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if Xx # vy, provided y ¢ FV(N)

XEYMNELGY  yBINOHEHRZEH TGS, (AX.M)A
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O & HMRIEE. —DDANINH-FEFERIIIZFEEDHONDS,
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(AX.XX) (AX.XX)
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NZstELTHS,

(AX.XX) (AX.XX)
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= (Ay.yy) (Ay.yy) REZADZFIER
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OAE Q := (Ax.xx) (Ax.xx) ZEZES,
NZEELTHS,

(AX.XX) (AX.XX)
= (AX.xx) (AY.YY)
= XX[X:=Ay.yY]

= (AY.yy) (Ay.yy)
(AX.XX) (AX.XX)
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NZtELTHS,

(AX.XX) (AX.XX)

(AX.xx) (AY.YyY)
XX[X:=AY.yY]

(AY.yy) (Ay.yy)
(AX.XX) (AX.XX)
Q2
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5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag.(AX.g (X X)) (AX.g (X xX))&T 5,
CDEE.Y gFetELTH KD,



Hio2EEHH-A2 — Y combinator
OY := Ag.(AX.g (x X)) (AX.g (x X))¢&T 5,
CDEEY g&stELTHEKD,

Yg Y~ODOghiEm
= Ag.(AX.g (x x)) (Ax.g (X X)) @



5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag.(AX.g (X X)) (AX.g (X X))&T 5,
CDEEY g&stELTHEKD,

nn <

g
Ag.(AX.g (X X)) (AX.g (X X)) g F=ELTHLDES
AL.(AX.F (X X)) (AX.f (X X)) g a-conversion



5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag.(AX.g (X X)) (AX.g (X X))&T 5,
CDEEY g&stELTHEKD,

(AX.g (X x)) (Ax.g (X X)) g
. (AXLF (X X)) (AXf(x X)) g gD@EHE

AX.f (X X)) (AX.f (x x)) [f:=9g]
AX.g (X X)) (AX.g (X X))
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5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag.(AX.g (X X)) (AX.g (X X))&T 5,
CDEEY g&stELTHEKD,

g

Ag.(AX.g (X X)) (AX.g (X X)) g

Af. (AX.f (X X)) (AX.f (X X)) @

(AX.f (X X)) (AX.f (x X)) [f:=dg]

(AX.g (X X)) (AX.g (X X)) HELTHLZOEE
(AY.g (Y vy)) (AX.g (X X)) a-conversion

o unnn =<



5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag.(AX.g (X X)) (AX.g (X X))&T 5,
CDEEY g&stELTHEKD,

g.(Ax.g (x x)) (AX.g (X X)) g
. (AXF (X X)) (AX.f (X X)) g

f

AX.f (X X)) (AX.f (x x)) [f:=d]

AX.g (X X)) (AX.g (X X))

Ay. g (yy)) (Ax.g (xx)) @EFH

g (y y)[y:=Ax.g (x X)] B-reduction
g ((Ax.g (x x)) (AX.g (X X)))

g(Yg)

g
A
A
(
(
(

1 | | 1 O O [ T [ &



5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag. (Ax.g (x x)) (AX.g (x x))&F B,
CDEEY g&stELTHEKD,

(AX.g (X X)) (Ax.g (X X)) g
. (AXF (X X)) (AX.f (X X)) g

X.f (x X)) (Ax.f (x X)) [f:=9g]

X.g (X x)) (AXx.g (X X))
Y. g (Y Yy)) (AX.g (x X))
Ey y)Ly:=Ax.g (x X)]

(

(@

> > > —h

(AX.g (X X)) (AX.g (X X))) COBFEFEDOKXEHET S
H) Yg=Ag.Hg=H n-conversion

1 | | 1 O O [ T [ &

unuuuuu —~—~—~>>u



5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag. (AX.g (x x)) (Ax.g (x x))&F B,
CDEEY g&stELTHEKD,

(AX.g (X X)) (Ax.g (X X)) g
. (AXF (X X)) (AX.f (X X)) g

X.f (x X)) (Ax.f (x X)) [f:=9g]

X.g (X X)) (AX.g (X X))

y. g (YVY)) (AX.g (X X))
(y y)ly:=Ax.g (x x)]
E()\X-g (X X)) (AX.g (X X)))
(

H)
Yg)

(@

> > > —h

o unnnn =<

nuuuuau—~—~—~>>Q



5 +2ELEDH-o-AKX2 — Y combinator

OY := Ag. (Ax.g (x x)) (AX.g (x x))&F B,
CDEEY g&stELTHEKD,

(AX.g (X X)) (Ax.g (X X)) g
. (AXF (X X)) (AX.f (X X)) g

X.f (x X)) (Ax.f (x X)) [f:=9g]

X.g (X X)) (AX.g (X X))

y. g (YVY)) (AX.g (X X))
(y y)ly:=Ax.g (x x)]
E()\X-g (X X)) (AX.g (X X)))
(

(@

> > > —h

H) JEHb.Yg=9g(YQg)
YQg) E1oT. Y glE. gD RS
525,

| | I | R | RS

nuuuouuaum—~—~—~ > >0
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2. MBARX T XDEHTHALL.,

AXIZ&BZEIE Ax.M [ZARXTH S, (abstraction)
3. M, NBAKXTHBLL.
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DLW SLAEELE
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BHFEIEMNA-TLNS,
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[\
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DLW SLAEELE
REFDTLAETEDEL
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O = mEBEOHULEIZIEENLH S,
BOEWODETETIE, FEDARIZH L TIEEDOARX D F
ZEFL TS, B DODASTE TR AKXOBERIZE(Z L
BHEIBEMA-TLVS,

