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http://www.feynmanlectures.caltech.edu/III_01.html

Feynmann’s Lectures on Physics
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Feynmann’s Lectures on Physics
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Dr. Quantum https://goo.gl/CFJfjy
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SQUID
superconducting 
quantum 
interference 
device
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But in his final attack Einstein pointed to something 
so deep, so counterintuitive, so troubling, and yet 
so exciting, that at the beginning of the twenty-first 
century it has returned to fascinate theoretical 
physicists. Bohr’s only answer to Einstein’s last 
great discovery— the discovery of entanglement—
was to ignore it.

Leonard Susskind
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Susskind "Entanglement and Complexity: Gravity and Quantum Mechanics"
https://goo.gl/J0wSkf
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Qubit

|Qubit> = α|0> + β|1> 
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�� z = x + iy (x,y���)�����
�� x − iy "�
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1. z ���� � z = z*
2. (z1 + z2)* = z1* + z2*
3. (z1#z2)* = z1*#z2*
4. (z1/z2)* = z1*/z2*
5. z*z = |z|2
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z* = x - iy
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cij = ai1b1j+ai2b2j+ …+ aimbmj
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 A=
1 2 3
4 5 6
7 8 9

��


AT=
1 4 7
2 5 8
3 6 9
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��A��������

���������A*�	��
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 B=
1 2 3*
4 5 + * 6
−7* 8 9
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B*=
1 2 −3*
4 5 − * 6
7* 8 9
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�� M ����� M†	��
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�	 B=
1 2 3&
4 5 + & 6
−7& 8 9
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BT=
1 4 −7&
2 5 + & 8
3& 6 9

B†= [BT]* = 
1 4 7&
2 5 − & 8
−3& 6 9
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1. α=1+2i	��� α* α��	���
2. α= 2+3i	��� α* α��	���
3. α=a+bi��� α* α��	���
4. α= .

/01��� α* α��	���
5. α=	cosθ+isinθ��� α* α��	���
6. α=91:��� α* α��	���
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1. 2
3 + 0

−1
2. 2 2

3 + 3 0
−'

3. a 1
0 + b 0

1

4. x
1
0
0

+ y
0
1
0

+ z
0
0
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5. u
0
0
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+a
0
1
0
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+ m
1
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+ r
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1
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1. 0 1
1 0 �

0 1
1 0

2. 0 1
1 0 �

0 −&
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3. x 0 1
1 0 + y 0 −&

& 0 + z 1 0
0 −1



���
 1-4 ����
��

�
��
	�����

1. (1 0) 0
1

2. (1 0) 1
0

3. �1 2 3)
3
0
−1

4. �0 2+i 2)
3
0
−1

5. �1-i 2 3)
3

& + 1
−1



���
 1-5 ��
������

��	�����

1. 0 1
1 0

$
%

2. 0 −(
( 0

$
%

3. 1 0
0 −1

$
%

4. +
,
1 1
1 −1

$
%



�
�� 1-6 ���� Pauli�����

[A,	B]=AB−BA�{A,	B}=AB+BA	����
X	= 0 1

1 0 , Y	= 0 −0
0 0 , Z	= 1 0

0 −1 ������
�

����

1. [X, Y] �
���	��Z����
2. {X, Y} �
����
3. [Y, Z] �
���	��X����
4. {Y, Z} �
����
5. [Z, X] �
���	��Y����
6. {Z, X} �
����



�	�
 1-7 
������

X	= 0 1
1 0 , Y	= 0 −'

' 0 , Z	= 1 0
0 −1 ����

�����
��

1. X=X†��

2. XX†������

3. Y=Y†��

4. YY†������

5. Z=Z†��

6. ZZ†������



���� 1-8 Σ�
����
1. ∑%&'( )%!�#"$!� ���
���������
2. ∑%&'+ )% ,%!�#"$!� ���
���������
3. ∑%&'. /

01!�#"$!� ���
���������

4. ∑%&/+ 3% ,% ∑4&/( 54 64 !�#"$!� ���
����
�����

5. xn=∑4&'7 ,4 ����n��0,1,2,3��!��	�xn!�%�
�� x0, x1, x2, x3 ����#"$!� ���
����
�����



���� 1-9 
�!��

��j,k ��1,2 $�����
!", !#$m%&, '&����

"���!
�$�!��!���	��#�
("" ("#
(#" (##

'"
'# = !"!#

�� � j,k ��1,2,3 $�����
!", !#, !)$m%&, '&����
"���!
�$�!��!���	��#�



���
�	���ket��



����$��

1. ��"
�#���,*+-"�!�(���
��'&�

2. ��"
�"�� #�ket�	��%���
��&�

3. <bra|ket>��
)�|ket><bra|��
)�
��



���#���


oqubit��� ������&$%'����#
����� 2
����	&$%'����"!�

o��������� � n����&$%'��
��#�����n
����	&$%'����
"!�



������ket�� |Ket>

o �������|ID> �
������ID�����������
���	�������������

�

o |A> = 12 ; |B> = 
3
0
−&

; |Ψ> = 1 − & 22&

o |4
�> = 
(
)*
+

; |maru> =
2 + 3&
1 − 2&
1

; 

o |0> = 10 ; |1> = 01 ; |+> = 2
2 ; |−> = 2

− 2 ; 



Ket;9:<0�)(��

o �*0ket;9:<0�1�ket;9:<,!6 
|A> + |B> = |C>

o ket;9:<0�1���,!6 
|A> + |B> = |B> + |A>

o ket;9:<0�1����8�)( 
(|A> + |B>) + |C> =  |A> + (|B> + |C>)

o �05#. 0 ;9:<�-|A> ket;9:<$�	(6 
|A> + 0 = |A>
|A> + (-|A>) = 0

o ��0��� z, w/�&+�
z|A> = |zA> = |B>
z(|A> + |B>) = z|A> + z|B>
(z + w)|A> = z|A> + w|A> 

x,y,z…�8�4
0
��-�'5#/�ket
8
���-3+�
��/��(72""
-"#%-,!6 



�)'(*! bra�� <Bra| 

o �)'(* |ID>  ������ID&
��)'(* <ID|&
�!*+*��	��$���%���)'(*&�)'(*
 ������
!�
��&�$�

o ��"�

|A> =             �#�<A| = 



Ket � Bra �����

o |A> = 12 <A| = (1 2)

o |B> = 
3
0
−&

<B| = (3		0		i)

o |Ψ> = 1 − & 22& <Ψ|	=	(1+i 2 -2i)

o |maru> =
2 + 3&
1 − 2&
1

<maru| = (2-3i  1+2i  1)

o |0> = 10 <0| = (1 0)

o |1> = 01 <1| = (0 1)



���<bra|ket>����



�� <Bra|Ket>

o �(&') <Bra| ��(&') |Ket> !�������
<Bra|�|Ket>!��%<Bra||Ket> ������!�

!��%
���� <Bra|Ket> �	��#�����"�

|A> = 

!"
!#!$!%
!&

�� |B> = 

'"
'#
'$
'%
'&

 $�



�����

o |A>	+	|B>									<A|	+	<B|
oz|A>								<A|z*
o<C|	(	|A>	+	|B>	)	=	<C|A>	+	<C|B>
o<B|A>	=<A|B>*



������

|0> = 10 , |1> = 0
1 ���


<0| = (1 0) , <1| = (0 1) ���	
�������
����


1. <0|0> = (1 0) 1
0 = 1��+0�0=1

2. <0|1> = (1 0) 0
1 = 1�0+0�1=0

3. <1|0> = (0 1) 1
0 = 0��+1�0=0

4. <1|1> = (0 1) 0
1 = 0�0+1�1=1



������ <i|j> = !"#



'%&(�����'%&(

n���'%&(��Vn���	�'%&( |A> ��
���n��'%&(|Bi> (0≤i<n)�������	��
�
#"
� |Bi> �Vn����'%&(���"��$#"�

|A>	=	a0|B0>	+	a1|B1>	+	… +	an-1|Bn-1>

�"� �

|A> = ∑12345671|81>

|81> = |i> ����#!
|A> = ∑12345671|i>



$"#%

�����

�& 2	����$"#%

V2 ����$"#%|A>��	
��!�����

|A> = 
!
"

