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3 Langlands program Seminar Part 1-1
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“Proof of the geometric Langlands conjecture”
https://people.mpim-bonn.mpg.de/gaitsgde/GLC/
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Langlandsé&lLanglands program

Robert Langlands 1936~
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Robert Langlands
https://ja.wikipedia.org/wiki/B/\—k-5 95 X

https://en.wikipedia.org/wiki/Robert Langlands

Langlands program
https://ja.wikipedia.org/wiki/5> 952X -0 5L

https://en.wikipedia.org/wiki/Langlands program



https://ja.wikipedia.org/wiki/ロバート・ラングランズ
https://en.wikipedia.org/wiki/Robert_Langlands
https://ja.wikipedia.org/wiki/ラングランズ・プログラム
https://en.wikipedia.org/wiki/Langlands_program
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The Crisis in String Theory is
Worse Than You Think...

https://youtu.be/2p_HIm6aCok
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https://Isp.icbs.cn/upload/1143-1720859282-
Edward%20Witten%EF%BC%8807-
13%20final%20version%EF%BC%89-Black-Hole-
Beijinglecture.pdf



https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf
https://lsp.icbs.cn/upload/1143-1720859282-Edward%20Witten%EF%BC%8807-13%20final%20version%EF%BC%89-Black-Hole-BeijingLecture.pdf

INTERNATIONAL CONGRESS OF BASIC SCIENCE BiMsA Lilibili

OEREMBFXRS

The answer is “yes,” as was first found by Ryu and Takayanagi 20 24/07 Wltten
.

(2006), with later refinements by other authors. The simplest
setup is to consider a universe with two “ends” (or asymptotic
regions where an observer might live) with the universe overall in a
state of minimum uncertainty (a pure state)

BASIC SCIENCE

e -

sEE T4 ( Youtube )
https://youtu.be/VoozXnBxf8k



https://youtu.be/VoozXnBxf8k
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Sob.Indin, HADNEISELDH. BIANSBAMGHLOEK

1

R FORANIBFELIDLERNET,

It's been too long since we took the time

No one's to blame, I know time flies so quickly
But when I see you, darling

It's like we both are falling in love again
It'll be just like starting over (over)
Starting over (over)
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— Do  1955F DI AU -EFMFRIZHEBNALLIOERNFE
T, Tnld. FEMALOBEABREED 2T—HBADHLVIC
FNBNYUAHDLLEESIFETL

(B ERFEICIE, RITITHIRERELAHYELI-. Part 20D F
BETRRNALESEES>TIVA, 1954F DEichlerh &R, — R
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[ T2 1 EHE A

[&1L-E+#F4E &, Langlands program® &Y —Ag 75
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DI FHEF. 1995FHS5FHIBRD T T, WilesIZ&->TEEEAS
ia‘ FNH, WilesDT 7z )LY—DREZEE JOEBAD B % ER
STY, FNIZDOLTIL, Part 4 THRENHNLET,

2001, TR -FMFTE] XELER TIEHAIN, IRETIX
FNIEEFOMFTEITIIELTED AT T4 F B (modularity
theorem) JEFEIENTULVET S,




https://ja.wikipedia.org/wiki/# LlL—3E+t F 48

’@.‘- ZOEDOXEXAREE UTRERLBRE., FREXELI2DOHATSVWREBICHR>TWET,
7 XEEDIDPILLTELS, BENREEINTWET, (20224118)

https://en.wikipedia.org/wiki/Modularity_theorem

This section needs additional citations for
verification. Please help improve this article by
adding citations to reliable sources in this section.

@ Unsourced material may be challenged and
removed.

Find sources: "Modularity theorem" — news - newspapers -
books - scholar - JSTOR (March 2021) (Learn how and

when to remove this message)



https://ja.wikipedia.org/wiki谷山–志村予想
https://en.wikipedia.org/wiki/Modularity_theorem
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ai,0ay,03,0a,,ac € 7
y2 + a;xy + azy = x3 + a,x% + ayx + as

DK E . Weierstrass MIZHEFZ EMIE SR,

[ ai,ap,A3,04,05 ] t{%’;&%%—ié:tf\ _90)1?%']:] E%ﬁ%*ﬁfﬁ
FTEHIEMTED,



ra R iR D5

15']2‘35\ ;ko):_ﬂt(j: a; = 0, as = 1, a, = —1, Ay = O’ Ag = 0 'tss
BREAM[0,—1, 1, 0, 0] THEALNSEMAHETHS,

y2 +y = x3 — x2
ﬁﬁ‘:\ ;RO):_EEIJ: a, = 1, asz = 1, a, = O, Ay = _1, Ag = 0 -Gs
REAM[L, 0, 1, —1, 0] TEAONSIEABHETH S,

yi+xy+y=x3—x
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X,y EEENEHIZBHMIZGLIATHAELH A (integral point)
MUK DHEMNELVOREIREZEZ THED,



FEAEIR v +y =2 —x* DBYR[RZEZHZASD

Hy?+y=x°—x* THEAONSBEABKRIE. ROKIIGHZEL
TWhg,

C  os— 1.0 1.5 2.0




FEAEIR v +y =2 —x* DBYR[RZEZHZASD

Ry2+y=x3—x? TEZAONSEAMEIX. XOXS5GREL
TW3, ZDTS5I7m5., (0,0),(0,—-1),(1,0) NEH A THAHZE
MmhHhhd,
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FEABRER v2 +yv =x3 —x? OBHAZTHZS
_NTEEM?

oL BELEFIVIT y? +y=x3—x? EIZ. BH# A
(0,0),(0,—1),(1,0), (1, -1) BHBZ&lEhHhho1=,

F':ﬁigﬁl;ts ORI EDBMENZDEADEIFTTHAIMN? ELNVDTE
THbH,

LHAA. TITEAELY,



TIX, E29 4607 BABALYTHEIDOD?

—DONEZIE. ETODEHMx,y € Z IZTDWVTRTP(x, Y)TER. F
nH. EAMEOARERREEmE -IMIEIZFIVILT.ZDOTR
MIEBRTAORNTDHEHADH_ETHS

=12 SHOLE# B YT (EWLWV->THIRZEICA R D (X H R [A]
DFYITLDEN)  ROKXIGZDODERGHEICHLT. £
DB AICEZEEZDTENTEELY,

1. BYRIE. —D3FELGLO,N?
2. BHRAF, EREFEITOIOMN?
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Feot=-D. BEORT72FERELI-RA-YTIK. hFEVYIRIC
=D2EHRITFToNEOBLLN,

CCTlE. EOFICHEZETET H_EICT 5,

TN AIEDOEYa T, AKX ax=b P x?2 =q DEEE
BRIKF, DR TERLI=LIIZ THRAK F, OF T, 1EHBEROE
HRZTHADIEVORBREZZEZLOELDCETH D,

RBPIEICARIAAF, (FELGSHDT.p=235,.. . TEITEHR
EHADWENDHSD,
POTHLD!



P = Zo)ﬁs IFZ @EJ—C
FBAER v +y=x" —x* OBYRZTHAS

V2ty=x3—x?2%Zy(y+1) =x?(x+DEERT S,
x,y €F, 1=h5 x,y € {0,1}TH D,

x = 0D, B18IX0IZ7E5H, EBDy(y+1) =0,
£2T, y=0Ff=E,. y+1=0
y=1DF.y+1=1+1=2=0(mod 2)

(0,0),(0,1) I&F. COEHMBRDEHN A TH D



x=1 DB, HAIX 1°(1-1) =0
&o2T. &8 y(y+1) =0 (mod?2)
y=0 FlEX,. y+1=0
b, y=0 FElEX, y=1

(1,0),(1,1) (X, COEMHBBEOERSTHD,

p — Zo)ﬁs
COEMBEEDOF, TOEHRIL. RDE4DTHS,
(0,0),(0,1),(1,0),(1,1)
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My2+y=ux3—x> OBYEAETHZD

yi+y=x3—-x2%Fy(y+1) =x2(x - 1)EERT S,
x,y € F3 1205 x,y € {0,1,2} TH 5,

x = 0B, AiIX0I1Z4HS, y(y +1) =0,

£2T, y=0Ff=E,. y+1=0
y=20DFF.y+1=2+1=3=0 (mod 3)

