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Abstract

Practical quantum computing will require error rates well below those achievable with
physical qubits. Quantum error correction’Z offers a path to algorithmically relevant error
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Demonstration of logical qubits and repeated error correction
with better-than-physical error rates
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The promise of quantum computers hinges on the ability to scale to large system sizes, e.g., to
run quantum computations consisting of more than 100 million operations fault-tolerantly. This in
turn requires suppressing errors to levels inversely proportional to the size of the computation. As a
step towards this ambitious goal, we present experiments on a trapped-ion QCCD processor where,
through the use of fault-tolerant encoding and error correction, we are able to suppress logical error
rates to levels below the physical error rates. In particular, we entangled logical qubits encoded
in the [[7,1, 3]] code with error rates 9.8x to 500x lower than at the physical level, and entangled
logical qubits encoded in a [[12,2.4]] code based on Knill’s C4/C6 scheme with error rates 4.7x to
800x lower than at the physical level, depending on the judicious use of post-selection. Moreover,
we demonstrate repeated error correction with the [[12,2,4]] code, with logical error rates below
physical circuit baselines corresponding to repeated CNOTs, and show evidence that the error rate
per error correction cycle, which consists of over 100 physical CNOTSs, approaches the error rate
of two physical CNOTs. These results signify a transition from noisy intermediate scale quantum
computing to reliable quantum computing, and demonstrate advanced capabilities toward large-scale
fault-tolerant quantum computing.

https://arxiv.org/pdf/2404.02280
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Device and experiment

Show d=5 better than d=3
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Stabilizer & Surface code
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Surface codes: Towards practical large-scale quantum computation

Austin G. Fowler
Centre for Quantum Computation and Communication Technology,
School of Physics, The University of Melbourne, Victoria 3010, Australia

Matteo Mariantoni
Department of Physics, University of California, Santa Barbara, CA 93106-9530, USA and
California Nanosystems Institute, University of California, Santa Barbara, CA 93106-9530, USA

John M. Martinis and Andrew N. Cleland
California Nanosystems Institute, University of California, Santa Barbara, CA 93106-9530, USA
(Dated: October 26, 2012)

This article provides an introduction to surface code quantum computing. We first estimate the
size and speed of a surface code quantum computer. We then introduce the concept of the stabilizer,
using two qubits, and extend this concept to stabilizers acting on a two-dimensional array of physical
qubits, on which we implement the surface code. We next describe how logical qubits are formed
in the surface code array and give numerical estimates of their fault-tolerance. We outline how
logical qubits are physically moved on the array, how qubit braid transformations are constructed,
and how a braid between two logical qubits is equivalent to a controlled-NOT. We then descrlbe
the single-qubit Hadamard, S and T operators, completing the set of required gates for a universal
quantum computer. We conclude by briefly discussing physical implementations of the surface code.
We include a number of appendices in which we provide supplementary information to the main

text.

https://arxiv.org/pdf/1208.0928
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Abstract

This article provides an introduction to surface code
gquantum computing. We first estimate the size and
speed of a surface code quantum computer. We then
introduce the concept of the stabilizer, using two
qubits, and extend this concept to stabilizers acting
on a two-dimensional array of physical qubits, on
which we implement the surface code. We next
describe how logical qubits are formed in the surface
code array and give numerical estimates of their
fault-tolerance. We outline how logical qubits are
physically moved on the array, how qubit braid
transformations are constructed, and how a braid
between two logical qubits is equivalent to a
controlled-NOT.



Larger Logical Qubits
- Presents a method to construct larger distance logical qubits
- Notes the relationship between qubit size and error tolerance

Moving Qubits
- Presents the method used to move logical qubit holes in the 2D array

« Introduces the Heisenberg representation for operators, and describes how to
transform logical operators when moving qubit holes

- Presents the concept of byproduct operators

The Braiding Transformation and the Logical CNOT
- Describes the braid transformation and its effects on logical operators

- Shows that braiding a Z-cut through an X-cut qubit is equivalent to a CNOT
with the Z-cut as control
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aj|000> + b|111>
l
JARXIZEBDIT—FHHAE
l
TS—HH-ETIE
l
aj|000> + b|111>
l
decode |[000> — |0>, |111> — |1>
al0> + b|1>



Shor code® i 71)#4

al0> + b|1>
l
encode |[0> — |000> , |1> — |111>
aj|000> + b|111>
l
JARXIZEBDIT—FHAE
l
ITo5—&H-
l
al|000> + b|111>
l
decode |000> — |0>, |111> — |1>
al0> + b|1>

