a(5)= 0 b(5)= 0
a(7)= 1 b(7)=1
a(11)= 0 b(11)= 0

a(13)= -4 b(13)= -4
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Modular form
LMFDB

Modular form
LMFDB

The LMFDB Collaboration,

The L -functions and modular forms database,
https://www.Imfdb.orqg

L-function modular
forms L-function


https://www.lmfdb.org/

LMFDB

) Citation - Feedback - Hide Menu

LMFDB
The L-functions and modular forms database (LMFDB)

Introduction
Overview  Random A database Announcements
LA e ol i1 oo The LMFDB is a database of The first LuCaNT conference took
L-functions : s mathematical objects arising in place July 10-14, 2023 at ICERM.
T number theory and arithmetic Thanks to everyone who attended!
Rational All " bl geometry that illustrates some of Conference proceedings will be
] : . the mathematical connections published soon.
Modular forms G |y L. predicted by the Langlands c
n . | . heck out the recently updated
: ; : program.
Classical Maass o abstract groups database [beta].
Hilbert Bianchi Click a heading on the left to
browse, or go to a random page. Check out the new modular curves
Varieties database [beta].
| Elliptic curves over Q I
IpTIC curves over Q(a Leal"n more Citations and
Genus 2 curves over Q aCknOWIedgments
Higher genus families Information is available regarding 6 6 — « How to cite the LMFDB
Abeli o the source, reliability, and
elian varieties over F, . completeness of the database. — a a - Source code repository
: o E=—— - Editorial board
Fields Ty, P Knowls provide explanations when
N v - Acknowledgments
Number fields R epresentaciors é,,;f’fé you need them. g
()
p-adic fields b d Overview LMFDB
universe Knowledge Data
Representations

Dirichlet characters httDS//WWW Imfd bOI’g/


https://www.lmfdb.org/
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modular form

Eichler

modular

Wiles Modularity Theorem



LMFDB

LMFDB

LMFDB

modular form
Modularity Theorem



Langlands Program  LMFDB

LMFDB Langlands
Program
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Institute for Advanced Study

The Work of Robert Langlands

The Work of Robert Langlands

1. Ph.D. thesis

Introduction 2. Representation theory of real groups
3. Eisenstein series and automorphic
forms

Robert P. Langlands was born in New Westminster, British 4. Functoriality

Columbia, in 1936. He graduated from the University of
British Columbia with an undergraduate degree in 1957 and
an M.Sc. in 1958, and from Yale University with a Ph.D. in
1960. He has held faculty positions at Princeton University
and Yale University, and is currently a Professor Emeritus at
the Institute for Advanced Study in Princeton, New Jersey.
He has won several awards recognizing his outstanding
contributions to the theory of automorphic forms.

5. First tests and first consequences of
functoriality

6. Base change
7. Endoscopy
8. Beyond endoscopy

9. Shimura varieties
With the intention that the works be published eventually,
perhaps posthumously if there is still an audience, Robert
Langlands's papers and some of his correspondence and
lectures are being collected on this site in a uniform format. B
This site has absorbed an earlier site created by Bill 12. The geometric theory
Casselman and most of the comments not directly attributed

to Langlands himself are from Casselman's pen. The collection of papers is essentially complete; letters will be added
as they turn up. The young Langlands made no systematic effort to retain copies of his correspondence. 14. Letters

10. Percolation

11. Mathematical physics

13. Miscellaneous

This material is being put into TEX at the Institute for Advanced Study in Princeton, New Jersey and will appear here 15. Informal material

as it becomes ready. We would like to thank Alice Garber, Dorothea Phares, Marietta Chiorello, Elly Gustafsson, 16. Visual material
Michelle Huguenin, and Carol Warfield of the present and former staff at the Institute, as well as Mark Goresky, for o
helping with this project. Above all we thank Bill Casselman for the initial suggestion, for a good deal of the original Bibliography [ pdf ]

work, and for continuing advice. At present Anthony Pulido is responsible for the site. Questions and comments should

be addressed to him. —
publications

https://publications.ias.edu/rpl/
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(2) The Principal of Functoriarity --
Principal of nonabelian class field theory --
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Automorphic Representation
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(a) Ly(s,mp, pp) = [det(1 — py(e(mp))p~*]~F,  p unramified.

(b) L(s,mp) = T, Lo(s. 1 pp) = T [det(1 — py(c(r,))p~)~", which
verges in some right half-plane.
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Welil Conjecture
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André Weil
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Weil conjectures 1 Introduction
Richard Borcherds

Well
conjectures
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Introduction
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Formal Schemes, Nilpotents and the Fundamental
Group

Functors and the Hilbert, Picard, and Moduli
Schemes

Etale Cohomology

Well conjecture Etale Cohomology
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Verdier
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Riemann Hypothesis 1974
Deligne



Grothendieck 1T 1967

Grothendieck visited North Vietnam in late 1967,

during the Vietnam War, and spent a month teaching
mathematics to the Hanoi University mathematics
department staff, including Hoang Xuan Sinh, who
took the notes for the lectures. Because of the war,

Gr ot h e ndlecuekwere held away from Hanoil,
first in the nearby countryside and later In nHi I
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Professor Who Solved Fermat's Last
Theorem Wins Math's Abel Prize

MARCH 17, 2016 - 8:19 AM ET
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Annals of Mathematics, 142 (1995), 443-551

Modular elliptic curves
and
Fermat’s Last Theorem

By ANDREW WILES*

For Nada, Clare, Kate and Olivia

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatem in duos ejusdem nominis fas est dividere: cujus rei
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas

non caperet.
Pierre de Fermat

Introduction

An elliptic curve over Q is said to be modular if it has a finite covering by
a modular curve of the form Xo(/N). Any such elliptic curve has the property
that its Hasse-Weil zeta function has an analytic continuation and satisfies a

1 L R B ] N F o WL EE.

https://staff.fnwi.uva.nl/a.l kret/Galoistheorie/wiles. pdf
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Modular elliptic curves
and
Fermat’s Last Theorem

By ANDREW WILES*

For Nada, Clare, Kate and Olivia

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatem in duos ejusdem nominis fas est dividere: cujus ret
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas

non caperet.
Pierre de Fermat

Introduction

An elliptic curve over Q is said to be modular if it has a finite covering by
a modular curve of the form Xy(N). Any such elliptic curve has the property
tha.t 1ts Hasse—Well zeta functlon has an analytic contmuatlon and sa.tlsﬁes a
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1995 Annals of Mathematics
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Introduction Abstract
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