(0,0),(0,2) I&. CHOEHMERDEH R THD,



x=1 OF. A3 1°(1-1) =0

&2T., £ y(y+1) =0(mod3)
y=0 F=lF. y+1=0
oA, y=0 FtlE. y =2

(1,0),(1,2) I&F. COEMHERDEH R TH D,



x =2 DB, AL 22(2-1) =4 =1 (mod 3)
&oT. EiB y(y+1) =1 (mod3)
y = 0lX. 0 =1 (mod 3) &E&HE-TZDRFimI=%4LY,
y = 11&. 2 = 1 (mod 3) 7G> TDHZEE=STELY,
y=2%.6 =0=1(mod 3) ELE->TZDRZFimI=I%LY,

p = 3D,
COEMAMEBRDOF; TOEHRIEL. RD4DTHS,
(0,0),(0,2),(1,0),(1,2)
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P — SODH%s ]FS d)l::l—css
My2+y=ux3—x> OBYEAETHZD

V2+y=x3—x2%Zy(y+1) =x?(x - DEERT S,
x,y € Fs 2h'5 x,y € {0,1,2,3,4) CTH 5.

x = 0B, AiIX0I1Z4HS, y(y +1) =0,

£2T, y=0Ff=E,. y+1=0
y=4MDFEF.y+1=4+1=5=0(mod)5)

(0,0),(0,4) I&. COEHMERDEH R THD,



x=1 OF. A3 1°(1-1) =0

2T, Bl y(y+1)=0
y=0 Ff=l&. y+1 =0 (mod5)
oA, y=0 £f-lE. y =4

(1,0),(1,4) IF. COEMHERDEHRTH S,



x=2 OB, 831X 22(2-1) =4
£oT. £ y(y+1) =4(mod5)
y =0l&. 0 =4 (mod5) &G>TZDORZE M=%,
y = 1(&. 2 = 4 (mod 5) &> T DX EHmI=I%LY,
y = 2[&. 6=4 (mod 5) L2 TZDARZEFH-SLELY,
y = 31%.12 = 2=4 (mod 5) &F>TIDRZEFE=SELY,
y = 41%. 20 = 0=4 (mod 5) &F>TIDRZEEI=T/ELY,



x =3 D, AL 32(3-1) =18 = 3 (mod 5)

&2T. £ y(y+1) =3(mod)5)

y = 0(&. 0 =3 (mod 5) &G>T DHKEiHmI=I%LY,

y = 1I&. 2 = 3 (mod 5) &> TIDHXZEFHI=SALY,

y = 2[&. 6=3 (mod 5) LG TZDARZEFHm=LLY,

y = 3l&. 12 = 2=3 (mod 5) &LE>TIDHZEE=SEL,
y = 41%.12 = 2=3 (mod 5) EFH>TIDRZEFE=SELY,



x =4 DB, AILIX 42(4—-1) = 48 = 3 (mod 5)

&2T. £ y(y+1) =3(modb5)

y = 0lX. 0 =3 (mod 5) EHE-TZDRFimI=I%4LY,

y = 1I&. 2 = 3 (mod 5) &> TIDHXZEFHI=SALY,

y = 21&. 6=3 (mod 5) &%E>TIDRE®=SEN,

y = 3l&. 12 = 2=3 (mod 5) &LE>TIDHZEE=SEL,
y = 41%.12 = 2=3 (mod 5) EFH>TIDRZEFE=SELY,

p — SODH%s
COFEHHBROFs TOEHRIEL. ROD4DTHb,
(0,0),(0,4),(1,0),(1,4)



— EE‘—Go)TEE&&)

p:

2D FF .

_DFEMHEEDF, T
(0,0),(0,1

p:

BB RIE. RDA4DTHS,
),(1,0),(1,1)

3DEF.

COEAHEEROF; TOBHYRIE. RDA4DTHS,

(0,0),(0,2

p:

),(1,0),(1,2)

SDEF.

—DFEMHEEDF; T
(0,0),(0,4

R AL RDADTHD,
),(1,0),(1,4)



FETEIL,

FREINMIIMS

:|/|: A—R3EFEHO>THD

FiEIE. FREAMD D,

CDEtEIL. OV — A TEEI|IZTES,

x,y €F,TlE x,y €{0,1, ...

p— DEMD, = EAEDEE

WM5xEELpEDEERDyZE#HR LU THAEHET. 2O
DIBEE>E=5. y2 +y =x3 —x? (mod p) DALY IIH>TLY

BMNFI YT I,

CCTIl&X, Sage ELVHnN\yTr—o%FEo1=,
BBERDUEZ(X, ETHEFTH S, GELGILELTES,

https://www.sagemath.org/



https://www.sagemath.org/

GitHub - Wiki - Questions? - W Sponsor - Donate
5 m E Online: CoCalc - SageCell or Install, Clone
E.@

Home Tour Help Library Download Development Links

SageMath is a free open-source mathematics software system licensed under the GPL. It builds on top of
many existing open-source packages: NumPy, SciPy, matplotlib, Sympy, Maxima, GAP, FLINT, R and many more.
Access their combined power through a common, Python-based language or directly via interfaces or
wrappers.

Mission: Creating a viable free open source alternative to Magma, Maple, Mathematica and Matlab.

Learn how to use SageMath:
Sage for Undergraduates by Gregory Bard (Spanish: Sage para Estudiantes de Pregrado)

Mathematical Computation with Sage by Paul Zimmermann et al.
(French: Calcul mathématique avec Sage, German: Rechnen mit Sage)

Sage on CoCalc @

or: SageMathCell V

Help/Documentation
Video - Forums - Tutorial - FAQ - Questions?

Install 10.4

Releases - Clone from GitHub

Feature Tour

Quickstart - Research - Graphics

-
=

Library Search

Testimonials - Books - Publications - Press Kit ' [Search...




def my_loop2 ():

print("Elliptic Curve: ", "y"2 + y == x~3 - x"2")
p_loop =1[2,3,5,7,11,13,17,19,23,29,31,37]
for p in p_loop:

solutions = [] :/\detjon 7\\3.&7&14597-:

for x in Zmod (p):
fory in Zmod (p):
if y"2 +y == x"3 -x"2:
solutions.append((X, y))

print(" ")
print("Prime:", p)
print("Solution™)

for x, y in solutions:
print(ll("’ X, Il’", y’ ll)ll , end — " ll)

n_of_sol = len(solutions)
print("\nNumber of solutions: ", n_of_sol )



def my_loop2 ():

print("Elliptic Curve: ", "y"2 + y == x~3 - x"2")
p_loop =1[2,3,5,7,11,13,17,19,23,29,31,37]
for p in p_loop:

solutions = [1 ZZAEEEXEL TS, BETHD,

for x in Zmod (p):
fory in Zmod (p):
if y"2 +y == x"3 -x"2:
solutions.append((X, y))

print(" ")
print("Prime:", p)
print("Solution™)

for x, y in solutions:
print(ll("’ X, Il’Il, y’ ll)ll , end — " ll)

n_of_sol = len(solutions)
print("\nNumber of solutions: ", n_of_sol )



JO5L0OHE N

Elliptic Curve: y*"2 +y == x"3 - x"2

Prime: 2

Solution
(0,0)(0,1)(1,0)(1,1)
Number of solutions: 4

Prime: 3

Solution
(0,0)(0,2)(1,0)(1,2)
Number of solutions: 4

Prime: 5

Solution
(0,0)(0,4)(1,0)(1,4)
Number of solutions: 4



Prime: 7

Solution
(0,0)(0,6)(1,0)(1,6)(4,2)(4,4)(5,1)(5,5)(6,3)
Number of solutions: 9

Prime: 11

Solution
(0,0)(0,10)(1,0)(1,10)(5,3)(5,7)(7,5)(8,5)(10,
4)(10,6)

Number of solutions: 10

Prime: 13

Solution
(0,0)(0,12)(1,0)(1,12)(2,5)(2,7)(8,2)(8,10)
(10, 6)

Number of solutions: 9



Prime: 17

Solution
(0,0)(0,16)(1,0)(1,16)(2,8)(7,7)(7,9)(8,2)(8,
14)(9,1)(9,15)(11,4)(11,12)(12,4)(12,12)(13,7)
(13,9)(15,7)(15,9)

Number of solutions: 19

Prime: 19

Solution
(0,0)(0,18)(1,0)(1
(8,5)(8,13)(9 1)(9
(15,10)(16,1)(16, 17
Number of solutions: 19

,18)(2,6)(2,12)(3,7)(3,11)
,17)(13,9)(14,1)(14,17)(15,8)
)