O BZHOSLFHETIEK. BLEZEODAKXRLTD
SoTo&EWLVW DA IXEFS G0N,

O HFSNZDIE. Sy [ oEWSBREEDARESLOBERAD

HTHD, /‘ \

Slfo-t#!, TIXoZE




DLW SLAEELE
REFDTLAETEDEL

O EICREEDGODANGTETRYILDOHE DKL L. BE
FOANTETHRYILD,

O 1. mEOHWNEIZILENEH D,
BDEWAGTE T FEDAKIZHLTEEDAKXDE F
ZEFLTWVED BEFEDOATETIER AKXOERICRIZEL
SHHIBEHAADTLNS,

O #FFOSLAFHETIE. RCEZFEOAXR LD
SoTo&EWLVW DA IXEFS G0N,

OFSNADIE. So; TELWOODRZFIOARXESLDEARD A
THd,

O%D Q := (Ax.xx) (Ax.xx) [&. BCEZEFHEOAKXE LD
ERED TREZF IOSLFAGETIIEFSINGELARTH S,
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LISP

“Recursive Functions of Symbolic Expressions
and Their Computation by Machine, Part I”
John McCarthy, 1960

http://www-formal.stanford.edu/jmc/recursive.pdf



http://www-formal.stanford.edu/jmc/recursive.pdf

LISPMD LA

O LISPIX. John McCarthy(‘J:o’Cs Frv—FDEDIENT L

SETED. HAHEMR, BEGFEZEELT 1958FIZEFENT-,

McCarthylZ&k 5., x¥IDEEDEKRLZIERIE, RDZD
THbo

® "Recursive Functions of Symbolic Expressions and Their
Computation by Machine, Part I”

John McCarthy, 1960
http://www-formal.stanford.edu/jmc/recursive.pdf

® "“LISP-1.5-Programmers-Manual.pdf”
John McCarthy et al, 1962
https://qgithub.com/informatimago/lisp-1-
5/blob/master/LISP-1.5-Programmers-Manual.pdf



http://www-formal.stanford.edu/jmc/recursive.pdf
https://github.com/informatimago/lisp-1-5/blob/master/LISP-1.5-Programmers-Manual.pdf

LISP
SINEY AR



S (Symbolic Expression)

O LISPT., xHERMGIETHE ISKITHS, SHIE. X
D LOITIRMBIICE R SND,

1. Atom (&HIZTRY XF) &, SKTHD,

2. ZDOMNSHK A, BOHEBRENAIRT L, SKTHS,
“hE(A. BERT,

OSHpf|  ATOM
(A . B)

(A .(B.CQC)

((A1 . A2) . B)
{(U.V).(X.Y)
(U.V).(X.(Y.2Z)



SR IZBAR T HRBH%L cons, car, cdr

O cons —ODSHAMNLFHLLSAHZEES
cons[A;B]=(A . B)
cons[(A . B);C]=((A . B) . C)
cons[cons[A;B];C]=((A . B) . C)

O car SKOENERZRYHT
Ocdr SKOEDEHRZERVYHT

car{[(A . B)]=A | cdr|[(A . B)|=B

car[(A . (B1 . B2))]=A cdr[(A . (B1 . B2))]=(B1 . B2)
car[((Al . A2) . B)]=(A1 . A2) cdr[((Al . A2).B)|=B

car[A] is undefined cdr[A] is undefined



B%k cons, car, cdr &

%k eq, atom Oa—FH T

car[cdr|(A . (Bl . B2))]-B1
car[cdr[(A . B)]] is undefined
car[cons[A;B]|=A

eq[A;A]=T atom
eq[A;B |=F atom
eq[A;(A . B)] is undefined  atom
eq[(A . B);(A . B)] is undefined

car[cons[x;y|]=x
cdrlconslx;vll=y
cons[car[x J;cdr[x]}=>

EXTRALONGSTRINGOFLETTERS =T
(U .V)]F

car[(U . V)]J=T



List Notation

(ABC)=(A .(B.(C.NIL)))

((A B)C)=((A . (B . NIL)) . (C . NIL))
(AB(CD))=(A.(B.((C.(D.NIL)).NIL)))
(A)=(A . NIL)

((A))=((A . NIL) . NIL)
(A(B.C))=(A.((B.C).NIL))

car[(A B C)J=A cadr[(A B C)Jscar[cdr|(A B C)]=B
cdr[(A B C)}=(B C) caddr[(A B C)J=C

cons[A; (B C)J=(A B C) cadadr{(A (B C) D)}=C
car[((A B) C)J=(A B)

cdr[(A)]=NIL
car[cdr[(A B C)]J=B




BDEWNTLAEEELISP



FYy—FDILAEEE
TYN——DI LA REEESH
O Fry—FDILAEEETYA—L—DSLAEEICIE. BTFD

EZELNHEH . KEMIZIZRICEL D TH S,
LISPTIX., EBIZTEFNMNSHKIZERINS,

OSLAIZXKDMEL
AX, y).(y? + x) Fy—F
ALLX; y] (y? + X)] 7vh——ik
((LAMBDA (X Y) (PLUS (SQUARE Y) X)) S=t

O3S LFKXADEDEH
AX, ¥).(y2+x) 34 =19 Fy—Fin
A[x; v] (y?2 + x)][3;4] = 19 IYh——iR
(((LAMBDA (X Y) (PLUS (SQUARE YY) X)) (34)) =19




