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THE INDEPENDENCE OF THE CONTINUUM HYPOTHESIS
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Communionted by Kurl Gadel, Seplasvber 20, 1063

This &= the first of two notes in which we outline & proof of the fact that the Con-
tinuum Hypothesis cannot be derived from the other axioms of set theory, including
the Axiom of Choice, Sinoce Gidel has shown that the Continuum Hypothesis is
consistent with these axioms, the independence of the hypothesis is thus estab-
lished, We shall work with the usunl axioms for Zermelo-Fraenkel set. theory,® and
by Z-F we shall denote these axioms without the Axiom of Choiee, (but with the
Axtom of Regulanty). By a model for Z-F we shall always mean s collection of
netunl sets with the usual erelation satislying Z-F. We use the standand defini-
tions? for the set of integers w, ordinal, and candinal numbers.

Turoresm 1. There are models for Z-F in which the following acewr:

(1) There isa sl 0, 0 © w such that o 15 not conslruetibie in the senee of reference
3, et the Axiom of Chodce and the Generalized Continuum Hypothesis both hold.

(2)  The condinuum (i.e., ®(w) where ® means power sel) hos no well-ardering,

(3) The Axiom of Chotee holds, but R, = 2%,

(4)  The Axriom of Chaee for countable paiys of el {s in @(P(w)) faila,

Only part 3 will be discussed in this paper.  In parts 1 and 3 the universe is well.
ondered by o single definable relation.  Note that 4 implies that there is no simphe
ordering of ®(P(w)). Sinee the Axiom of Construetibility implies the Generalized
Continuum Hypothesis,* and the latter implies the Axiom of Choiee,* Theorem 1
completely settles the question of the relative strength of these axioms.

Refore giving details, we sketeh the intuitive ideas involved.  The starting point
is the reslization® * that no formula alz) can be shown from the axioms of Z-F
to have the property that the eolleetion of all = satisfying it form a model for Z-F
in which the Axiom of Constructibility (V = L) fuils. Thus, to find such models,
it seems nateral 1o strengthen Z-F by postulating the existence of s set which is a
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