TIE



3-qubit DR T LDDbit-flipTo5—%&E A5

F 2 )UITZEY HEN T 3-qubitDiERAY. Step 3TED LS
[/ A AN EERITEINEEZTHELLD,

ZCTCHE/ARIZEHTEIEFRIINDAIT—EFETEAHDITE
LULMD T, 3-qubit DY AT LDOHT—DqubitiZE2Z5bit-flip
DHZE.FT . EADHZEIZLET,

1-qubit AT L® bit flip . RO KXS5HEEDTT,
al0> + b|1> — al1> + b|0>

ZCTlE, |0> = |[1> & 1> — [0> VD ZDDZEEDR
BIFFICEESTLVET,




IREE a|000> + b|111> T, —D2MDbit flip AkEET=-LI 1
I£. ZDbit flipld. =S Oqubitd D —DTRE-ETTT .
qubitiZ&BIZDITT. ENZEN ql, g2, g3 ELFEL LD,

EIEflipAESENET DEMREBDOELRIL ROIIITREFT,
al000> + b|111> — a|000> + b|111>

qlizbit flip |0> — [1>MD [1> — |0> HFEEDHE.
al’00> + b| 11> — a|100> + b|011>

q21Zbit flip |0> — [1>MD |[1> — |0> hE=ESHLE.
al0b0> + b|111> — al|010> + b|101>

q3[Zbit flip |0> - [1>mD |1> — |0> HEEERLE,
al0o0C> + b|111> — a|001> + b|110>



ZDAVTFXFAD T T,
3-qubitd®—2oMbit flipzf&Et9a 5

CDAVTFARDTTIEELIDIE,

al000> + b|111> — a|000> + b|111>

EI7—DIEVEBHELT. ENLNDEBROREEETIS—LH
FgENDITETT,

DB, 3-qubit DL AT LIZKEES, —DDbit flip T5—%
BRETHEBAEEFII. ROM DS EEFELTHERTEE
ER



3-qubit®—oMbit flipT5—%#K&H T 3
4D DEAEREF

000> <000
100><100
010><010
001><001

+ + + +

111 ><111
011><011
101 ><101
110><110




P, = |[000><000| + [111><111| OHHE

Py|000> = (|000><00| + |111><111]) |000>
= |000><000[|000> + |111> =|000>

P,|111> = (]000><000| + |111><111]) |[111>
= 1000>

Py®

=

BiEIX 1,

=

+ [111><111|111>=]111>

AKEEIL |000>&111>

<000|P,|000> = <111|P,|111 > =1
P,|( @]000>+b|111>)= a|000>+b|111>



P, = [100><100| + |011><011| OHEHE

P;|100> = (|]100><100] + [011><011]) |100>
= |100><100[100> + |011> =|100>

P,|011> = (]100><100] + [011><011]) |011>
= |1100>

P,®

=

BiElX 1,

=]

+ |011><011|011>=|011>

AIKEEIE |100>£&]011>

P;|( al|100>+b|011>)= a|100>+Db|011>



P, = |010><010| + [101><101| OE

P,|010> = (|010><010] + |101><101]|) |010>
= 1010><010[/010> + |101> =|010>

P,]1101> = (|010><010] + |101><101]) |101>
= |010>

P,

=

BiEIX 1,

=

+ [101><101]101>=]101>

A1KEEF [010>£&]101>

<010|pP,|010> = <101|P,|101 > =1
P,|( al010>+b|101>)= a|010>+b|101>



P; = |001><001| + |110><110| 4 &

P;]1001> = (|001><001] + |110><110]) |001>
= |001><001|001> + |110> =|001>

P;]1110> = (|001><001] + |110><110]) |110>
= |001>

P,

=

BiEIX 1,

=

+1110><110|110>=[110>

A1IKEEF [001>£&]110>

<001|P;|001> = <110|P5|110 > =1
P,|( @a]001>+b|110>)= a|001>+b|110>



P, = |[000><000| + [111><111]

CDEAEEFIX. AL EEN TN EFHRELET,
al000> + b|111> — a|000> + b|111>

P; = |]100><100| + |011><011]
COEEFIE. [Zbit fliphEEf-CEEHRHLET,
al0o00> + b|111> — a|100> + b|011>

P, = |010><010| + |101><101]
—DEFEFIL. [Zbit fliphEEEf=CEEEHBLET,
al000> + b|111> — al|010> + b|101>

P; = |001><001]| + |110><110]|
—DEFEFIL. [Zbit fliphEEEf=CEEEHBLET,
al000> + b|111> — a|001> + b|110>
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Stabilizer& (& {al Hn 2

—Dtyiarhin, Stabilizer #8419 5 Part 3 [CAVUFET,

S B, Stabilizer &Iz, FREMMHLIOIEBNET,




StabilizerldE=+IT>—&T1E?