SLERANDIEDHE,
% apply & eval

apply[(LAMBDA (X Y) (CONS X Y)); (A B);NIL]

apply [&. Z#IZ{EZ/N\ARLT. a-list #1EY.
E%& a-list % eval 12T,

eval[(CONS X Y); ((X . A) (Y . B))]
! ‘ eval [&. ZHDEZFFMEL T, BEITET

cons[A;B] = (A . B)



SYUMzY AGTEDHRKXRIL—IL

ORXRD=ZDDIL—ILEFALT. AXZ(EXRWIZITEMZLHD
[D)EMTBHETNTEELS,
1. a-conversion:

RILICAWSZEH D ATIE. BHICEEL XS,
BlZ (L. AX. (x2+1) => Ay.(y2+1) => Az.(z2+1)
2. B-reduction:
KAIZEDEFEIL—IL
(AX.M) a => M[x:=a]
3. n-conversion:
AX.(fx) =>f
XTHZRIESN (X)L, fIZFLLWELDE,




LISPTOANSTEDORKIL—ILDFRIF

1. a-conversion:

ZIUBICAWAZEHOLARNIL. BRHICEEHFES,
WJZ(i AX.(X2+1) => Ay.(y2+1) => Az.(z2+1)

(LAMBDA <vars> <body>)
= (LAMBDA <newvars>
Subst[ <newvars> <vars> <body>])

2. B-reduction:
KAIZKDETEIL—IL
(AX.M) a => M[x:=a]

((LAMBDA <vars> <body>) <args>)
= Subst[<args> <vars> <body>]



-t &label




-

O wyh—o—Id [py — e - py— €e,] ELVDIFEDIE
HRIZEAT S, CORIT pHNEDEE, eZFIRT,
p: I, IBICEI1ZRI T T &{FHIENTES,

O EH4X DA
[ atom[x] — x ; T — ff[car [x]]]
0 ZMDSK
(COND ((ATOM X) X)
((QUOTE T) (FF (CAR X))))



label

O vvh——IE, LRI LA MBRIETHRONSEL DRI
ZRZEDITAHI=HI1Z, label&LVDigixE B AT S, ChiE. B
ISR EEER T ADICLETHS,

O label )
label[ ff; A[[x]: [ atom[x] — x ; T — ff[car [x]]1]1]

O ZMDS=
(LABEL FF (LAMBDA (X)
(COND ((ATOM X) X)
((QUOTE T) (FF (CAR X))))))



label& n-conversion:

label[ff;\[[x]; [atom[x J=x; T-ff[car[x]]]]]

&

ff:x[[x]; [atom[x]-v»x; T-—ff[car[x]]]]
@ n-conversion:
M. (fx) =>f

ff{x J=[atom[x J=x; T=ff[car[x]]].
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FEREA% FACT OEBIRMESR
RSO

n!=[n=0-1; f'r-n-[n-l]! ]

(DEFINE FACT
(LAMBDA (N) (IF (= N 0) 1
(* N (FACT (- N 1))))))



_ (DEFINE FACT
Recursive programs amspa (N) (IF (= N 0) 1

(* N (FACT (- N 1))))))

(FACT 3)
=> (IF (- 3 0) 1 (* 3 (FACT (- 3 1))))

=> (* 3 (FACT (- 3 1)))

=> (* 3 (FACT 2))

(* 3 (IF (= 2 0) 1 (* 2 (FACT (- 2 1)))))
(* 3 (* 2 (FACT (- 2 1))))

(* 3 (* 2 (FACT 1)))

(*3(*2 (IF(=10)1(*1(FACT (- 1 1))))))
(*3(*2(*1(FACT (- 11)))))
(* 3 (* 2 (* 1 (FACT 0))))
(*3*21{AF(=00)1(*0(FACT (-01))))))
(*3(*2(*11)))
3(%21))

32)

(LI L 1 | | I I 1
VVVVVVVVVVYV

(*
(*
6



fEER 2 FACT OEYIRLICESER

(DEFINE FACT
(LAMBDA (N)
(LABELS ((FACT1
(LAMBDA (M ANS)
(IF (= M 0) ANS
(FACT1 (- M 1) (* M ANS))))))
(FACT1 N 1))))



_ (DEFINE FACT
Iteration (LAMBDA (N)
(LABELS ((FACT1
(LAMBDA (M ANS)
(IF (= M 0) ANS
(FACT1 (- M 1) (* M ANS))))))
(FACT 3) (FACT1 N 1))))
— (FACT1 3 1)
— (IF (= 3 0) 1 (FACT1 (- 3 1) (* 3 1)))
— (FACT1 (- 3 1) (* 3 1))
— (FACT1 2 (* 3 1))
— (FACT1 2 3)
= (IF (= 2 0) 3 (FACT1 (- 2 1) (* 2 3)))
— (FACT1 (- 2 1) (* 2 3))
— (FACT1 1 (* 2 3))
— (FACT1 1 6)
— (IF (= 1 0) 6 (FACT1 (- 1 1) (* 1 6)))
— (FACT1 (- 1 1) (* 1 6))
— (FACT1 0 (* 1 6))
— (FACT1 0 6)
— (IF (= 0 0) 6 (FACT1 (- 0 1) (* 0 6)))
= 6



evalguote / apply
BEZ A~ DIEDEF




F;E];jz evalquote / apply

f: \[[x;y];cons[car[x];y]]

fn: (LAMBDA (X Y) (CONS (CAR X) Y))
arg,: (A B)

arg,: (C D)

args: ((A B) (C D))

evalquote[(LAMBDA (X Y) (CONS (CAR X) Y)); ((A B) (C D))] =

M[x;y);cons[car[x];y]][(A B);(C D)]=
(A C D)

evalquote[fn;x] = apply[fn;x;NIL ]




