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1. CANTOR'S PROBLEM OF THE CARDINAL
NUMBER OF THE CONTINUUM.

[0 Two systems, i. e , two assemblages of ordinary
real numbers or points, are said to be (according to
Cantor) equivalent or of equal cardinal number, if
they can be brought into a relation to one another
such that to every number of the one assemblage
corresponds one and only one definite number of
the other. The investigations of Cantor on such
assemblages of points suggest a very plausible
theorem, which nevertheless, in spite of the most
strenuous efforts, no one has succeeded in proving.
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[0 Every system of infinitely many real numbers, i. e.,
every assemblage of numbers (or points), is either
equivalent to the assemblage of natural integers, 1,
2, 3,... or to the assemblage of all real numbers
and therefore to the continuum, that is, to the
points of a line ; as regards equivalence there are,
therefore, only two assemblages of numbers, the
countable assemblage and the continuum.
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[1 Let me mention another very remarkable
statement of Cantor's which stands in the closest
connection with the theorem mentioned and which,
perhaps, offers the key to its proof.

[0 Now Cantor considers a particular kind of ordered
assemblage which he designates as a well ordered
assemblage and which is characterized in this way,
that not only in the assemblage itself but also in

every partial assemblage there exists a first
number.
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[0 Skolem's paradox is that
every countable axiomatisation of set
theory in first-order logic, if it is consistent, has
a model that is countable. This appears
contradictory because it is possible to prove, from
those same axioms, a sentence that intuitively says
(or that precisely says in the standard model of the
theory) that there exist sets that are not countable.
Thus the seeming contradiction is that a model that
is itself countable, and which therefore contains
only countable sets, satisfies the first order
sentence that intuitively states "there are
uncountable sets".
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THE INDEPENDENCE OF THE CONTINUUM HYPOTHESIS
By Pave J, Conex*
UEPARTMERT OF MATHEMATICS, XUANFOKD UNIVERSITT
Communicated by Kwrl Gadel, Seplesvber 20, 1903

This is the first of two notes in which we outline & proof of the fact that the Con-
tinuum Hypothesis cannot be derived from the other axioms of set theory, including
the Axiom of Choice, Sinoce Gidel® has shown that the Continuum Hypothesis is
consistent with these axioms, the independence of the hyvpothesis is this estab-
lished, We shall work with the usual axioms for Zermelo-Fraenkel set. theory,* and
by Z-F we shall denote these axioms without the Axiom of Choier, (but with the
Axtom of Regulanty). By a model for Z-F we shall always mean s collection of
welunl sets with the usual erelation satislying Z-F. We use the standard defini-
tions? for the set of integers w, ordinal, and cardinal numbers.

Turoresm 1. There are models for Z-F in which the following acewr:

(1) There isa st 0, 6 © w such that o 15 not construetibie in the senee of reference
3, et the Axiom of Chodce and the Generalized Continuum Hypothesis both hold.

(2)  The condinuum (V.e.,, ®() where & means power sel) hos no well-ardeving,

(3) The Axiom of Chotee holds, but R, = 2%,

(4)  The Ariom of Chasee for table pairs of el {s in @(P(w)) fails,

Only part 3 will be discussed in this paper.  In parts 1 and 3 the universe is well.
ondered by o singe definable relation.  Note that 4 implies that there is no simple
ordering of ®(P(w)). Sinee the Axiom of Construetibility implies the Generalized
Continuum Hypothesis,* and the latter implies the Axiom of Choiee,* Theorem 1
completely settles the question of the relative strength of these axioms.

Before giving details, we sketeh the intuitive ideas involved.  The starting point
is the reslization® * that no formula a(z) ean bo shown from the axioms of Z-F
to have the property that the eollection of all = satisfying it form a model for Z-F
in which the Axiom of Constructibility (V = L7) fuils. Thus, to find such models,
it seems nataral to strengthen Z-F by postulating the existence of s set which is a
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Abstract

[0 On the basis of three physical axioms, we prove
that if the choice of a particular type of spin 1
experiment is not a function of the information
accessible to the experimenters, then its outcome
is equally not a function of the information
accessible to the particles. We show that this result
IS robust, and deduce that neither hidden variable
theories nor mechanisms of the GRW type for wave
function collapse can be made relativistic. We also
establish the consistency of our axioms and discuss
the philosophical implications.



1. Introduction

[0 Do we really have free will, or, as a few determined
folk maintain, is it all an illusion? We don’t know,
but will prove in this paper that if indeed there
exist any experimenters with a modicum of free will,
then elementary particles must have their own
share of this valuable commodity.



[0 Fin: There is a maximal speed for propagation
of information (not necessarily the speed of light).
This assumption rests upon causality.

[0 Spin: The squared spin component of certain
elementary particles of spin one, taken in three
orthogonal directions, will be a permutation of
(1,1,0).