1Tl
=\
=k

stabilizerld.  FIZ>—iTERTO—DTY,

T, IREE ELFEHITAREEFAVE LM THS
surface code [Z2EMIITIFERASINTLVET,

LLl

EFIo—IIXT ST RIERIZE &HT-surface codeDiE
fRIZIE, ZDEFIS—FTIERAITEL T stabilizerDIEEEH
AR RTY,




Surface code &Stabilizerl#.
EFIAVELI—3DART—I)LYL KZAEEIZT 5

=EFITo—MMEDMLIE. EFaAELI—3DRART—)LIEKET]
BEICLZET,

187 surface codeld. EIZ53EFbitdOSycamoreEF70O
Ty —[ZEEINTNSDTT A, TORT—ILILKDEEIL.
ERENEDTY,



1M qubits

Surface codehAAEBE T 3
=EFIaEaA—3DIREILK




StabilizerlX. & qubit1Z [ 8EIZT S

surface code D7 —FTIOFvr—NEFHLEZDIE. TOEFT
S—ttENEIEIFTTIEHYER A,

surface code Tl FELICEEESNT-ZHDYIERI/ZqubIt
Mo, — DD EREqUbIt IZER T S EMNAIREIZRYF T, [ I
qubit]l. FELZBELIZY. KESZEILKRITHIENBHRHICZT
EDLINHYFET,

Ll

[EREqQUbItID#ERLTH. StabilizerMAREBE MG &EBNZR-LET,

*7-. StabilizerZfIFHL-R# D FET. MENLGZ=F7—HC
X d DI ERIEBEEFT —MZHEBRT HENTEET,




41{ED¥¥Edata qubit
Mg HimEqubit

SsX O X @ x O

~
S

>

X, ,Z, |¥stabilizer

b (
X7

(] o

X X

O

X X X

® 0O @ X0 X0 X0 X@® XxO x

X X X

O @) Zg @)

RIEqubitD R &l

-ﬁa'imi'-?a-!“!"?a'i“!'




Device and experiment

Show d=5 better than d=3

Continuous running

Real-time decoding

d=34 extreme exponential suppression
(d=11 arXiv:2102.06132)

~ Not used

D

2< Data qubit
2 Measure qubit

2021-04-28 19:10:42



Logical move

[Clifford

Can move anywhere, even back in time, up to Pauli operators.



stabilizer I&. T5—ZBIE9 5%

stabilizerz, EFI>—fTEFMELTHRITLTEEL=A., —
DFEITAREIEABHYFET,

ZNIE, ERXWICIE, T5—%ETETHIETIEHGL T5—Z M
EI DECTA—NALIZREIE T BIEREBEBEKICIS—N
REEDZELUMNMEL, T5—DETEZTHIEEFELFE A,




— D Mstabilizer [, —Ddqubit TIE7AEL,
FEHDqubitDIRREZ R EFIZEEI T 5

£5—D. stabilizer[Z&BHBIEIZIE . RELGTHFEHLAHYET,

Fhnl. stabilizerlf. —D®Mqubit Tl&%<. D qubitD ik
ReZEIRFICEIE T H52ETT , I<CRTRAZ,Z, 00X, X, =DM
qubit @, Q,ZRIFFIZERAILE T,

— D@OqubitDERITEH ., SEIF4RE (BEARMZED (L. 28]
I AH5EBRIZEST, HEDqUbItDIKREMNE LT HETT) M
HAEDIZ. BEHDqubitZRFFIZEAIL TREKGEDOTLEIMN?

stabilizerlZ&BBIE (L. BIE DR DqubitDIREEFZE Z Ll
NDTY , TNhistabilizerM sz KDFHTHY . BEIDHEKIZEH
TH>TULVET,



cmpm o ommom=ony

5 E £5—DDERAELF

O bit flipD & H ié
+°T°“f"°if0zz§
2 s i ks el el

O




+TO—DONHAEFE Y 7,72, 7,7,

Part 2TI&. 3-qubit DL XTL®D bit flipT5—%&EHT 5.
A DDEAEREF Py, Py, P3P, BT LTEFELT=