Prime: 23
Solution
(0,0)(0,22)(1,0)(1,22)(3,10)(3,12)(4,1)(4,21)
(6,6)(6,16)(7,10)(7,12)(10,8)(10,14)(12,4) (12,
18 ) ( 14, 10)(14,12)(19,3)(1 ,19)(20,7)(20,15) ( 22,

9)(22,13)
Number of solutions: 24



Prime: 29

Solution
(0,0)(0,28)(1,0)(1,28)(5,6)(5,22)(6,2)(6,26)
(8,6)(8,22)(10,5)(10,23)(13 7)(13,21)(16,3) (16,
25)(17,6)(17,22)(18,7)(18,21)(19,1) (19,27 ) (20,
1)(20,27)(22,8)(22,20)(25,14)(28,7) (28, 21)

Number of solutions: 29

Prime: 31

Solution
(0,0)(0,30)(1,0)(1,30)(4,10)(4,20)(6,7)(6,23)
(9,9)(9,21)(10,12)(10,18)(11,12)(11,18) (14, 2)
(14,28)(16,13)(16,17)(22,13)(22,17)(24,6) (24 ,24)
(25,13)(25,17)

Number of solutions: 24

Prime: 37

Solution
(0,0)(0,36)(1,0)(1,36)(3,15)(3,21)(7,8)(7,28)
(9,7)(9,29)(10,3)(10,33)(12,5)(12,31)(13,5) (13,
31) (15, 6)(15 30)(17,10) (17 ,26)(23,4)(23,32) (24,
1)(24,35) (27,17 ) (27 ,19) (29, 9)(29,27)(32,8)(32,
28)(35,14)(35,22)(36 8)(36,28)

Number of solutions: 34



NI
POEAEZDE, BHADHLEAT 5, ZCTIE
NIV = p- BRADK
LRBLT, ap)&RT LT B,

Elliptic Curve: y"2 +y == x"3 - X2

a(2)= -2
a(3)= -1
a(5)= 1
a(7)= -2
a(11 )= 1
a( 13 )= 4
a( 17 ) = -2
a(19)= 0
a(23) = -1
a(29)= 0
a(31 )= 7
a( 37 )= 3
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Martin Eichler

74|:7—&,L,\$T_:Eﬂl3lis
HAENDEAT—HH
MoEMMBRERERT S
HiEZRAFEL-,

IR TDIEHBRERExT
9 AEDVAT—HARE
=P ALY A R
ZIZTTILI—DRETE
HZFIRAT o LT o T=,

Martin Elchler
1912 - 31997 ~ wiki/Martin_Eichler

https://en.wikipedia.org/




There are five fundamental operations in mathematics ,
addition, subtraction, multiplication, division and
modular forms.

-- Martin Eichler



Eichlerm3& DULV\=C &

Eichler(d. 5 ERMADREZFAE I 2 T, TnHFEMEE
MERVEARICHDHEIZR DL,

ZDty a3 Tld. EichlerQBLREHREZBNT 5,

KTYEA, EichlerDNE D LT EEMBDIRMETEL-D
WNEIRYIRS>TH K,



Eichlerh &t &L 7-#k3k

RDEIE, qITONVTHOERBEOROREEZZS

q-(1-q@)?-1—-q")?* - (1-g°)*-(1-q*)* (1-q%)*
(1-¢°)%-1-¢D% A —q")?-(1—g°)% -

ZDRIZIE. HB/NFI—2h BB,

=S, CORZTELBRO T, ED/NF—27FZTIFELLY,



RDEIE, qITONVTHOERBEOROREEZZS

q-(1—q)° - (1-q%)° -(1-¢q%)%
(1 —qg*)?- .(1_q5)2.......

ZDRIZIE. HB/NFI—2h BB,

=S, CORZTELBRO T, ED/NF—27FZTIFELLY,



ZDOHKIE, RDELITHMTD,

(1 qk)z (1- qllk)z .
2 2
=q| |(1—¢*)" - (1—q'"™)
SLI=EDH%E eta product ELVSDEA, FNIZDOLNTIES

EDEIF—TEHENGED, ETRAZRHDAFETHTDIH
DHRENE . TNIZEZRLTLS,



RO FIA

COBEDHREHNDOMICTEIETEZ D AyIZHSLTUHITFIEL
LY,

‘?rfl(l-qk)2°(1-—cfik)2

[T 20RFTEAE T HERD LIS,

g — 2q°> — q3 + 2q* + q¢°> + 2q° — 2q7 — 2q° — 2q'°
+ qll o 2q12 + 4_q13 + 4q14 o q15 o 4_q16 o 2q17
+ 4q°° + 0(¢°")

STEOFMIE. RORX—T,



AN Y 1R\
FEADLELL (F=12L11XFET)

[ Ja- 0 -amy

=g ﬁ(l _ qk)z ﬁ(l _ q11k)2

k=1

=q(1-q@)?*-1-q%)*-1-¢°)?-(1-¢q>*-(1—q"*
-(1-¢")%-(1-¢**-1-¢>)-(1—g*)?- -

qD20RFTHDIRDFZRBDEATR T, ROFENFRBERDD
DTTHTHS,




q1-q)*-(1-¢°)°-(1-¢)*-1-¢>)* - (1-q"*
(1-¢°)?-(1-¢°)?-(1-q)* - 1-q°)*-(1-q°)°
(1-q)?-(1-q'D?-(1-q')?-(1—-¢")*-(1-¢'"*
(1-¢q®)?-(1-¢"?-(1-¢q")* - 1-¢"?-(1-¢q")*
- (1-q*%)?

(1-q¢")?-(1-¢*)*-(1—-¢°%) - (1—-q*H%-



q1-q)*-(1-g**-(1-¢°)7-(1—-q*?
(1-¢°)%*-(1-¢%*-(1-q")*-(1-q°%-(1-q°)°
(1-¢)?-(1-q'D)?-(1-¢")%-(1-¢")%-(1-¢'"*
(1-q"®)?-(1-¢")?-(1-q")*-(1—-¢"%-(1-¢q")*
(1 — q20)2 (1 — q11)2

gl DIFRE 1

q° DIREK (1—q)2MD —2qHhi5 —2

g DIRE (1—-q)?Dg?h 5 1;
(1—qg%)2M —2q*hin—2;
HhHhET1+(-2)= -1

q* DR (1-q)%(1 —qg?)?M—2q-—-2q*=4g3H 5 4
(1-q3*D —2¢3hi5 -2
HHET4+(-2)= 2

(1 - q*) ZRIBEEMEIFES



q1-q@)?-(1—-g*)?-(1—-¢)*-(1—q"*
(1-¢)*-(1-¢°?-(1-q")*-(1-q°)*-(1—-¢°)*
(1-¢)?-(1-q'D)?-(1-¢")%-(1-¢")%-(1-¢'"*
(1-q"®)?-(1-¢")?-(1-q")*-(1—-¢"%-(1-¢q")*
-(1-¢*)%- (1 —q")’

q° DI%E 115 - 2IED g2 - —2q*% = =2q*Hhi5 —2
118 - 31D — 2q - —2q° = 4q*Hhis 4
21D g*Hhis 1
ATHD — 2q*Hhis — 2
HHET (-2)+4+1+(-2) =1



q1-q@)?-(1—-g*)?-(1—-¢)*-(1—q"*
(1-¢)*-(1-¢°?-(1-q")*-(1-q°)*-(1—-¢°)*
(1-¢)?-(1-q'D)?-(1-¢")%-(1-¢")%-(1-¢'"*
(1-q"®)?-(1-¢")?-(1-q")*-(1—-¢"%-(1-¢q")*
-(1-¢*)%- (1 —q")’

q° DR 118 - 2IEM —2q - g*= —2¢°Hi> — 2
118 - 3D g% - —2q3 = =2¢°Hhhi> — 2
11 - 48D — 2q - —2q* = 4¢°Hh'H 4
218 - 31D —2q2%- —2q3 = 4¢°Hh'5 4
ATHD — 2q*Hhin — 2
PhET(-2)+(-2)+4+4+(-2)=2



q1-q@)?-(1—-g*)?-(1—-¢)*-(1—q"*
(1-¢)*-(1-¢°?-(1-q")*-(1-q°)*-(1—-¢°)*
(1-¢)?-(1-q'D)?-(1-¢")%-(1-¢")%-(1-¢'"*
(1-q"®)?-(1-¢")?-(1-q")*-(1—-¢"%-(1-¢q")*
-(1-¢*)%- (1 —q")’

q’ DR 115 - 21D g2 - q* = ¢ M5 1

118 - 218 - 31D —2q - —2q*-—2q° = —8¢q°
M5 —8

118 - 4IED g2 - —2q* = —2q°Hi5 -2

11 - 5D — 2 - —2q° = 4¢°Hi> 4

218 - ATHD —2q°- —2q* = 49°H5 4

3IEDM q°hin 1

6IHMD — 2q°Hhi5 — 2

HHET 1+(-8) +(-2)+4+4+1+(-2)