apply EEA~DIEDEFE

apply[fn;x;a] =
[atom[fn] -~ [eq[fn;CAR] - caar[x];
- eq[fn;CDR] - cdar[x];
eq[fn; CONS] - cons[car[x];cadr[x]];
eq[fn; ATOM] - atom[car[x]];
eq[fn; EQ] - eq[car([x];cadr[x]}
T -apply[eval[fn;a];x;a]];
eq[car[fn; LAMBDA] - eval[caddr[fn];pairlis[cadr[fn];x;a]];
eq[car[fn; LABEL] - apply[caddr[fn};x;cons[cons[cadr[fn];
caddr(fn]];a]]]




pairlis[x;y;a] = [null[x]~a; T—~cons[cons[car[x];car[y]];
pairlis[edr[x];cdr[y];a]]]

pairlis[(A B C);(U V W);((D . X) (E . Y))] =
((A.U)(B.V)(C.W)(D.X)(E.Y))

assoc[x;a] = [equal[caar[a];x]-car[a]; Twassoc[x;cdr[a]]]

assoc[B;((A . (M N)), (B . (CAR X)), (C . (QUOTE M)), (C . (CDR X)))]
= (B . (CAR X))



eval

eval[e;a] = [atom[e] = cdr[assoc[e;a]];
atom([car[e]] =
|eq[car[e].QUOTE] ~ cadr[e];
eq[car[e; COND] - evcon[cdr[e];a};
T - apply[car[e];evlis[cdr[e];a];a]];
T — apply[car[e];evlis[cdr[e];a];a]]

evcon[c;a] = [eval[caar[c];a] = eval[cadar[c];a];
T =evcon[cdr[c];a]]

evlis[m;a] = [null[m| - NIL;
T - cons[eval[car[m];a];evlis[cdr[m];a]]]



A TOT I3 DRE

A History of Haskell: Being Lazy With Class
Paul Hudak et al. 2007

https://www.microsoft.com/en-us/research/wp-
content/uploads/2016/07/history.pdf



https://www.microsoft.com/en-us/research/wp-content/uploads/2016/07/history.pdf

1975~1980
LISPMD# 1t ("Lambda Paper”)

Steele and Sussman

The Original '‘Lambda Papers' by Guy Steele and Gerald Sussman

Gerald Jay Sussman and Guy Lewis Steele, Jr.. "Scheme: An Interpreter for Extended Lambda Calculus". MIT AI Lab. AI Lab
Memo AIM-349. December 1975. Available online: ps pdf.

Guy Lewis Steele, Jr. and Gerald Jay Sussman. "Lambda: The Ultimate Imperative". MIT Al Lab. Al Lab Memo AIM-353.
March 1976. Available online: ps pdf.

Guy Lewis Steele, Jr.. "Lambda: The Ultimate Declarative". MIT Al Lab. Al Lab Memo AIM-379. November 1976. Available
online: ps pdf.

Guy Lewis Steele, Jr.. "Debunking the 'Expensive Procedure Call' Myth, or, Procedure Call Implementations Considered
Harmful, or, Lambda: The Ultimate GOTO". MIT AI Lab. AI Lab Memo AIM-443. October 1977. Available online: ps pdf.
Guy Lewis Steele, Jr. and Gerald Jay Sussman. "The Art of the Interpreter of, the Modularity Complex (Parts Zero, One, and
Two)". MIT Al Lab. AI Lab Memo AIM-453. May 1978. Available online: ps pdf.

Guy Lewis Steele, Jr.. "RABBIT: A Compiler for SCHEME". Masters Thesis. MIT Al Lab. Al Lab Technical Report AITR-474.
May 1978. Available online: ps pdf.

Guy Lewis Steele, Jr. and Gerald Jay Sussman. "Design of LISP-based Processors, or SCHEME: A Dielectric LISP, or Finite
Memories Considered Harmful, or LAMBDA: The Ultimate Opcode". MIT Al Lab. AI Lab Memo AIM-514. March 1979.
Available online: ps pdf.

Guy Lewis Steele, Jr.. "Compiler Optimization Based on Viewing LAMBDA as RENAME + GOTO". Al: An MIT Perspective.
1980.

Guy Lewis Steele, Jr.. "Debunking the "Expensive Procedure Call" Myth, or Procedure Call Implementations Considered
Harmful, or LAMBDA, the Ultimate GOTO". ACM Conference Proceedings. 1977. Available online: ACM Digital Library.
Guy Lewis Steele, Jr. and Gerald Jay Sussman. "Design of a Lisp-based Processor". CACM. 23. 11. November 1980. Available
online: ACM Digital Library.

https://web.archive.org/web/20160510140804/http://library.readscheme.

org/pagel.html



https://web.archive.org/web/20160510140804/http:/library.readscheme.org/page1.html

1978 John Backus Fa—Y 45 ESE

X

srie
]

“Can Programming Be Liberated from the von

Neumann Style? A Functional Style and Its
Algebra of Programs”

[0 Conventional programming languages are growing
ever more enormous, but not stronger. Inherent
defects at the most basic level cause them to be
both fat and weak ... their inability to effectively
use powerful combining forms for building new
programs from existing ones, and their lack of

useful mathematical properties for reasoning about
programs.

https://www.thocp.net/biographies/papers/backus turingaward lecture.pdf



https://www.thocp.net/biographies/papers/backus_turingaward_lecture.pdf

1978 Robin Milner ML

4

“A Theory of Type Polymorphism in Programming’

[0 The aim of this work is largely a practical one. A
widely employed style of programming, paticularly
in structure-processing languages which impose no
discipline of types (LISP is a perfect example),
entails defining procedures which work well on
objects of a wide variety (e.qg., on lists of atoms,
integers, or lists).