Z®MPart 3TI&. 3-qubit DL XTL® bit flipT>—%&HT
BEWSEETIXELCTT A, F=FZLESIRZATDESI—DDEA
BEEFERNALEISERNET,

ZnMObservable ZZAWT, RO ELIIZEEIND Z,Z, &
7,725 CF

7.2, =7QZRI

7,7:=1Q7ZQ Z



7.7y £7,7, ELNS AR

717, EZ,ZsDRREZFDRAFIEL. COZDODDEEFMN3DD
qubitd®Observable ZIZ&K A58 A THAHZEIZERLTLVET,

ZDEHEFMNEATH=DDqubit®04, 05, 03 ELFEL LD,

=D2MQ4, Q2 Qz:DIRRE |CI1CIZCI3? = |g1> Q|q:> Q |q3 > &
Observable Z;Z, Tl&, RO LIIZERBISNETT

71771919293 >
=(ZQ®ZQN(9:> ®lg> ®lq3>)
=Z|g1> Q Z|q,> ® I|q3>)



[ CERAlIT ALV LK. BADEILEREILEFFADT, EAIL
T EERILZETT,

71751919293 >
=(ZQ®ZQDI|q19293>
=(Z®Z)|q19,> ®lqz>

E1Eo T, ZZ,DERIZBH 4 58853 (L. Observable Z Q Z T,
=2DQubitd2EMQ4, Q, E1REE|q, g, > T EEIT DER 7 1T78Y
x99,

75731919293 >
= (I QZQ 2919293 >
=|q1> Q (Z X Z)|q,q5>



oL T RDESEXIGDHET,

Q1 Q2 Q3
Il
L1y =
Lylz =
T 1T 1
Q2 Q3
717, = QI I&. qubit 0, & 0, DIKEEFEAIL .
7,7, =1Q [X. qubit Q, & Q; DIKREFEATH_ &

RHMYET,



2-qubitdObservable Z Q Z
DT ZETE TS

S oo -
o
I

o oo

EOOO



2-qubitd®Observable Z Q Z O 1T5IM 5.
ZTONETORTZROH S

00 01 10 11
I 0 0 0y 00
_ [0 -1 0 0 ot
2®z = (0 0 -1 0) 10
0o 0 o 1/ 11

ZQ®Z =
100><00| — |01><01] — [10><10] + |11><11] =
100><00| + |11><11| — (]01><01| + [10><10|)



7 ® ZTM2-qubit® EHE DR A

7 ® Z=(]00><00| + |11><11])
—(]01><01] + |10><10])

Z ® Z T. 2-qubit®&E |00>, |01>, [10>, [11>7Z#EI
ERAE

(Z ®7)|00>
= |00><00/00>+ [11>
—(]01> + 110> >)

= 100>



ZQRZ)|01>

= 100> + 11>
—(]01><01|01> + |10> >)
= —|01>
(Z®7)|10>
= 100> + 11>
—(]01> + 10><10[10>)
= —]10>
(Z®7Z)|11>
= 100> +|11><11]11>
—(]01> +]10><10[11>)

= [11>



ZQRQZDHE

(Z® Z) 00> =
(ZQ®7Z)|01> =
(Z® Z)|10> =
(ZQ7Z)|11> =

Z7QZOEEIE +1

G HE +1 DO

SHE —1 O

EHIREE (00>,
lai > = 1q;~>
EHIREE |01>,
lai > # 1q; >

+1|00>
—-1|01>
-1|10>
+1|11>

11>
(E#])

110>
(E#])




Z1Z2 tZ2Z3 0)1@]%§ﬁﬁgmu

Q1 Q2 Qs

ool
Zily =
Lylz =

T 1T 1

Q2 @3

7.7, = QI I&. qubit 0, & 0, DIREEFEAIL .

7,73 =1@Q [X. qubit Q, & Q; MDIRREZTEHITHZE
MNHMYET,



7,7, TER (qlEqg2Z4780)
#AfE +1 gl =qg2
gAE -1 gl +q92

7,7, CEIRI(q2Lq3%Ei )
#AME +1 g2 = g3
gAE -1 g2 + g3



211y, Z,Z%{FE>T3qubit VAT L®D

T D

717,
+1
+1
—1
—1

bit flip T5—%#&t
AL
+1 dql = g2 = a3
-1 ql = g2 g3
+1 ql # g2 =93
-1 dql + g2 + g3

No error
g3 flippec
gl flippec
g2 flippec

A

Bl

Rz, 4ODEAEEF Py, P, P;, P, ERICHEAEZ.