=2



Modular Form

HOLTHEoNT=
g — 2q° — q% + 2q* + ¢° + 2q° — 2q7 — 2q° — 2q*Y
+ gt — 2¢12 4 4¢3 + 4 — g5 — 4ql6 — 2417
+ 4q'® + 0(q?Y)

% . Modular Form &LV,



Modular Form

Modular form function

flq) = Z anq"

00)

q = Zmth——C f(Z) Z Zmnz

$H={ze C:im(z) > 0}. Weight 2 modular forms:

ERTED LEE N
f:9H—C:|f (cz—l— d) = (cz + d)*f(2)for

a b
BEH 713 52x20175 { ( ) € SLy(Z): c= O(N)}
c d




Modular Form

OLTH/LN=H

q — 2q2 o q3 + 2q4 + q5 + 2q6 . 2q7 . 2q9 L quO
+ q11 - 2q12 4+ 4_q13 4+ 4_q14 o q15 - 4q16 - 2q17
+ 4q° + 0(q¢*%)

% . Modular Form &LV,

CORD, RARDIEELDFZRMTEZBLTIELLY,



Modular Form

OLTH/LN=H

g — 2q%> — q3 + 2q* + q°> + 2q° — 2q7 — 2q° — 2q*°
+ gl — 2¢12 4+ 413 4 4g1t — 15 — 4g16 — 2417
+ 4q'® + 0(q?Y)

% . Modular Form &LV,

CORD, RARDIEELDFZRMTEZBLTIELLY,



RHBPEDIADZREAZD( p ) ERT ELRDKIITGD,

(2 ) = -2
(3 ) = -1
b(5)= 1
(7 ) = -2
(11 ) =
(13 ) =
(17 ) = -2
p( 19 ) =



ElE. INEERLBFOLEVZE., R FLFTIICR TS0,

FhlE BAME y2 +y = x° — OB ATV
T:ﬁffo

CDEAHRDBRIKF, TOEH A Y VAR A FNI)
Hjjjiéyl_‘i"))_ﬁ—c&ct')o



1£' kL D

BEURZHASD

Modular Form

D%
(2 ) = -2
(3 ) = -1
p(5)= 1
(7 ) = -2
(11 ) =
(13 ) =
(17 ) = -2




Eichlerh3 &g R L1=-C&

Eichler(Z. FEHHE y2 + y = x3 — x2OBHADHH.
Modular form

ql_[(l_ k) (1- 11k)

g — 2q% — q° +2q + q° +2q—2q—2q9—2q
g1t — 2¢'2 + 4¢3 + 4t — g'5 — 4g16 — 2017
4q18 +

10

+ + |

DFFHE EFEICKHIGLTWAIEZHRLI-ODTHS,

FAERBERLGERGEDIZSD !
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EichlerBA &g B L1-C¢&

¥ Bh#R Modular Form
y2 - y — x3 — x2 q 1_[(1 o qn)z(l o qlln)z
n=1

T us—10 15 20
2/\



& &, BFEISHf-modular form
q — 2q2 _ q3 + 2q4 + q5 + 2q6 _ 2q7 _2q9 _ 2q10 + q11
_2q12 + 4q13 + 4q14 _q15 . 4q16 . 2q17 + 4q18 +

DFZRBHEEL T, DIEHAHTLVS,

EME LD Modular Form
BHRZTHZD DR

a(2)= -2 b(2) = -2
a(3)= -1 n(3) = -1
a(5)= 1 o(5)= 1
a(7)= -2 (7 )= -2
a(11) =1 b(11) =1
a(13) = 4 b(13) = 4
a(17 ) = -2 b(17 ) = -2

a(19)= 0 b(19)= 0



19554%F HRHBMEHEGRICEI HEFEREE] RR-B5t

r

o Sl Jean-Pierre Serre AlE André Weil



H-TERFE

FhnlE. KREP(ZLVSE EichlerEREZ—#{EL-ft DT I H
IBEALEDOBEABRRFES A5 —REFRLTEELIH S, 1&
LNSEDTHS,

ZDFHI(L, 20014FIZ, Richard Taylor, Christophe
Breuil 5I1Z&>TEEBASNT=,

https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-
00370-8/viewer/

WETIEI TR ITITEL TET7 257 4FE modularity
theoremJEMEIENTLNS,


https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-00370-8/viewer
https://www.ams.org/journals/jams/2001-14-04/S0894-0347-01-00370-8/viewer

Modularity theorem

Theorem A. If E/q is an elliptic curve, then E is modular.

AEZALOEEDOHEHBRIE. HOBEHNITHLTEHHE
TaS5—HEXO(N)MNERFZRBZFOAEEERZNLTHSS
EMTESD,

ZDERIZLANJLNDmodular parametrization&FE XN B,

HLND, FD LS% parametrizationZ R D52 ENTE S5
INDEBMTHALLIE, (BEV27—MHOEEERKIZE->T. N
[FIRTE. conductor&EIN S THAHAEAN BN TLND)
parametrization(d. EA2ELARNILNDYEEDFEEDED 1
S—H K. BHgERRZFDERIEnew formIZE>TERSN
SEBDHRNOERT HIENTED,




Wiles® & #k

[1990FERMEDR R TIE., (FEALEDHFERIEIAIL-EFF
BIFEIBATEGWEELTULV S,
LML, A.WilesldZESTIHGMofz, MITIEAHBEDOESLE

Va7 EHABROESOHRICERE. ENENOHMNELT
HHEERY CEITEo>THEILL K& T,

TANXEAOTREZHA | ED25—BXOBMELEKTS
CETINZEEZERLT=, 19934F, WileslX7FIZ R SEABIEL
ZHDXK. semistable elliptic curves&EME (XN BB R
DIFXIZDODNWTAWU-FERFTEZE (X)) FEAL-(ShiX
squarefree conductorsZ DRIt I35 ; Knapp
1999), |

Weisstein, Eric W. “Taniyama-Shimura Conjecture”.

MathWorld. https://mathworld.wolfram.com/Taniyama-
ShimuraConjecture.html



https://mathworld.wolfram.com/Taniyama-ShimuraConjecture.html
https://mathworld.wolfram.com/Taniyama-ShimuraConjecture.html

&M IR EModular formEDATRIZDULNT
BRGH T

Eichler I HFHGEHRRE 10OHE. Z<DADIEHBRIRE
Modular form®D >t i DA ZTIZMA>>o7=,

Hot=

SED YA DELTIE, DEMEIETENDHIEDT
=3, #EMAiEEModular formEDRIZDINT D EIERH
LINE, —DREALESERS,



ZCTCHRYLEIFTWLWADIEL,

Modular form
a| [a-ama-ema-eama-qn
n=1

&L EFHER

yi+xy+y=x —x

DXIETHS,

HIRDHLHA L. B DFTHERLTIELLY,



a| |[a-ama-ema-ema-qtn
n=1
OFRYEHHT 5,

qDIFRE 1IED 1; 1

q> D% 11D —q; -1

g DIRE 2IED —q% -2

COFE 1E2EO —q-—q2; 1

q°> DIRE 115D —q*; -1
21D —q*; -1
1I8-1I80D —q-—q3; 1
1IH2ED —q? - —q?; 1
hHET 1+(—1) O



co

a| [a-ama-ema-ama-qin
n=1

1 2 3 45 6 7 8 910 11 12 13 --
2 4 6 810 121416 18 20 22 24 26 --
7/



S N ™ R

NN =

: 14

q

N

n

s

o W

BREBNINSWNESAEITEEZD

1-qg"HA-g¢"H(A—-q"™A - q™™)

1

4 5 6 7 8 910 11 12 13 --
810 12 1416 18 20



a| [a-ama-ema-eama-qin
n=1

=q—q*°—2¢°+q*+2¢°+q" —q°+¢° + -

b(2) = -1
b(3) = -2
b(5) =0
b(7) =1

b(11) =0



CDFREK
a| |a-ama-ema-eama-qen
n=1
=q—q°—2¢°+q*+2¢°+q" —q° +q° + -

[IZX 59 HEFARRAFET .