[0 Twin: It is possible to "entangle" two elementary
particles and separate them by a significant
distance, so that they have the same squared spin
results if measured in parallel directions. This is a
consequence of quantum entanglement, but full
entanglement is not necessary for the twin axiom
to hold (entanglement is sufficient but not
necessary)



ETHE A BET=AY,
ETHIEENZE L IBDIHDHILE



—RIFMBEI R EL TERSNL:
REBMICIEEFTE AR 7y h—< B3




— AR IBFNEE D ST E AT RE T4
7 yh—<I B

RDEIGEBZEEZ D,
n+ 1, ifm=20
Ack(m,n) = ¢ Ack(m —1,1), ifn =20
Ack(m — 1, Ack(m,n — 1)), otherwise

COREIE. —HRIBHEBMELTEEINTLVAD T, Fy—F
=Fa—1) T DT—EDEHEFH-LTL\S,

== mnDEMN, PLTEREGDHE, COBRBDEIR. 1B
MICIERLT, T@DIAVEL—A3TIX, BEL, SHEATRARE
IZ75%,

RAR—INZ, Ack(m,n)DIEZETRT,




0 1 2 3 4 n

1 2 3 4 5 n+1
2 3 4 5 6 n+2=2+(Mn+3)-3
3 5 7 9 11 M+3=2x(n+3)—3
5 13 29 61 125 e g

.'2

65536 265536 Ze 2% -3
13 | 65533 209530 -3 197" _ 3 AB A4 3)=22"  -3| “~
n + 3 twos
..2
.
65533 2_ 73 [A@ AG 1) | AG AG. 2) A4, ABG, 3) A(4,A(5,n—1))
65536 twos

A5, 1) | A(b, A6, 0)) | A(5, A(B, 1)) | A(b, A(6, 2))  A(b, A(b, 3)) A(5, A(6, n— 1))




HRIZFOBEMNEIWERIZDWNT
Busy Beaver [HlzE




Busy Beaver [tlzE

MELWOWE—/N\—ERE X KRB DA NEDTuringvw o2 EEZ T,
ETCOTEHF O TWST—Tho#HH T, —BERVWATYITELT S
TuringR> U EFDATYTHE RO LEVLVSHEBETH D, TORKNES
BB(N)TRT ZLIZT L. ROBEEMNMSNTINS,

BB(1) = 1.
BB(2) = 6.
BB(3) = 21
BB(4) = 107

F(k, 2. iH. BB(5)DIEZ S,

BB(5) = 47,176,870
ELVSDITH M- TULNS, GEID ., IRREDEM5DT.47,176,870X
TYTTELETATuringIo UE koD 8, 112, TN HZ KT
ELVD &I OTULVELY, )



ZAEEOMERONSEIELNGND, BEITENRLLLGDIDIL,
BB(6)dh1-Uh i,
BB(6) > 7.412 x (10 36,534%)
f=&UVD, 36,534HTDEF 275, FeDBaezMbloglZ,  B{K
BIZICOEFIBAINTINS, IR EFH RS, SA6THT
LU EDEFD,
FKEALGZEOLINSGEREDONEMELNLGLD, Fnld, 5Kl
R =K, ERIZEILO6REDTuringw L &Rk LT
RE=-Mof, &, ZIZBNALE=. 6EDIKRREL12E D GRS H
LIEAHTUrNgI UM, TOVNIENEAZET HDT=,
A B C D E | F
O 1RB 1RC 1LD | 1RE | 1LA | 1LH

1 | 1LE | 1RF |ORB |OLC ORD | 1RC

(o055 LB8KIE, BfiTHS, 1EXIZEN-DFEH, IELLE
LAAELNEWD, 2OTOTS LK. ZAZAEEYREIT. FLT.
REICELETE, (BELTAIEEBR. FERELI[NT D)



74120785350949561017417256114460496971828161169529
80089256690109516566242803284854935655097454968325
70980660176344529980240910175257246046044979228025
/5771151854805208765058993515648321741354119777796
52792554935324476497129358489749784615398677842157
90591584199376184970716056712502662159444663041207
99923528301392867571069769762663780101572566619882
47506945421793112446656331449/5055881189471060177/2
36559599539650767076706500145117029475276686016750
65295229541290448711078495182631695097472697111587
32776867610634089559834790714490552734463125404673
/70809010860451321212976919019625935072889346503212
31429040253205457633515626107868771760119916923828
74680371458459216127416939655179359625797982162506
60314494227818293289/79254614732935080486701454668
21939225145869908038228128045266110256571782631958
92689852569468996669587422751961691118179060839800
1974214915398771591696883364/534774800748757776661
12880815431005997/890623859440699663891591940342058
44534513595160016891606589527654143070266884025253
13506538908970519826326303859380836606399479857223
51182179370081120817/877269116559398341767052162655
91720120243332830032375287823064283197180507239529
/3532295517310483710218115976193011673158268680311