“ONEHBEEF Z,7,, Z,7:5F->TETTES,



7.7, 7,7 DD E

7.7, |(A]00>+B|01>+C[10>+D|11>)
= A|00>-B|01>-C|10>+D|11>

Z,75 |(A|00>+B|01>+C|10>+D|11>)
= A|00>-B|01>—-C|10>+DJ|11>

7.7 o Z,75(A]00>+B|01>+C|10>+D|11>) =

7,74 o 717,(A|00>+B|01>+C|10>+D|11>) =
A|00>+B|01>+C|10>+D|11>



FLEIBEZFODEEFNINILDORELES

HAHEEFMORBILEBEMEZFE ODEERINLOHEEKES
ZAED ATV |a>ERTNIL D> DHRITTEEFMDE 7@‘1‘5

MZEFDEEFNIRILIZELED,

Mla> = m|a>
MIb> = m|b>
Mz AT

M(la>+ |b>) = m(|a> + |b>)

ORI, FCEABEMZHEDODBEFENIVMNLOEFEEEE(|la> +

Ib>[F, BV, TOEFFMOEBEMDE
EETRT,

ERIMILTHA



Z.Z,TBell StateZ#]:19 %

IR IILLF=ZD2DqubitDikEEE, TEPRRT7 1H DU,
[Bell State]&WL\WNET , CORREFZZ, TEIAIL THEL LD,

(EREICIE. 2,2, =72 QZRVIDR I DHFEFEML., EHRILE

FLAEBLTLETD)

LARINCRI=EIZ. ENICIE RO4BEABHYFET . vz,

dt, &, P, Y- LN

LSO EDRBHYET,

®t>: 1/V/2 (|00>+]11>)

®=> 1 1/v2 (|]00>—]11>)
P> 1/v2 (]01>+]10>)

$->: 1/v2 (]01>—]10>)




> 1/V2 (|00>+]11> )DERA

(ZQ2Z) |dt>

= (]00><00| + [11><11] — |01><01]| — [10><
101 ) ([00>+]|11> )

= |00><00[00>+ |11><11|00> — |01><01]|00>
— ]10><10|00>

+|00><00[11>+ |11><11|11> — |01><01|11>
- [10><10[11>

= |00>+ |11> = |®*>



d=>: 1/V2 (|00>—[11> )DEH

ZRZ) |d™>

=(]00><00| + |11><11] — |01><01] — |10><
10| ) ( |00>-|11> )

= |00><00|00>+ |11><11|00> - [01><01|00>
— 110><10|00>

|00><00(|11> —[11><11|11> + [01><01|11>
+ [10><10[11>

= 100>~ [11> = |[d~>




W> 0 1/v2 (|01>+]10> YDEH

(ZQ 2DH|¥Yt>

=(]00><00] + |11><11] — |01><01] — |10><
10| ) (|01>+|10> )

= ]00><00[|01>+ |11><11[|01> — |01><01|01>
- |10><10|01>

+]00><00[10>+ [11><11|10> — |01><01|10>
- |10><10[10>

= —( 01>+ |10>)= —|¥*>




W->: 1/v2 (|01>—[10> YDEH

ZQQDH¥Y™ >

=(]|00><00]| + |11><11]| — |01><01] — |10><
10 ) (|01> — [10>)

= |00><00|01>+ |11><11]|01> — |01><01|01>
- |10><10[01>

|00><00[10> |11><11|10> + |01><01|10>

+ |10><10[10>

= —( 01> = |10>) = —-|¥™>




A

TIRRETH D

Bell StatelX. Z,Z,DE

7. 7,|®*> = +1|d+>
Z.Z,| 7> = +1|d~>
Z,Z,|¥t> = —1|w*>
Z.Z,|¥~> = —1|¢—>




Z,Z, DEFELEFRE

HHIE & A IR

+1 1/v2 (]J00>+[11>)

+1 1/v/2 (]00>—]11>)
-1 1/v2 (]01>+|10>)
~1  1/v/2 (|01>—]10>)
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FEDbit flipEH O F A TIE
phase fliplZ#&H T4y

Part 2 TR7- bit flipOBEHDAEIE. RDELS%GEHDTLT=,
BIEFYoRILISIEY EHEINSERIDencode T, =2MDqubit
[CZBELShTz|Y > [F ROESILGHELTLET,

|0 > =000 >, |1 > - |111 >
al0> +b|1> > | > =al000> +b|111>

Y >BFXURILDHRT, /A XDEEEZITT|Y >IZEEL
f=&LET,

Y > =alq19293> + b|q19293 >



S Dbit flipDFEE TIE. = DD qubit® T, —DDqubitlZf=
FTIS—MREDEBELTNWET, TIDT, 2,2, Tq, p 2 %
WKL, Z,Z3Tq, 1 q:Z LI NIE, —DDqubitifZFiESE
AEILIFHEHTEEY .