BELZETOY SLT, FEMBEHE
yi+xy +y =x —x
DEBREN IV THED,




def my_loop2xy():

print("fEAEER: ", "y 2 + x*yY + y == x~3 - x")
p_loop =[2,3,5,7,11,13]
for p in p_loop:

solutions = []

for x in Zmod (p):
fory in Zmod (p):
ify"2 + x*y + y == x"3 - x:
solutions.append((Xx, y))

print(" ")
print("%=# p =:", p)
print("ARA F_p EDEHA")

for x, y in solutions:

print(ll ", X, i y, nmyn , end — n Il)

n_of_sol = len(solutions)
print("\nEHm 0% ", n_of_sol )
print("Ao k", p - n_of_sol )



EMABRER: vy 2 + xX*y +y == X3 - X

ZH¥p=:2

ARAF p LOE#HS
(0,0)(0,1)(1,0)
BUSDHE: 3

=¥ p=:3

BRAF p LoE#S
(0,0)(0,2)(1,0)(1,1)(2,0)
BHADE: 5

F#p=:5

AEA F p toEMS
(0,0)(0,4)(1,0)(1,3)(4,0)
BHEADE: 5



=¥ p=:7

BREAF p EOBM%S
(0,0)(0,6)(1,0)(1,5)(3,5)(6,0)
BUSDH: 6

=% p=:11

BRAF p LOE#S
(0,0)(0,10)(1,0)(1,9)(2,4)(4,8)(4,9)(6,
6)(6,9)(7,7)(10,0)

BEROH: 11






M BEEEEModular form &M %t it
y: +xy +y =x° — x DFE

a(2)= -1 b(2)= -1
a(3)= -2 b(3)= -2
a(5)=20 b(5)=0
a(7)=1 b(7)—1
a(11 )= 0 b( 11

)
a(13) = -4 b( 13 )
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FEAph#REModular form®
FT—AR/~R—X LMFDB

Dty a3 TlE, FEABE EModular formDT—42~A—X
THAHLMFDBE#BNLELIERS,

The LMFDB Collaboration,

The L-functions and modular forms database,
https://www.Imfdb.org

IEFEIZLNVS &, FEHBEEE TIE <, L-function & modular
formsDT—3FR—RXLEDTHAHH ., L-function [ZDULVTIZ,
REIDEZF—THFHZEIZT 5,


https://www.lmfdb.org/

LMFDB

) Citation - Feedback - Hide Menu

LMFDB
The L-functions and modular forms database (LMFDB)

Introduction

Overview  Random A database Announcements
L Knowledge T T oo The LMFDB is a database of The first LuCaNT conference took
L-functions : s mathematical objects arising in place July 10-14, 2023 at ICERM.
‘ T number theory and arithmetic Thanks to everyone who attended!
Rational All — i Rl B geometry that illustrates some of Conference proceedings will be
] : . the mathematical connections published soon.
Modular forms T P I e predicted by the Langlands
" < . program Check out the recently updated
Classical ~ Maass ALIEEE abstract groups database [beta].
Hilbert Bianchi Click a heading on the left to
browse, or go to a random page. Check out the new modular curves
Varieties database [beta].
|El|ipticcurvesover(@ I #@[i\ E%*)J(:::%Eﬁ(tl’\(’\o
IPLIC curves over i i
P 2 Learn more Citations and
Genus 2 curves over Q 6 6 aCknOWIedgments
Higher genus families T Information is available regarding — « How to cite the LMFDB
Abeli o the source, reliability, and owtoce the
elian varieties over F, completeness of the database. — a a - Source code repository
: ] - Editorial board
Fields v 2% / Knowls provide explanations when
N « Acknowledgments
Number fields R epresentaciors é,,ﬂ"’fé you need them. g
(9
p-adic fields b d Overview LMFDB
universe Knowledge Data
Representations

Dirichlet characters httDS . //WWW_ I mfd b. Org/


https://www.lmfdb.org/

NFEFTHDEYIITRTECE
CNETOEYLIL T, BEAMIZIZZ DDA

y2+y=x3—x2
2 — .3 2
Vo +xy+y = x X

Y EIFT. FRENHRD &S5%Emodular formExtis B &
[ZHB_ LT RTET-,

1 ﬁ(l - q") - (1 - g’

a| [a-ama-ema-ema- g
n=1



. SEQEISFT—TE=FOXRIGEFZRDOEZRDL AL, £
[RFEED R D modular formzRBEL TZDR#ZTHFT. TIhE
EAMEOBMADHELRT HENSEDEoT=,

U DFRBOFEDLIGRBOENEDFZHTEL., FRNMD
%, IRYIBS>THDE. Ly avDPEWEEZ. TDETEICE
TTLVS,

ZFNIZIXA T B IELSFEABEEDEIRVLXTY 1=,

OLEHEEIEX. EDQIDTHERINT-DI=A57



H%FEﬁ &t%}':ﬁd:l n'L.\n%k

NETODEYLIVT, TTITRYIRLIBARTERIEEA, F5H
H#EEmodular form ED 3 HERIZDULNTIL., FfEl&dtic
?‘Z’Z@nm nﬁ“i E/\J-—Cgf:o

EichlerlC&Am AN ICDFER
ZLOMFEIZLEAHZLDORIGDHEERE
[T RTOFEMBEIEIModularcHh b 1ELVSA L -EFRFTED I

Wiless D4 J)L—FI1Z&BModularity Theorem®EEER (B 1L - &
MFEIDER)



LMFDB&(E A ?

LMFDBIX. 52K TE D&, STDIZLDHFHEICELHZELD
MIGDFERI1ZFED-T—EIXN—XTHD,

o8t EOLI=FEEDIELMFDBDEFE DT ELTIXIERELZLD
TIEZELY,

HEGs, BT, EABEEEmodular form&ED 311,
Modularity Theorem T3 TIZEEBAFA D MFHEELEID
o hEHE, TNET —IRN—XATHET 2B ETLEL,




Langlands Program&LMFDB

IRRXDHFEENLMFDBZS BT 58D — DI, Langlands
Program|ZiESEFRL TS,

LMFDB£ A D& #ErZ~rL1=. LMFDB Universe &ULVHK
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[ED_EF51ELanglands programIZ&E2D<E M T, Motivic
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T4, ZfIDTAutomorphic Worldj&EHRIDTMotivic

World |Z B E#E A TLVS “Shimura varieties”®
“Shimura”lEEF HE3DZETH S,
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Institute for Advanced Study

The Work of Robert Langlands

The Work of Robert Langlands

1. Ph.D. thesis

Introduction 2. Representation theory of real groups
3. Eisenstein series and automorphic
forms

Robert P. Langlands was born in New Westminster, British 4. Functoriality

Columbia, in 1936. He graduated from the University of
British Columbia with an undergraduate degree in 1957 and
an M.Sc. in 1958, and from Yale University with a Ph.D. in
1960. He has held faculty positions at Princeton University
and Yale University, and is currently a Professor Emeritus at
the Institute for Advanced Study in Princeton, New Jersey.
He has won several awards recognizing his outstanding
contributions to the theory of automorphic forms.