https://homepages.inf.ed.ac.uk/wadler/papers/papers-we-love/
milner-type-polymorphism.pdf

“A proposal for Standard ML"” 1982

https://dl.acm.org/doi/10.1145/800055.802035



https://homepages.inf.ed.ac.uk/wadler/papers/papers-we-love/milner-type-polymorphism.pdf
https://homepages.inf.ed.ac.uk/wadler/papers/papers-we-love/milner-type-polymorphism.pdf
https://dl.acm.org/doi/10.1145/800055.802035

1981 FPCA s=#1OAh>T7L R

Functional Programming Languages and
Computer Architecture (FPCA)




1981 D.A.Turner lazy evaluation

“The semantic elegance of applicative languages”

[0 Very briefly it can be summarised as (non-strict,
higher order) recursion equations + set
abstraction.

https://dl.acm.org/doi/10.1145/800223.806766

“"Miranda: a non-strict functional language with
polymorphic types” 1985

https://dl.acm.org/doi/10.5555/5280.5281



https://dl.acm.org/doi/10.1145/800223.806766
https://dl.acm.org/doi/10.5555/5280.5281

non-von Neumann hardware architectures

Id project at MIT (Arvind and Nikhil, 1987)
Rediflow project at Utah (Keller et al., 1979)

SK combinator machine SKIM at Cambridge (Stoye
et al., 1984)

® Manchester dataflow machine (Watson and Gurd,
1982)

® ALICE parallel reduction machine at Imperial
(Darlington and Reeve, 1981)

® Burroughs NORMA combinator machine (Scheevel,
1986)

® DDM dataflow machine at Utah (Davis, 1977).



Scheme, ML OZ# 1L D ELT

0 The Scheme community had major loci in MIT,
Indiana, and Yale, and had just issued its ‘revised
revised’ report (Rees and Clinger, 1986)
(subsequent revisions would lead to the ‘revised5 ’
report (Kelsey et al., 1998)).

[0 Robin Milner had issued a ‘proposal for Standard
ML’ (Milner, 1984) (which would later evolve into
the definitive Definition of Standard ML (Milner and
Tofte, 1990; Milner et al., 1997)), and Appel and
MacQueen had released a new high-quality
compiler for it (Appel and MacQueen, 1987).



1987 Caml| DO FEE

0 “Caml” was originally an acronym for Categorical
Abstract Machine Language. It was a pun on CAM,
the Categorical Abstract Machine, and ML, the

family of programming languages to which Caml
belongs.

A History of OCaml
https://ocaml.org/learn/history.html



https://ocaml.org/learn/history.html

1987 Haskell

[0 By 1987, the situation was akin to a supercooled
solution—all that was needed was a random event
to precipitate crystallisation. That event happened
in the fall of ‘87, when Peyton Jones stopped at
Yale to see Hudak on his way to the 1987
Functional Programming and Computer
Architecture Conference (FPCA) in Portland, Oregon.

[0 After discussing the situation, Peyton Jones and
Hudak decided to initiate a meeting during FPCA, to
garner interest in designing a new, common
functional language. Wadler also stopped at Yale on
the way to FPCA, and also endorsed the idea of a
meeting.



1996 Objective Caml

O first released in 1996 and renamed to OCaml in
2011. Objective Caml was the first language to
combine the full power of object-oriented
programming with ML-style static typing and type
inference.

[0 It supports many advanced OO programming
idioms (type-parametric classes, binary methods,
mytype specialization) in a statically type-safe way,
while these idioms cause unsoundness or require
run-time type checks in other OO languages such
as C++ and Java.

A History of OCaml
https://ocaml.org/learn/history.html



https://ocaml.org/learn/history.html

Haskell

A History of Haskell: Being Lazy With Class
Paul Hudak et al. 2007

https://www.microsoft.com/en-us/research/wp-
content/uploads/2016/07/history.pdf



https://www.microsoft.com/en-us/research/wp-content/uploads/2016/07/history.pdf

Haskell
Goals, principles, and processes

Haskell is lazy

Haskell is pure

Haskell has type classes

Haskell has no formal semantics
Haskell is a committee language
Haskell is a big language

U R W=
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Fy—F NI LA EEEEHaskellDS LR R A

O Fv—F NS5 LA idikEHaskellDF LA EEEIZ. BEFDEL
MHHD(ANDY \'IZ. TLFEHEEBAERAZX YLV
DN -SIZELHOTLD) ABEMIZIZECED TH S,
HaskellTlE, . [XBE#DEEICALWLNS,

O SLFIZKBHRIE
AX.(Ay.(y2 + X)) Fr—F ik
\X ->\Yy -> (y ¥y + X) Haskellif

OSLARXADEDFER
AX.(AY.(y2 + X)) 34 =19 Fy—Fin
(\x ->\y->(y*y+x))34 Haskelli




Fy—F NI LA EEEEHaskellDS LR R A

O SALSIZ&DMEE
A(X,y).(y? + X) Fr—F i
\(X,y) -> (y *y + X) Haskelli&

O SLARXADEDFER
AX,Y).(y2 + X)) (3,4) = 19 F—F iR
(\(x,y) -> (y *y + x))(3,4) = 19 Haskellift