1=, MBI ZCICHADITTIEHYFE A, FroRILTREES
phase flipl&. RDOHZELTLVET,

[Y" > =alq19293> — b|q1q2q3>
hx
W' > =alq1q2q3> + blq192q3>
ELVObit flipDERHE THIALERERBITESNM BT,

q,p @EHB L, q,p ;ZHERT BT TIE. COFSDEN
2R OKZEFTEFE A,



phase flipZbit flip[ZZ#:3 %

=12 DEWVAENHAHDTY , Tl Hadamard;EZFEF &
HadamardEEZE>&ELVDAETY,

|0>, |1>EETOphase flipld.
|+>, |->HEETObit flipOHIZEBRTELHDTY,

HL. HadamardiE&EF H £HadamardEE |+>, |->D
HEFIRYIR>THELELD,



Hadamard;E&E F&Hadamard& &€



|O>, |1>4_-|-_~JEE t|+>, |_>4_-|-_~JE€

1
— (0> +]1>)=|+>
'
9T BDE,
1
|0>=\/—§(|+>+|—>)
1
|1>=\/—§(|+>—|—>)

ETYET,



phase flipl. bit fliplZZE#:T=5

nmis, |0>, |[1>EETOHphase flipl&. XD KHIZ
|+>, | ->EETODbIt fipOMICERTELZENTMNVET,

al0>-b|1>
_a _b -
= 2(+>+]|=->)-Z(+> - >)
a+b

—b
=G>+ F >
= a’'l+>+b'|->



BEEZD

LL
0

phase flipt&+E

phase flip DIRHEIRZEEZFT,
H0>=|+>
H1> = |- >

WS ROREDES%encoderdEZ A ENTEET,

HH=I hvi5,
H+>=|0>
Hl—>=|1>
THHAELHMYET,
ZDOE{ZIZ. decoder |2 F T,



Phase flip #&H M encode[q] i

COEBRIE. (0> = | +++>, |1 > 5 | —— — > L HEAE
Ll C,

al0> +b|1> s a|+++> +b|——>
. FYORILITEYFET,
‘ al0> + b|1>
[¥)




Hadamard transformation

f=1=. Hadamard {tZ=®Mencoder®=EEDEI= 1.
0> = 000>, |1 > — 111 > L HEJEZEH L T,

al0> + b|1> - a|000> + b|111>

ZFroRILITIEY =9 BHNCR 2o RO KS7%ERRELY (.
L OEBEHTEDTY,
al0> + b|1> ‘ L‘ a|000> + p|111>
|(—) al000> + b|111>

‘(_):} - al000> + b|111>



%M Phase flip 2 DencodelE MERBATIL. = DDIKRE
M I DSA U TF R ILITIEYA
FNAEOEHMREEZ-EBWNET A, ERIZIX., BOET,

—iRIZIE, TITIZEBRESINFE SN nf@dDHadamardE &I,
BIZIE|0>DIRAEZ XY ZHIX. FD RO HE ARIZENDD
(X, |O>HB 2" I S>ETO2MEDEIEDEFEREHE DIKRET
9,

CDIRREEZE . HO 0 > ERLET,

F=f=L. CORBEICHLI=HTHO " ZEATHE. TTDIKEE |0>
ANEETY I 5 A

H®n QQn
0> — H®"0> 1, |0>




phaze flipD#&EH =
|+>, | ->FEIETO® bit flipdh#xH

ZDEKRIZHELEIEIE. phaze flipDigH #1TL0VET,

f=1=. Znld. |+>, |->EETD bit flipDHERHBLZD T, 7IE
RE-68LGCFE. ZDDEEFZ,7,87,7; TfFE-T-FiEHLFIH
TEFT,

F9. |0>, |I>EETD Z Q Z D iERED

Z®Z=(]00><00| + |11><11])
—(]01><01]| + [10><10])

>, |- OEREET HINMERREICEZAFTT .