5. First tests and first consequences of
functoriality

6. Base change
7. Endoscopy
8. Beyond endoscopy

9. Shimura varieties
With the intention that the works be published eventually,
perhaps posthumously if there is still an audience, Robert
Langlands's papers and some of his correspondence and
lectures are being collected on this site in a uniform format. B
This site has absorbed an earlier site created by Bill 12. The geometric theory
Casselman and most of the comments not directly attributed

to Langlands himself are from Casselman's pen. The collection of papers is essentially complete; letters will be added
as they turn up. The young Langlands made no systematic effort to retain copies of his correspondence. 14. Letters

10. Percolation

11. Mathematical physics

13. Miscellaneous

This material is being put into TEX at the Institute for Advanced Study in Princeton, New Jersey and will appear here 15. Informal material

as it becomes ready. We would like to thank Alice Garber, Dorothea Phares, Marietta Chiorello, Elly Gustafsson, 16. Visual material
Michelle Huguenin, and Carol Warfield of the present and former staff at the Institute, as well as Mark Goresky, for o
helping with this project. Above all we thank Bill Casselman for the initial suggestion, for a good deal of the original Bibliography [ pdf ]

work, and for continuing advice. At present Anthony Pulido is responsible for the site. Questions and comments should

be addressed to him. —
publications

https://publications.ias.edu/rpl/
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Langlands program®EltHE2 113,
EDLVSEFFRT=o=DHh

SEIDtEIF—TEH. ZOFRLRNHADE DIV % RYE>TH
FOERNFET,

t=1=. Langlands program DI &#E1EL-TEH, ZNITEK
FRICIIEEIZER SN2 D TLIz, TOEKREZHEMIZEZE
IEBZAHEIL LD TT,

COPart 3 TIE, FEMICIZHFNIERBARIGELGA 15—FED
BH &, 2Dl Langlands programDEItHEE 11E. ESULSEE
o= EITEY—FEHRIDIZEELLEWERNVET,
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Langlands Program MiRFEY

1967F 18 YBERL -5 X & BRGHEETY
KL -/ LIZFEZTODFHEEL

https://publications.ias.edu/sites/default/files/handwritten-
ltw_rpl 3.pdf

DSV RXDFMRKIE. RIZISOTSOXFTHE ELTHEISN
B EITIHAHMEIZHEITA. —EOFWFEORIDERILETR
LTL\A,

Langlands Programi&, 2T/ A~DFHEMSIEILFES,
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FUR) 1= DA NXIZE>TREASh A DA, T, 5>
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Langlands Program® I &l

Julia Muellerlx. 2O Ff#k%FLanglandsTEDIEIHEE1EL T,
ZTORBZRDZRIZEHL TS,

® 37 L L Automorphic L-function®# &
® "Functoriarity”F7&

MT %@ﬁ%%%ﬂbiio

“On the Genesis of Robert P. Langlands’ Conjectures and his
Letter to Andre Weil”

https://www.ams.org/journals/bull/2018-55-04/S0273-0979-
2018-01609-1/supplementary-information/S0273-0979-2018-
01609-1-original-version.pdf
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Langlands®

FH LUV Automorphic L-function®# R

[(1) Automorphic Representation -- RERIR (LUK
DD MBNERIR /T —2) [ZFBET HAutomorphic L-
function -- R L-FA% [ZTDOUL\THO— A IENLGE D

FR

NIE AYTOL-BEETILTADL-BEZ RIS —iRIET
53D THH, COEIGE—MRIEIX. 1936F DAY T DT LLE.
FOREMNEWVELDEZOTLV =,

Automorphic Representation -- REFRIHELL-function®
MAZXAZBHL-B(BLUZOIXE) OBEIE. ST XM
Automorphic L-function -- RELBEA#ZR RIS LTRE

SOPARED

X

ElioT=, |



Functoriarity 18
Reciprocity Law®#iX

[(2) The Principal of Functoriarity -- BEF R &
Principal of nonabelian class field theory -- JER[#L5E{K
HORE(X, TETIEHLIN., L-BEHAEUVGEREZEOHZEN

LTREELTLSY IL—T EMAutomorphic Representation
-- RERIVOBOREZRZERAL TS,

=512, Functorial Conjecture -- BAF4FED4FHILGS—X
[%. Artin®abelian reciprocity law -- 7—~XJLEE LI
—fRIEL . ArtinDIE7 —RNILIKILEKRIZE (15 reciprocity
conjecture -- EERIFREZFETIIH AN ERLTEY.
CNIE FET7—ARILERBD— MG ERILERGT ZEMNTE
%, |
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Langlands®automorphic L-Ea#i M 451

TREYZ () IFREYS (1) EELELTHY. [FIXRFIZR R INT-,

S50 XAMFE R LT-zautomorphic L-BE# L (s, n, p) &,

automorphic representation n IZIK7FT 521+ TH<, EEFR
[CBAEM oA xdBETEhEL-BEDERRTOMENFEIR p
[ZHIKEFT D, |

(a) Ly(s,mp, pp) = [det(1 — py(e(mp))p~*]~F,  p unramified.
(b) L(s,mp) = T, Lo(s. 1 pp) = T [det(1 — py(c(r,))p~)~", which
verges in some right half-plane.




(52750 X344, BEDOLEA#ZAIn-Heckefh# &4 14
(1=, ShiEpEnDRBEEBEL T, Sho2DDL-BasE s —
DEEIZKEIZ—HIELI==OTHS,

INE. SISO XDOL-FAEMNAtinDL-BaEIEBLIL=A 1
T—HRELTERINTHEY. LA TAREMICIIEMNIITHS
A, TR LIRA THEY., EnldHeckeD L-EABIC LYy
LDTH 5o

KU LENFEEHATHLEIOMEEREIE. SV 50D
L-BZRICE W THR DG REIZRZLTLVS, |

1
L(s,m, p) = 1_[ (1 Py (c(np))>

p det
p
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LanglandshsWeil~D &

The first question is whether or not these products define
functions meromorphic in the entire complex plane with
poles of the usual type and whether or not for each ¢ there
is an automorphic form y so that L(s, ¢, m)/L(s,y,7) is an
elementary function for all n. 7is the representation
contragredient to .

TILTA -~ L-EBINERTFEEATHEERTHY . BEDEBEE
DEBZTEET AIMNEIN?ZLTEREEK ¢ ITRHLT,. I TH n
I LT L(s, @, N)/L(s, W, fi) DEFEBEGDIIGRER K @
NFEET EMEIM?
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Reciprocity %78

Langlands® 7 0% 5L 0O HF &3, Quadratic reciprocity
-- EAFIFROMEEERZ—#RELT=Emil Artin®Dreciprocity
law -- EZERITH S,

ArtinDreciprocity law -- EER|IE. AO7HEN TR TH
SRBIBEDOAOTHERICERASN., COAOTEHDO— Rt
FIFICL-FA#HZEZIV LT, ChoDL-BEUE., H5T40) L L-#
#0145, Hecke characters -- ANy iEEENLIERIN S KLY —
ARBOTE IR (D FEY ) —< 2B D HAHELUF) ER—T
HhHELTNS,

NoDELELHIEFDL-FEAMDOM D IEFELZXIGA, Artin®d
reciprocity lawZ# kL Tl 5,



Langlands®iRZRIE, T) VL L-BA# D E T — itz R T
TETHY. Thlzk-TlLanglandsD &Y — B R EIZH
WTArtinD EEEFERILT DI EATREIZAE ST,

HeckeldsEIZ, T«4) oL L-Bi%automorphic form --{R3
X (ERHTFEOLF2DOFE EDIERIEKIKT., HHBEEA
BXEE-TE0) EXBEEMF TTULV =,

LanglandsI&RIZ. Shbz—#&1EL T, (FEH D) adele
ring -- 7T —ILIR ED— &R EHGL(N) D H S EIE X ITDEX
#IRIFTHAH. automorphic cuspidal RI|FELT =, (CHIRIZE
PEHDITRTOEHIELZEATLD),



Langlandsid. cnuib®Mautomorphic representationiZ
automorphic L-F#zExti2F. LT, HAHAEADHOTE
DERRTERENELDST ANATHArtIn L-BHRIZE.
automorphic cuspidal RIENSELBHEDEFLWNEFTELT-,

L

_hldLanglands®reciprocity conjecture&L TRISN TLY
Do

KHELIZEZAIL, COFEIX., BB Dautomorphic
representation&. Langlands group -- S0 3 XM D
Langlands dual group -- L-BE~DERIE DX FEFRZES
ZB0

SUDSORBEL-BEDEENEFTOTLVEWNEEHY . COFEIZIE
Z<D/N\)I—2 a3 hHhb,

https://en.wikipedia.org/wiki/Langlands_program
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Functoriarity %28

LanglandsD#HE TH LN ST=D I, BFZD R R EFRD DTN
UDMRESINT-C L. ZLTEOEN LGB TEEN M REREL
TiREnf=C& (Wb BFunctoriarity 48) THh 3,

Functoriarity PR &L, L-BHOE SR A, KiEHEIGEE(Z
[X automorphic form -- REEXMEEOXCZTZEZ. BT
IS E 12X, FD representation -- RIBFEE DX ILEES
ZABDEFREINDELNSEDTH S,

K#(ZE Z &, Langlands @ Reciprocity $#8 (.
reductive group - fHBED—FAMNNIETILTHHIGED
Functoriarity P DEFH%EIEE TH 5,

https://en.wikipedia.org/wiki/Langlands_program
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[ #Langlands programlZ. Vladimir Drinfeld® 7 A
TT7IZH>TGérard LaumonhZEL-H DT, BEHRIFLL
FDYDFEAEMTELIET 1B E DLanglands program®
O FHBERIEICEEN-EDTHS,