/3532295517310483710218115976193011673158268680311
96305710080419119304/79715796727850295295594397/972
94500432643483372677378872480519292318129075141594
30017042374851948272409014919776223009518089664572
07992743507711148214208698063203898384663486444006
34378985820511533007233636175063664244348363429381
71686527767592717386843513084430760538597788497854
57039288736337621694394446002685937650424904397470
7046939649930/353236961551408770635423051623551580
20502046433028802860624333066826817081190086396068
05449212705508208665911831651713621990622680221463
40355100698032539208500321737935916572824167109243
92179632770888698806462239286922365720234049353262
29319760109739336919551555856149717013936570835108
29337138019755841416703048425473095781543947284695
30557891048303296887105203445899799657005379321565
69516567462536723341045028533527590132444550041637
29329181785691615066366432555395455966924963740865
92347905851808900172725987566577427348338512074400
14671953393767922133480111674181667283600828299423
61956450241322000295203110123701834947807654204715
50872484529282734610014634854736508912653344685939
21925381546951641870418349782007870841424352960246



81621927943512800969148833336725244172361946188547
20963814880877462649154982581243612288332193203522
4187833447983310912280/808425070272194370533803098
1557620743635941240560/991428582586135325000600450
34044570755614842353801605755138514728637444538199
91270653752636827482388619627545586769702982563550
21579190594347001678124794147520737780545710725238
09263070578948251221705378404200557518123183429763
7439162822131756990358145703326840957393914031/537
92951945222572832854376667354589981221872208463941
92173302390371597480313550832469764638860694385735
23920879420538715366934472880272772745254215764827
22658077210282649639911775387884460117481542574020
98604710597497363577816224906240529468176628001243
370276424305720091727246804948458076078/5336391296
35595374936463756499152341721363955306855005063147
84058597424341392606532443545414393065035952175386
45638222669677018885647203581909266795843083183075
4507852777137832118617087066126814367366141044087/9
129400564791354043028108431/79830761186081727156785
64098233869131431441387859096996327035057252704630
66502399928551829284912464275322457081097679293349
/725693910894339658/7781783827866809713105339479801
94252766851530607523746692117596241149131822801952



284436290544060293540140781684488394688543109/77774
64971341943282207403959764566321636691138805567444
40040338242074160211898209536897949768268405300638
55020960995862149067127133242923955216689288381118
44058888209904636044250765206694970737949801463627
094775331185914014814736561666644096984/71099509772
67427126852419476331478775678441642258692918630399
93094799/728916927267392317125315003396591007151226
51178203821487177649041575923087270542299624201754
57070699334124035606469963629320951287401378625068
24738877579310019018071588005151785675631912063264
6387917129023969678907242783030332107339826984/363
4562901992687936553348/397619450023732220399774409
/78878227032599708324913637134795947392057672257001
88982988598790346622775744604841009275542606005747
/3489847857869077885071196141198763333605601699259
29619179821052298166718147760782068394323831299733
35022262733114475600303463447691380426320406458971
00672747110856632877598317707068109285992387448288
96303378384828434300860309575950421131368727514681
55719991530038357093718116282958853868614897146782
549670803334/75258187/514533923483088945298272830364
47705805899342687014494268126923276698359373141482



44674928751199880396209243410394589961770757345685
64543015202758133002674347175029218497929457573786
65467651289853262700253064391422801251703856704304
39933674129974352639333328279021853998/732340493391
52439866339607669375777654460893584609291320819482
35450294931218519646257691473024784635292462805654
60565812545710189564825444516533104654549626307774
13759501791681585406819992391995410832229305735031
79743073679478401659929359532688412917629928632646
23531586811022948074724601440807980838830594224020
/70309042157187760781779401504832688794481346645989
9784894146719136782011032591/723306165886986506294
3183141236334841851/7790881203602332829570523258317
17949497171355624217480958863040591015617418162750
637243055244050913058610723552048559284/75793642357
60246280346642123778396019497710295060768286004460
923086173007352313031964335234573261034/70236858178
28414431828300312373660803542368392168889742383761
808217703476539265609383680/6716961022633531512872
88504183987441820108573621090001961860938961602460
20885687763639795010335265588767970024085673382770
49445342795888876360045283740672969599921612120088
1908843324216508529595491070/655578576243692034551



=1

46076619939139036787876060299301996426764725427403
64011297421238171255442319681637731281152043413431
8506089439159952445287/804433461699505505009530/7491
88403737341503747816446538950384710455426239295288
28998531209709108913722340683342671325423513366061
63474488522182030819462026736771976453958939935828
32050459497790182712782471389976977879426526570877
30339646201949991550918186788970663139748645058559
72718469140463791494759075349756092667385993283854
20778335173462088786041537266587943086744729710814

6257915410344770279604639090255397/5412328182470276
13052411058118309311147944260478608

steps and then halts!