ZQZ=(|++><++]| + |--><-->])
—(|+-><+-| + |-+><-+])

ZQ®Z T.2-qubitOEE |++>, |+->, |-+>, |-->ZEA

LET,

BIZIL, DI,

ZRQZ)|++>

= |++><++[++>+ |-->
—(|+-> + |-+>

TDFERIL. 7B

= |++>

RIE-DERICEDTY , A

1 5+, - [TEHHEITTIDT,

>)

DEFEXFD O,



Z—DODbit flip FxvoDELER
HIBIDIZE

f=1=. siEIFA T LT=bit flipFzvo L. §El. phase fliptaHtiZ B
HELTEA NS EIDDIt flip Fzyold. E<EILELD TIE
HYFEH A,

gIE®Dbit flip Fyo Tl ZERIZTEST=TEHRIL. XD
~ DM 0bservable TEAIESNFET,

1. 7,7, = ® I (E—qubit&E Zqubit® LLES)
2. 7,72 =1Q (35 ZqubitéE =qubitd L&)



ZDDbit flip FTy D HEK
SEhiGE
1=1=. §ElDbit flipF v/ T, =¥ DdecoderT, 3-qubit

DEFEHRZ 1-qubitDIEHRIZT D LRI, RO I HLGLEBRITHN
TWET,

7. HO3M@EA (10>, |[1>EENS|+>, |->EEADEH)
2. 747, = ® 1 (FE—qubitEsE=qubitd L)

3 Z,7;=1Q (35 ZqubitéE =qubitd L&)

4.

HOSDWEHE (|+>, |->HEMND|0>, [1>EE~DTHR)



H®37.7,H®3 = X, X,

ZS5L T, bit fliplcE&Z#: 2 5ff-phase flipF&ti95-6HD
MIB(E, DO HEHENTMYET,

1. H®3Z,7,H®3
2. H®37,7,H%®3

ECAD, BERIEWNZEIZ. 2O ZDONDANEIL., Observable X
ES5E. ROWIZERTEET,

1. H®3Z,7,H®3 = X, X,
2. H®3Z,7.H®3 = X, X,



Z1Zy, Zy L3t
lez =/ ®Z ® I,
ZzZ3 =] ®Z ® YA
DFzELTLM=&DIZ,
ZZT. XXy, XoXalEo
X1 X =XQX® I,
X2X3 =] ® X ® X
ZLTLET,

NBIZDULVT,
H®37.7,H®3 = X, X,
B H®37,7.H®3 = X, X,
MEEYIIDNDTY,



HZH = X

SE. ZFORXIYIIDZEDEIRIFEIZLETH . TOEME
7360)(1 H,Z ,XIZDU\T, RODJ:')EEQFM\E‘ZU_L’D;&’CT

HZH = X

HZH(a|0>+b|1>)Z#EELTHFELLD, (EFRIEEFEHER
LTLET,)

HZH(al0>+b|1>)= HZH (Z)zHZ (Z ' Z)

b+ (—a+b
=H (—aa++bb) = (Z i o E—Z j: b%) = @Z)

HZH () =X (7)= (7)) chid HZH =X BEZFET,

a



Observable X X, , X, X, IZKAEBIE, ThETn—FBEZ
ZB. —FBHE=FZBDquUbItD/N\) T4 DY A ELLETHE
(2L TLVET,

BIZIE, X GIZEBREBIE. |[+>]+> Q (+) HBWNE |—>
|—-> @ (DFEIZIE, +1FRL, |[+>]|-> Q (+) HHLY
T |—>+> () DEFEICIE. —17FRLET,



2-qubitdObservable X @ X
DITHZETE T 5

0 O‘O 1\
0 @ Y- (3ol

\1 0 |0 O



2-qubitd®Observable X @ X O175IM 5,

ZTDHNETORTERKRDS
00 0110 11

0 0 0 1, 00

[0 0 1 o) O1

X®X‘(o 1 0 o) 10

1 0 0o o/ 11

XR®X =
|00><11] + |01><10| + |10><01] + |11><00]



X, X, TD2-qubitdBell State® %R Al

X®X =]00><11| + |01><10]|
+]10><01| + |11><00|

X1 X, T, 2-qubitd ™D M Bell State

|00>+]11>, [00>—|11>,
|01>+[10>, |01>—-|10>

ZEAILTHELED,




X ®X)(|100>+[11>)DizE

(X ® X)(|00>+]|11>)

=|00> + |01>
+]10> + [11><00|00>
+|]00><11|11> + |01>
+|10> + 11>

(X ®X)(|00>+[11>) = |11>+ |00>



(X X)(|00>—-|11>))DiHFE

(X ® X)(|00>—|11>)