B EHITIE., K5

2D étaleE AR E

u

D l-adicKRIBEE, £D

B #R _E D vector bundle®moduli stack E® I-adic
sheaves®jk4E categoryMobjectE DR TH S,

2024458 . Dennis GaitsgoryhZFEWA9ANDEFTOD TS
LAY, Hecke eigensheaf ZEEBHD—EREL T/ERALT-
Geometric Langlands¥EDiFBAER KL=,



Langlands®automorphic L-E§#k

Langlands®automorphic L-BEZIZ DL TIX, REID v 3
UTEOYDLEN LS ERS,

SEIOEIF—ORIF T, HEEFUTILTHEZL=OEA,
BRIGOETREN=MHEZ. BRFNOBRBOHREUZKE
LT, SEDZRHAERDIIELT=,

BICL LG EEAMA—UITEHS>TEAIELWWERS,




SHHBRER v2 + v = x° — x*DI5& (Eichler)
2 2
a| [1-a9)"- (1-q"%)
k=1
=q — 2q°> — q3 + 2q* + q°> + 2q° — 2q7 — 2q° — 2q'°

+ qll _ 2q12 + 4_q13 + 4q14 _ q15 _ 4q16 _ 2q17
+ 498 + 0(q?°)

EMBER v2 +xy+y = x° — x*DFE

a| |a-ama-ema-eama-q

=q—-q°—2¢°+q*+2¢°+q" —q°+¢° + -
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Euler product
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Eulerm¥®& %z 1= & -- Euler product

Langlands®automorphic L-
function®;&Ei (L. Euler(ZdHh 5,

17374, Eulerld R DAY IL
DCEFREALT =,

((S)—Z 1_[ rpp—

p prime

"%, {(s)DEuler productz R Leonhérd Euler
ELVvD, 1707 — 1783




Euler—-Riemann (-function

1 1 1 1 1 1 1 1
q(s):znsz1S+25+3S+4S+55+6S+7S+"'

Bernhard Riemann
1826 — 1866




Dirichlet ®L-FE%k

An aq a, as Ay As Ag a-
L(s) :Zns = 1S+25+35+45+55+5+%+

:5 LT_F’?‘;&[ aAi1,09,03,0Q4, " ]—GE%éhé
IR A Dirichletld® % 1=,

nl. Euler@ RO — AL TH D,




Euler product formula®&H

1 1 1 1 1 1 1 1
((s)zznsz tstmt ettt

15 25 3% 7

n

1 1 1 1 1 1 1

1
S = St Sttt s T s T

105 125 14°

1 ()_1+1+1+1+1+1+1
s )SS) =t st st st T s T i3

SEMN2TEINSEIE, RYBRMN TS,

+ .-



1 ()—1+1+1+1+1+1+1+
5 S =ttt st st s T 135

1 1 1 1 1 1 1
—(1-=){)=—tFt—=t—t+——tF+—F+——t+=——+

35 95 155 215 275 335 39S

oo (1= ) o) = 1t bt
35 T AT T T T T

DEN2EITEINSEN. RYBRMIN TS,




11111()—1+1+1+1+1+

5s 35 75 ) = sstoest3es T 555 T gss

P | PR PR ()—1+1+1+1+
5s 35 55 ) =1+ os s T 175

TEMN2E3E5TEINDIEL, BYBRMN TS,
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Rieman Hypothesis

)= E—F2EE(s) . sHEIHALLUNDIEZDERHAT
hY . TDEVERRTHLHEBMTH S

BnBHETIIEOLLES, DFEY. . sH-2. -4, -6, ..V T
DIZE.((s) = 0&455, ChnlEIBBELZEOIEMEEINS,
Y¥—A2E#X. s DDEIZHLTEERLELY ., Cnn(XIEBRR
FEREEEXNS,

) —< > F 18
) —2 U —2EBDIIEEHEZFTOEEIITAT 1/2 TH5,



Dirichlet L-function

Dirichlet L-#k#Z% . ROFDEBET S,

x(n)
L(s, x) = 2w
FEL. x(WIIBHINERAADEYRT. ROIIGMHEEZFR
2LDET B,
« a=b(modN) %Eiy(a) = x(b)
» x(ab) = x(a)x(b)
x(1) =1
o alNDAEBEWZETLHITNIE y(a) =0

Z5L1=y(m)#ZDirichlet character — T41JYLEZEES,

ETHOEHNIZHLTy(n) = 1786, L(s,x)1X{(s)E—FHT 5,




Dirichlet L-#&# L(s, y) & . & %X FmE L Tmeromorphic
function -- HEREAICHL KL= D% . Dirichlet L-function

EREU BU. L(s, nNERT,

D, L(s,x)I&. Re(s) > 1TRMDEUleriExRT=~EZL D,

1
0= | | —&

» prime 1—
p



Appendix

Hecke’'s degree-1 L-series.

L 1
L(s, x) = wa)zv(m - U — %
N(P

Hecke’'s degree-2 L-series
1
L(s,f) = z a,n"t= 7
~ JLpJL 1 _ p_lz‘ _l_ pk—l—ZS
Artin L-functions

L(s, 1) = HLP(S, r) = 1_[ - :(Frobp))

P det(l (NP)s

Langlands’ automorphic L-functions.
1

_ Py (C(T[p))>
DS

L(s,m,p) =

14 det(l
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Alexander Grothendieck

In the eyes of many, Alexandre Grothendieck was the
most original and most powerful mathematician of the
twentieth century. He was also a man with many other
passions who did all things his own way, without regard
to convention.

ZLDANRIZESDT,. FLOYURIL-T O T4—9(E 2012 TR
LB CTHRVEENDHAIMNFEETH o=, Fl=. WIETEHZD
EEBFFSI- AR THY . HoW (BB DPY A TITLL BT
ZRIZT B EELITEIL =,

[FA)VIEESR T30 T49VBES] Mo
https://www.ams.org/journals/notices/201603/rnotip242.pdf
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Weil Coniecture /1%L, 7oRL-Yz1a
] [ZE->T1949F (IR ENTF-TF 4|
-G%éo

DI P IZRTH=0. B+ F
[ChHf=>THFHEIISZ AL, TDL
DD@EFED, RRDRHAEMFEH
mDREAZBET H LT,

A/ T4991E. COFTRDOEER
[CKELEEL, 19668, J1—JLKR
EXIE5EIN TS,

André Weil RSO TRZEN-DIET
1906-1998 = 0. 1974 D = T 2.




JrA1FHE

(A1 FRIE KBEHRALORDBZEHZSHILETEM N
LERBR(BFE—2EMELTHOoND) ICATL2EDTHS,

ARFLDZHRAVIE. BRED (TORDERZEFD)FE R
ETTDEDEEDHRILARIADEZRZFDOREFF D £

#IL. IERAEADADEN, MEODEFRH
BMEFD,

FD)hnEMINSER

SIAAlE. BEMESRKICET o0 &S — 2RI

(1) EEEHTHY.
(2) HHEDODEAMARERZ AL,

(3) TDFRIEIHIRSMNTIIZFTIZHS

EFRELT-=,



(2)E()DERF. BFEMIZ)—< - EF—32E#HEETILIZL
TWS, TR T H—EDERMBEHTHY. BEEAEX
[ZHELY, (FRIZKDBE)FOEAIKN) —< KRR IZL>THIR
ST, F

(1)DFE

M FN—F—F-FT—2(1960F) I2&HT., (2)DEH

HMARKETLIY U A— 00320 T4—9(1965%F)[2&-T,

ZLT(3)

DMN)—< o ARERIEDFELIZIET—)L-Fyl)—=a

(19744F) ICX>TEERASN T,

https://en.wikipedia.org/wiki/Weil_conjectures
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Weil conjectures 1 Introduction
Richard Borcherds

Well
conjectures

l
Introduction

https://youtu.be/2n8xpH5enDg
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Grothendieck’s Mathematical Work

LT 7A)DEER JI330T4v0ERS] Mo
https://www.ams.org/journals/notices/201603/rnotip242.pdf

SO TA—IDEFIZE ITARKRKDOUEIL., KB AFIZH
(TAH5ENDTHY ., 1956 FEMN51968FF£THDI2FEMICERLEF
MIZIRYBAEBETHoT-=,

N

ZTHNLLFINIZE, 195051954 F 12h I+ TIXEEEET D 72 57
TEELGERBZRERLTVD, TDR. ENLITIEZLLDT7AT
FIZHRYUM A, FDS55DWLDOM (L FZEIEsquisse d’'un
programmeliZEzEHEN TS, LHL., ZDZELITERFEIZH
fRSALTULVELY,
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ZHREITDHICIIZOEMEINLETHY.