Curryit
ZOD5|EELABEBD DD EZDHI

O hyp :: (Float, Float) -> Float

hyp (x,y) = sqrt (x*x + y*y)

hyp (3,4) = sqgrt (9 + 16) = sqrt 25 = ...
O hyp :: Float -> Float -> Float

hyp Xy = sqrt (x*x + y*y)

hyp 3 4 = (¥x -> ¥y -> sqgrt(x*x+y*y) 3 4

= (¥X -> (¥y -> sgrt(x*x+y*y) 3) 4

(¥y -> sgrt(3*3 + y*y) 4
sqrt(3*3 + 4*4) = sqgrt 25 = ...

fxy=(fx)y
fxyz=((fx)yz=(fx)y)z

FLED
R,
BiEE

EZD
@ A
EiEa



Curryit

O nED 3|18+ DS hdhdHET H. nfED5IEDE %
t, b, ts, ..., t, ELEAES ORVIEDE AL, LT BE.
B OBR(E. RDKIITTG5,

f - t1'> t2'> t3'> ---'> tn'>tn+1
\ ' J 1

NEDSIZHDE RUYEDE

O Bi%tE!:: Float -> Float -> Float
[X. FloatE M 351  _—DEY. RYEDE AFloat TH
HE#MDEERLTILNS,



Type Class

class Eq a where
(==) ::a->a->Bool
(/=) ::a->a->Bool

(3 a (X, EIZR Eq IZRT D. LB, (==)&(/=)EWS
2D, EZoN=REZLDOEBMN. TEDLTERSINDE
5, |



Type Class

elem :: Ega=>a->[a] -> Bool
emy|[] =False
elemy (x:xs) = (x==y) |l elemy xs

D

[BA%% elem (X, Eq a £33V TFFRAEDHET,
£l a -> [a] -> Bool D2, (Ega => ....) |

Haskell TlL. '=>' |, class constrain EMFEIENBAZEADH
%




ROHNZFHRAE &£

*Main Lib> :t \(x, y)-> (x*kx +y)

\(x, y)-> (xxx +y) :: Num a => (a, a) -> a
*Main Lib> ( \(x, y)-> (x*x +y)) (3,4)

13

*Main Lib> :t \x -=> \y -=> (y x y + x)

\Xx => \y => (y %y + x) :: Num a => a -> a -> a
*Main Lib> (\x -> \y -=> (y x y + x)) 3 4

19

*Main Lib> :t (\x => \y => (y * y + x)) 3

(\x => \y => (y * y + x)) 3 :: Num a => a -> a
*Main Lib> :t \(x,y) => (y *x y + x)

\(x,y) => (y *x y + x) :: Num a => (a, a) -> a
*Main Lib> (\(x,y) => (y *x y + x))(3,4)

19

xMain Lib> B



Data#!
List Comprehension



7 — 5%

data Vector = Vector Float Float

Z_T.Vector . T—32E D LHIT. Vector (. ZOE DT
VANSOATHS,



7 — 5%

[0 data Maybe a = Nothing | Just a

mapMaybe :: (a->b) -> Maybe a -> Maybe b
mapMaybe f (Just x) = Just (f x)
mapMaybe f Nothing = Nothing

[0 data Tree a = Leaf a | Branch (Tree a) (Tree a)
size :: Tree a -> Int size (Leaf x) =1
size (Branch t u) = sizet + sizeu + 1



List comprehensions® 45

O [ xX*X | X <-Xs]
JRAMXSDEFRD ZFTN1EDH) A LEFIRT,

O | f <-[1..n], n'mod' f == 0 ]

[ f
NDRAEBD') ALZFIRT,

O concatMap :: (a -> [b]) -> [a] -> [b]
concatMap fxs =[y | X <-Xs,Vy <-fXx]
JAMXSDBFBEZRICEABfZERALT. TOHBRD)ALERT,



HaskellZOo4 5324

https://qgithub.com/ghc/ghc/blob/master/libraries/

base/GHC/List.hs



https://github.com/ghc/ghc/blob/master/libraries/base/GHC/List.hs

Declaration style & Expression style
filter :: (a -> Bool) -> [a] -> [a]

[0 -- Declaration style
filkerp [] = []
filter p (x:xs) | p X = X : rest
| otherwise = rest
where rest = filter p xs

[1 -- Expression style
filter = ¥p -> ¥xs ->
case xs of
[]1->[]
(X:xs) -> let rest = filter p xs
in if (p X) then x : rest
else rest



[0 The declaration style attempts, so far as possible,
to define a function by multiple equations, each of
which uses pattern matching and/or guards to
identify the cases it covers.

[0 In contrast, in the expression style a function is
built up by composing expressions together to
make bigger expressions. Each style is
characterised by a set of syntactic constructs:

Declaration style Expression-style
where clause let expression
Function arguments on left hand side Lambda abstraction

Pattern matching in function definitions | case expression
Guards on function definitions if expression




head :: [a] -> a

head (x:_) = X

head [] = badHead

tail : [a] -> [a]

tail (_:xs) = XS

tail [] = errorEmptyList "tail”
length :: [a] -> Int

length xs = lenAcc xs O

lenAcc :: [a] -> Int -> Int

lenAcc [] n=n
lenAcc (_:ys) n = lenAcc ys (n+1)

filter :: (a -> Bool) -> [a] -> [a]
filter _pred [] =[]
filter pred (x:xs)
| pred Xx = X : filter pred xs
| otherwise = filter pred xs



-- > foldl f z [x1, x2, ..., xn] == (...((z f x1) f x2) f ..))
f xn

-- The list must be finite.