=[00> + [01>
+[10> + |11><00|00>
—|00><11|11> — |01>
—[10> - [11>

X ®X)(|00>—-[11>)=|11> - |00>



X X)(|01>+|01>)DIFE

(X ®X)(|01>+]10>)

=|00> + |01>
+]10><01|01> + |11>
+]00> + |01><10|10>
+|10> + 11>

(X ® X)(|01>+]10>) = |10> + |01>



X R X)(|01>—-|10>)Di5FE

(X ®X)(|01>—-]10>)

=[00> + [01>
+[10><01[01> + |[11>
—[00> - 101><10|10>
—[10> - [11>

X®X)(|01>—-|10>) = |10> — |01>



X ®X)(
X ®X)(
X ®X)(
X ®X)(

X1X2 ODEEﬂEli\ +1 t _1 -G%éo

00> +
00> -
01> +
01> —

it

I HE

11>) = +1(
11>) = —1¢
10>) = +1(
10>) = —1(

00> +
00> —
01> +
01> —

11>)
11>)
10>)
10>)

Bell State I%. XX, DEEIRETHS




X1 X, DEFIELE R REE

EIR=R =] & 5 K RE
+1  1/v2 (]00>+]11>)

-1 1/v/2 (]00>—]11>)
+1  1/vV2 (|01>+]|10>)
-1 1/vV2 (|]01>—|10>)







ZQZIN)TA4ZTFIVIT S

(Z® Z) |00> = +1|00>
(Z® Z)|01> = —-1|01>
(Z®Z)|10> = —1|10>
(ZQZ)|11> = +1|11>

7R ZOEHFE +1

HA{E +1 O EHKE 00>, 11>
lgi=> = lq;> (i#])

HHE —1 O EHKRE 01>, |10>

i > # |q; > (i#])




RDKXIERIEDOLET,

Q1 Q2 03
ool
Z1ly =
Lylz =
T T 1
Q2 Qs
7.7, = QI (L. qubit 0, & 0, DIRFEZERIL.

7,7, =1Q [X. qubit Q, & Q; DIREEZERT 5,



7,7, TER (qlEqg2Z4780)
#AfE +1 gl =qg2
gAE -1 gl +q92

7,7, CEIRI(q2Lq3%Ei )
#AME +1 g2 = g3
gAE -1 g2 + g3



bit flip D& H

AYA:
+1
—1
+1
—1

ql = g2 =93
ql = g2 g3
ql # g2 =93

dql + g2 + g3

No flip

g3 f
gl f

g2 f

ippec

Ip

peC
peC

Ip




XQXIENITAZFIVITD

XXX [++> = +1|++>
XQX) |+—> = =-1|+—>
XQX)|—-+> ==1|—-+>
XQX)|——> =+1|——>

XQRXDEFE +1

HAE +1 OF BEHERKE [++>, |[——->

lai> = lq; > (i#]))
HEE —1 O BEERKRE [—+>, |-+>
lai > # |lq; > (i#]))




RDKXIERIEDOLET,

Q1 Q2 Q3
N
XX, =X
X2X3 =
(I N |
Q2 03
XXy = QI (L. qubit 0, & 0, DIREZERIL.

XX =1Q [X. qubit Q, & Q; DIREBEERT S,



X X, C&Rl (qliqg2Z4iH)
#AfE +1 gl =qg2
gAE -1 gl +q92

X, X, TEUBI(q2Eq3%E18)
#AME +1 g2 = g3
gAE -1 g2 + g3



LL

phase flip D1&L

X, X3
+1 gl = g2 =93 No flip

-1 ql = g2 g3 g3 flippec
+1 gl # g2 =qg3 gl flippec
1 ql = g2 # g3 g2 flippec




bit flip, phase flip #&H

717,
+1
+1
—1
—1

XX,
+1
+1
—1
—1

77
+1
—1
+1
—1

X, X5
+1
-1
+1
-1

bit fliptgaH
No flip

g3 flipped
ql flippecd
g2 flipped

HDFEED

R H

phase flip1
No fip

g3 flipped
gl flippecd
g2 flipped




Z.Z,&£X. X, DEFELEHIRRE
BB fE E LRy N
12, XX
+1  +1 1/vV2 (J0O0O>+[11>)
+1 -1 1/v2 (|00>—]11>)
-1 +1 1/v2 (J01>+]10>)
-1 -1 1/v/2 (]01>—]10>)




il