BRE=AGFHE TELENH

DEREBIZDLNT

Busy Beaver [EzE

BE(Z7E> T, MELWWE—/3—] Busy Beaver fERET. £T3

ERGERNHOT=,

Ao =E R RLHIZ, DL, RREEZELELS,
Busy Beaver RREELNVS DL NEDIREZ{EDTuring< >

M. ERICEHE R RE R AR TY I
2E1=,

BB(N) k& k&ELVHRE

=3 NEDORKEEZEFDOTuringw UM iHEH HZMNEZ LS, &

nix,. EEHDOEBBRRZBKOTLINIL, |

SHE(ZHhIS,

'B1IR' D'H1L' &L o= AR 1D EUE.

—XFEA N+1E R

EOH+HEFLRRE) . ZXFEMN2E(1 » 0 f2hn) =XF
B A 2M& (ROLIZH D) DE[EEMENH DD L. T, (N+1) X

2 X2 BYDHAEHELRDSD,



Turing<old, Th5®N x 2 BEOERS (—2DIKEE(ZDLY

T.1DEHEEE ODFEIZDWNT, EfTT ST ZELV=LDT:

M) Mo END,

s, NEOIKEEEIFDTuring<w o D%, 2NED <R

BZ.4(N+1))EQOLOTEHNIZDND T, 4(N+1) D2NZE
zELSZEnhmna,

lE, RKELGEIZGLEMELNGVLD, TBR G, I=h5,

NENHIXLHMSELTULITIK, TITRERI(Z(X, BB(N)IEK
F35139,

EESMELNIGEODY, CHOFEHEEILIFELLMIEL, 20T AT
REIDVDEMNBRITEH, EREIIL—TIZEBLNSLTIUIC
SOoOnIE, COFHESIITER DRI TR H oL,




F=1=. SOLFIL—T DIEELITIEGL, 35— D DRENH
Bo TNIE, REDHBNWOF VI T ARETuringwL o DEELE
RT.BB(N)W., EhHTEREICEXRLGHIBEN EHBENST
Ef, (B —TI2ITFEDIDE, BAFKRD T, AAVAAEE
HHEITHADIE. 5. ADZEE, BB(N) £, Z5L-mED
WEKH5,)

5212, BB(6)AY, 36,534HTDEF LY REZNELDEEFLT -,
2014512, Wythagoras (IRLUL & RITTE) (&, BB(7)IZDULVT,
RDFHGEHEZERLU - BRIDEIE., ETEEXRGH SN TH
fRIGEFTH S,



BTk Rf-[Busy Beaver B THOEELRR IDSEFXL &L

SHE(20164) M4 AIZ. Adam Yedidia & Scott Aaronson
[&. BB(7910)A\, E:BDESHRMDZAMADH TIXRE TEE
LW &EZRERAL =,

"A Relatively Small Turing Machine Whose Behavior Is
Independent of Set Theory"
http://arxiv.org/pdf/1605.04343v1.pdf (Scottd XM
blogW&&I24:5,
http://www.scottaaronson.com/blog/?p=2725 )
ZHNLLE, BB(N)DEHERREIZAG S, KY/NSULINDEERED. 1
VA—2yh ETERIZITHN.. 2D "logic hack" T, DLZ23&
BIEXERNZ, BB(1919)3 5 EREETHHEMREIN=DTH
5!



http://arxiv.org/pdf/1605.04343v1.pdf
http://www.scottaaronson.com/blog/%3Fp=2725

FEMIZ, EAEZTTULVSOEIL, BB(10)DIELRFELLELZAS
EBOT! FIFE, FELVELD T, BB(7910) &A BB(1919)&
ME EATUESREGHTH D, I=1=. S DHAF(FTH/R]
T. LM%, BB(N) BIRIE. ETHRMEICERSNI-2DTHD,

HI DI TBRIDEZF DDA, ESVRFHGFERER
LWVTH HRDKYFEVDEFENHDHENDITE, (2, ZDIR
FMN, 7910EM1919& 0V of = EEERBV/INSTE R F THAS 15
NBELIDH, BEESTHD,



I

B

:InHH/\ — n&2n




% I8 7\ B i) & 45 £ B8 20 84 B ]

[0 Denition. P is the class of languages L < {0,1}* for
which there exists a Turing machine M and a
polynomial g so that for inputs x € {0,1}"* , M
terminate in at most gq(n) steps and accepts if and
only if x € L.

[0 Denition. PSPACE is dened like P, except we're
limited by q(n) space, rather than time.

[0 Denition. EXP is dened like P, but we're limited by
29 time steps.
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