-- >>> foldl (+) 0 [1..4]
-- 10
-- >>> foldl (+) 42 []
-- 42
-- >>> foldl (-) 100 [1..4]
-- 90
-- >>> foldl (¥reversedString nextChar -> nextChar :
reversedString) "foo" ['a’, 'b', 'c', 'd']
-- "dcbafoo”
foldl :: forallab. (b->a->b)->b->[a]->b
{-# INLINE foldl #-}
foldl k zO xs =
foldr (¥(v::a) (fn::b->b) -> oneShot (¥(z::b) -> fn (k z v)))
(id :: b->Db) xs z0
-- See Note [Left folds via right fold]



-- | The 'sum' function computes the sum of a finite list
of numbers.

sum ;i (Numa) =>[a] -> a
sum = foldl (+) O

-- | The 'product’' function computes the product of a
finite list of numbers.

product :: (Num a) => [a] -> a
product = foldl (*) 1



-- | 'foldrl’ is a variant of 'foldr' that has no starting value

argument,
-- and thus must be applied to non-empty lists.

foldrl :(a->a->a)->[a]->a
foldrl f = go
where go [X] = X
go (Xx:xs) = f x (go xs)

go [] errorEmptyList "foldrl"



foldl f
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https://en.wikipedia.org/wiki/Fold (higher-order function)



https://en.wikipedia.org/wiki/Fold_(higher-order_function)

OCaml

The OCaml system release 4.10

Documentation and user’'s manual
Xavier Leroy, 2020

http://caml.inria.fr/pub/docs/manual-ocaml/



http://caml.inria.fr/pub/docs/manual-ocaml/

BFES LA FTEELEOCaml



Fr—F DI LFFEEEOCamIDS LA FLE

O Fv—F DT LA EEEOCamIDT LA EIE. HFDEL
MHHH(ANDY fun'IZ, TLFEHEBEHAREKEZXTLHE Y
Y -SZEDHSTLNG) ABBIZIXRILED TH S,

O SLFIZKHHERIE
AX.(AY.(y2 + X)) Fr—F i
funX -> funy -> (y ¥y + x) OCamllifi

O SLFAADEDEA
AX.(AY.(y2 + X)) 34 =19 Fy—Fin
(funX -> funy -> (y *y + x)) 34 OCamllifk




Fr—F DI LFFEEEOCamIDS LA FLE

O SLFIZKHHERIE
A(X,Y).(y2 + X) Fr—F i
fun (X,y) -> (y *y + X) OCamlift

O SLFAADEDEA
AX,Y).(y2 + X)) (3,4) = 19 F—F iR
(fun (X,y) -> (y *y + x))(3,4) = 19 OCamlii




Ocam|zZn4g 534

https://github.com/ocaml/ocaml/blob/trunk/stdlib
/list.ml



https://github.com/ocaml/ocaml/blob/trunk/stdlib/list.ml

B AT IZTH AT 5
BE#IZ&FIZDIT5

(* function can be assigned to variable *)
letf=funn->n+1;;
f2;,;, (*=3%)

(* define named function *)
letfx=x+1;;

f3;; (*=>4%*)

(* named function of 2 parameters *)
letfxy=x+Yy;;

f34;; (*=77%)



B R B 38

(* example of factorial function *)
letrecfn=ifn==1then1elsen *f(n-1);;
f3 (*=>6%)

(* example of fibonacci sequence. *)

(* nth term is sum of previous 2 terms. Starting with
O0and 1. *)

let recf n = match n with 0 -> 0
|1->1
| X -> f (n-1) + f (n-2);;
F9;]



(* List operations *)
let rec length_aux len = function
[]-> len
| _::I ->length_aux (len + 1) |
let length | = length_aux O |

let cons a |

a::l

let hd = function
[] -> failwith "hd"
| a::_->a

let tl = function
[] -> failwith "tI"
| il -> 1



let rec flatten = function
[1->1]
| I::r -> | @ flatten r

let concat = flatten

let rec map f = function

[1->1]

| a::l->letr=fainr:: mapfl

let rec fold _left f accu | =
match | with
[] -> accu
| a::1 -> fold_left f (f accu a) |

let rec fold_right f | accu =
match | with
[] -> accu
| a::1 -> f a (fold_right f | accu)






B{FES LA FTEECOQ



Fr—F DI LFEREECoOqQD T LT EEE

O Fv—F DT LERELCOGDT LS AR, EF DR
BBH(NDS fun'lS, T L5 EHEBMARER Y HE vk
LAY => (2o T B) AEMIZZRLAD THS.

O SLFIZKDHEIE
AX.(AY.(y? + X)) F
funx => funy => (y *y + X) Coqiit

O SLFKXADEDER
AX.(AY.(y2 + X)) 34 =19 Fy—Fin
(funX -> funy -> (y *y +x)) 34 Cogiit




CoqD o LA EE%E

Check funx:nat =>x+ 3.

funx:nat=>x+3
: nat -> nat

Check fun x:nat => fun y:nat => y*y + x..
funxy:nat=>y*y+x

: nhat -> nat -> nat
Compute (fun x:nat => fun y:nat => y*y + x) 3 4.

=19
: nat



EHBEFEDILARLE

Church  Ax.Ay. (Y2 + Xx)

LISP (LAMBDA (X) ((LAMBDA (Y) (PLUS (SQUARE Y) X)))
Haskell \x ->\y -> (y*y + x)

OCaml fun X -> funy -> (y*y + X)

Coq funX => funy => (y*y + X)



CogT®dType Class

O #HS5R EqDec WEE

Class EqDec (A : Type) :=
{ egb : A -> A -> bool ;
eqb_leibniz : forall x y, egb x y = true -> x =y }.

Definition neqb {A} {eqa : EgqDec A} (x y : A) := negb (egb x y).
O #J5XEqDec MDERE

Instance unit_EqDec : EgqDec unit :=
{ eqgb x y := true ;
eqb_leibniz x y H :=
match x, y return x =y with
| tt, tt => eq refl tt
end }.