AETIIRBRAFANDEOZLIEELREMESZ AN SH4D

DHEBERT Do

ENENICBEVLTHLWVHRERZRIHL,

%hb\ﬂi‘it\#%btéﬁ@ﬁﬂﬂ%ﬂ%( HlTHFELRBED R
RIZEW=EE DI ETH S,

BDEBEDZLDE

B E . FEICHEIDCLAENIRLZERIZ

B9 AT . IHESTO M x4 m. FiB4E . FFEIREOD—,

motive. toposM it
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d’enfants ]z DD EEEEBBELT=,



FDITA)IHER T30 T4v7EBES] (X RDA4DZER
DEBLGFKFELTRY LIFT TS,

® K-theory and the Grothendieck-Riemann-Roch
Theorem for Morphisms f: X - Y

® Formal Schemes, Nilpotents and the Fundamental
Group

® Functors and the Hilbert, Picard, and Moduli
Schemes

® Etale Cohomology
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Etale Cohomology
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Grothendieck - 1967%

Grothendieck visited North Vietnam in late 1967,
during the Vietnam War, and spent a month teaching
mathematics to the Hanoi University mathematics
department staff, including Hoang Xuan Sinh, who
took the notes for the lectures. Because of the war,
Grothendieck’s lectures were held away from Hanoi,
first in the nearby countryside and later in Dai Tu.



Grothendieck — 19674




Mae (( (1) bomtl,()
(48

ow \°







L'ceuvre d'Alexandre Grothendieck
Pierre Deligne (French with English subtitles)

Pierre Deligne

[ ceuvre dAlexandre
Grothendieck

= < !

https://youtu.be/PeMAYPGijL68
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Professor Who Solved Fermat's Last
Theorem Wins Math's Abel Prize

MARCH 17, 2016 - 8:19 AM ET

By Bill Chappell
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The Langlands Programme -
Andrew Wiles
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Pierre de Fermat ~ 1637
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Annals of Mathematics, 142 (1995), 443-551

Modular elliptic curves
and
Fermat’s Last Theorem

By ANDREW WILES*

For Nada, Clare, Kate and Olivia

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatem in duos ejusdem nominis fas est dividere: cujus rei
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas

non caperet.
Pierre de Fermat

Introduction

An elliptic curve over Q is said to be modular if it has a finite covering by
a modular curve of the form Xo(/N). Any such elliptic curve has the property
that its Hasse-Weil zeta function has an analytic continuation and satisfies a

1 L R B ] ey LN |

https://staff.fnwi.uva.nl/a.l.kret/Galoistheorie/wiles.pdf



https://staff.fnwi.uva.nl/a.l.kret/Galoistheorie/wiles.pdf

[T 12DV TIJLY—AEEBAL-C &
Nn=4NiZ4

JT)LY—B8IE. n=40EE T4hbh5
x* + y4 — 4

Tl BAMDI(x,y,2) [TFEELLGZEWNEZEEBAL TS,

F9. x? + y* = 22 LLDBRBOM(x,y, 2) ITFEELLEWNIEEET
B9 5, (xyz = 0)
Thnmo,

x* + y* = 7
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(4,B,C) = (2mn,m? — n?, m? + n?)

(1) A = 2mn
(2) B
(3) C

2
2 = m2 _n?

X
y
Z = m? + n?
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Mordell, LJ (1921). "Three Lectures on Fermat's Last
Theorem” https://archive.org/details/cu31924001075880
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Computational studies
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Annals of Mathematics, 142 (1995), 443-551

Modular elliptic curves
and
Fermat’s Last Theorem

By ANDREW WILES*

For Nada, Clare, Kate and Olivia

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatem in duos ejusdem nominis fas est dividere: cujus ret
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas

non caperet.
Pierre de Fermat

Introduction

An elliptic curve over Q is said to be modular if it has a finite covering by
a modular curve of the form Xy(N). Any such elliptic curve has the property
tha.t 1ts Hasse—Well zeta functlon has an ana]ytlc contmuatlon and sa.tlsﬁes a

httos //staff an| uva. nI/a . kret/GaI0|stheor|e/W|Ies pdf
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ECAM, ZOFXIZIE. 1995%4(Z, Annals of Mathematics
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EZEZNEBEEMNASTLNANDE. Introduction®RiTIZ. Abstract
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AL TY,



IAnnals of Mathematics, 141 (1995), 443-551 I

Modular elliptic curves Fy.

and
Fermat’s Last Theorem
By ANDREW JOHN WILES*
For Nada, Claire, Kate and Olivia

Pierre de Fermat Andrew John Wiles

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatum in duos ejusdem mnominis fas est dividere: cujes rei
demonstrationem mirabilem sane deteri. Hanc marginis exiguitas

non caperet.

- Pierre de Fermat ~ 1637

Abstract. |When Andrew John Wiles was 10 years old, he read Eric Temple Bell’'s The

Last Problem and was so impressed by it that he decided that he would be the first person
to prove Fermat’s Last Theorem. This theorem states that there are no nonzero integers
a,b,c,n with n > 2 such that a™ + b™ = ¢™. The object of this paper is to prove that
all semistable elliptic curves over the set of rational numbers are modular. Fermat’s Last

Theorem follows as a corollary by virtue of previous work by Frey, Serre and Ribet.

http://www.scienzamedia.uniroma?2.it/~eal/Wiles-Fermat.pdf
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aP + bP = cP

ZDF., Freyld,. RO LS54 EAMEEEZ 5,
y? = x(x — aP)(x + bP)

—DIREICIERENT-/iEZFrey curve&M LS.,



Frey curve® &4 &

Freyld. COHRM, FWLEHEEZF - TSI LIZR DS

EMBHER y2 = x3 + Ax + BOHIFIKAIL. ROKXTEEINSD,
A = —16(44% — 27B?)

BIZIEX RD LI,

y =X V=x-3x+2
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node



Frey curve DB Z5TE L TH 5,
y3 = x(x — aP)(x + bP)
= x(x* — (aP — bP) — aPbP))

CDEF. Frey curve®&/NMIRIKIE. XD FEHRHDRZEERS,

(aPbPcP)?
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Mathematical

Non-abelian approach e

Frey (1985): New idea! Suppose aP + bP = cP, p prime > 3,
a.b.c € Z.

Consider y? = x(x — aP)(x + bP).

Discriminant is (aPbPcP)?.

Mathematics May 25th, 2016. Fermat's Last Theorem 9



OXFORD

Mathematical

Non-abelian approach ietinite

Frey (1985): New idea! Suppose aP + bP = cP, p prime > 3,
a,b,c € Z.

Consider y? = x(x — aP)(x + bP).
Discriminant is (aPbPcP)?.

h

Such a curve should not exist! Discriminants should not be pt
powers.

[

Mathematics May 25th, 2016. Fermat's Last Theorem 9



OXFORD

Mathematical

Non-abelian approach ietinite

Frey (1985): New idea! Suppose aP + bP = cP, p prime > 3,
a,b,c € Z.

Consider y? = x(x — aP)(x + bP).

Discriminant is (aPbPcP)?.
Such a curve should not exist! Discriminants should not be pth
powers.

New way to prove F.L.T.: show there is no such elliptic curve.

Mathematics May 25th, 2016. Fermat's Last Theorem 9
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Modular elliptic curves

and
Fermat’s Last Theorem
By ANDREW JOHN WILES*
For Nada, Claire, Kate and Olivia

ierre d F‘ervmz;t Andrew John Wiles
Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatum in duos ejusdem mnominis fas est dividere: cujes rei
demonstrationem mirabilem sane deteri. Hanc marginis exiguitas

non caperet.

- Pierre de Fermat ~ 1637

Abstract. When Andrew John Wiles was 10 years old, he read Eric Temple Bell’'s The
Last Problem and was so impressed by it that he decided that he would be the first person
to prove Fermat’s Last Theorem. This theorem states that there are no nonzero integers
a,b,c,n with n > 2 such that a™ + b™ = ¢™. The object of this paper is to prove that
all semistable elliptic curves over the set of rational numbers are modular. Fermat’s Last

Theorem follows as a corollary by virtue of previous work by Frey, Serre and Ribet.
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