CogTOEMTE




BOFIvIETESE

Coqgq < Check 2 + 3.
2 + 3 : nat

Coqg < Check 2.
2 . nat

Cog < Check (2 + 3) + 3.
(2 + 3) + 3 : nat

Cog < Definition three := 3.
three is defined



BOFIvIETESE

Cog < Definition add3 (x : nat) := x + 3.
add3 is defined

Coqg < Check add3.
add3 : nat -> nat

Coqg < Check add3 + 3.
Error the term "add3" has type "nat -> nat"
while it is expected to have type "nat”

Coqg < Check add3 2.
add3 2 : nat



EDGFTE

Cog < Compute add3 2.
= 5 : nat

Cog < Definition s3 (xy z: nat) :=x+vy + z.
s3 is defined

Coqg < Check s3.
s3 : nat -> nat -> nat -> nat

Cog < Computes3 123
=6 : nat



EMDEF LG

Cog < Definition rep2 (f : nat -> nat)(x:nat) := f (f x).
rep2 is defined

Cog < Check rep2.
rep2 : (nat -> nat) -> nat -> nat

Cog < Definition rep2on3 (f : nat -> nat) := rep2 f 3.
rep2on3 is defined

Coqg < Check rep2on3.
rep2on3 : (nat -> nat) -> nat



RABBDER

Coqg < Check fun (x : nat) => x + 3.
fun x : nat => x + 3 : nat -> nat

Cog < Compute (fun x:nat => x+3) 4.
= / : nat

Cog < Check rep20on3 (fun (x : nat) => x + 3).
rep2on3 (fun X : nat => x + 3) : nat

Cog < Compute rep2on3 (fun (x : nat) => x + 3) .
= 9 : nat



IR T —2 R DEZEDH

boolE! M EZE (enumerated type)

Inductive bool : Set :=
| true : bool
| false : bool.

IR E DEZE (recursive type)

Inductive nat : Set : =
| O : nat
| S : nat -> nat.



IR T —2 R DEZEDH

ListB D EFE (recursive type)
Inductive list (A : Type) : Type :
| nil : list A

| cons : A -> list A -> list A.

— KRB DEE (recursive type)

Inductive natBinTree : Set :=
| Leaf : natBinTree
| Node (n:nat)(tl t2 : natBinTree).



INR— 0 XYTF T LD EE

boOOlHEDEED FE =

Definition negb b : =
match b with

| true => false

| false => true

end.



INR— 0 XYTF T LD EE

Definition tail (A : Type) (l:list A) :=
match | with

| x::tl => tl
| nil => nil
end.

Definition isempty (A : Type) (I : list A) :
match | with

| nil => true

| _:: _ => false

end.



INR— 0 XYTF T LD EE

Definition has_two_elts (A : Type) (I : list A) :=
match | with

| _ i _ inil => true

| _ => false

end.

Definition andb bl b2 :=
match b1, b2 with

| true, true => true

| , _=> false

end.



JHh—L TR ER

Fixpoint plus n m :=
match n with

| O =>m
| Sn'=>S (plus n' m)
end.

Notation : n + m for plus n m

1+1 = S(O+1)=5(1)=S(5(0))



IJHh—L TR ER

Fixpoint minus n m := match n, m with
| SN, SmM => minusn' m'
| , _=>n

end.

Notation : n - m for minus n m

o
= N
1 1
N =
Il
o=
| |
= O
Il
O =

|})w



Jh— T ESE

Fixpoint mult (n m :nat) : nat :=
match n with

| 0 =>0
|Sp=>m+ multpm
end.

Notation : n * m for mult n m

3%2=242%2=24+2+2%1=2+2+2+2*0



ListZ#Coq a4y S.LT 3



listH D EZE

iIStDERHLZEREX,. RDLDTHS,

Inductive list (A : Type) : Type :=

| nil : list A

| cons : A -> list A -> list A.
ZC_T.listlE. A : Type GAEEDEIZXLT
EZEMNTULASEITFELED, (Polymorphism)

constructor consIZXfL TRDEEZE AT B,
infix “::” := cons (at level 60, ....)

Infix "::" = cons (at level 60, right associativity) : list scope.



listiICTDUVVTHOEARRIEEZ length

lengthlX. listO KEFIRT,

Definition length (A : Type) : list A -> nat : =
fix length | :=
match | with
| nil => 0O
| _::I'=>S (length I')
end.

BIFNLZEAMOERICIL. fixpoint Z{FES5AY,

EEZDARKICHRHNLEERZNENSGG S,
fix (&>,



listiZDWNTHOEKILEE app

app(++)I&. Z2Dlist##E & (append) 95,

Definition app (A : Type) : list A -> list A ->
list A =

fixapp | m :=

match | with

| nil => m

la ;1 =>a::appllm

end.

Infix "++" := app (right associativity, ....



listiIZDUWNTHOERBIZZEZL map

maplZ. listOZFERICEZZERT 5,

Fixpoint map AB (f: A-> B)(l : list A)
 list B =
match | with

| nil => nil
| a::'=>fa::mapfl
end.

Compute map (funn=>n *n)(1::2::3::4::5::nil).
1::4::9::16::25::nil : list nat



listiIC DLWV TOERLER reverse

reverseld. listOEFXRZH|EIZT 5,

Fixpoint naive_reverse (A:Type)(l: list A) :
list A =
match | with

| nil => nil
| a::I' => naive_reverse |I' ++ (a::nil)
end.

Compute naive_reverse (1::2::3::4::5::6::nil).
=6::5::4::3::2::1::nil :list nat