����|0>= 1
0 , |1>= 0

1 �� ��

��� x, y �����
|A> = 

!
" = x 1

0 +y 0
1

= x|0>+y|1> ����
���� |0>, |'> ��V2��� ����



" !#
������

�$ 3	��" !#
�V3 ����" !#|A>��	���
����


|A> = 
!
"
#

����|0>=
1
0
0

, |1>=
0
1
0

, |2>=
0
0
1

�����

��� x, y, z �����

|A> = 
!
"
#

= x
1
0
0

+y
0
1
0

+z
0
0
1

= x|0>+y|1>+z|2> ���

���� |0>, |%>, |&> ��V3��� ���




)'(*!���
��

<B|A> = 0 !��)'(* |A>, |B> "�����$����
<B|A> = 0 �#� <A|B> = 0 ��$����#���!�

��&����<B|A>* = 0  ��#�

<A|A> = 1 !��)'(* |A>"�
���%��$����

|A> = 
!
" !�� <A|A> = 1 !	�"�

<A|A> = (!∗ "∗) !
" = !∗ ! + "∗ " = 1  ����



285319+�� !"#
o n
�6247��+��0�|0>, |1>, … , |n-1>(
�'!�%+��#������( /��,�
+-!
*�$/�

n ��	".�i ≠	j	+
���� ���������
n ��	".� ��� ��� �����

o
+285319+�� !"# = ( ) ≠ *�� 0
) = *+
 1

0��&/)���#����( /��,�
+-!*
"$/�

<	i |	j	>	=	123



��	�����	��


 1



�������



��0��".

o����(��0|0>, |1>, … , |n-1> &".&��

(3124|A> )�
(	%�� /.� �(��!"0�
�� |i> (��&���

o �(���,�
(+�'!$��0�-�"�&�%�.�
��'�<j| 0��.&�

<j|A>	=	<j|            =              = !*

����*#�

!+ < j 0 > +!. < j 1 > +!0 < j|2 >+ …+ !* < j j > +⋯+!34.< j n − 1 >



����� !" =<i|A>
!" =<i|A>

	������ 
��
���

$% = $%

� I



qubit%
�%��"��%��

o � %��#qubit%
� |A>&����%-+,.��!
���)(�

|A> = !"|0> + !#|1>
o �%	�|A>%�� !", !#&��%'�$��)(�

!"/ <0|A> ; !"∗ =<0|A>*=<A|0>
!#/ <1|A> ; !#∗ =<1|A>*=<A|1>

o |A>*����	�
0����)(��&�%" = !"∗ !" = <A|0><0|A>
1����)(��&�%# = !#∗ !# = <A|1><1|A>

!"∗ !" + !#∗ !# = |!"|( + |!#|( = 1
�%
�&�<A|A> = 1 $�����



|ket><bra| ���



�� |.><.| �����


|i><j| ��'$&) |k> ��
��� '$&) a|i>
(����a����<j|k> ��
�! %#(+�)"	��
������ ��!"�|i>�|j>�������
(|i><j|)(|k>) 
|i><j||k> = |i> (<j|k>) = (<j|k>) |i>

(|0><0|)(a|0>+b|1>)=a|0><0|0>+b|1><0|1>
= a|0>*1+b|1>*0 = a|0>

(|0><1|)(a|0>+b|1>)=a|0><1|0>+b|0><1|1>
= a|0>*0+b|1>*1 = b|0>

(|1><0|)(a|0>+b|1>)=a|1><0|0>+b|1><0|1>
= a|1>*1+b|1>*0 = a|1>

(|1><1|)(a|0>+b|1>)=a|1><1|0>+b|1><1|1>
= a|0>*0+b|1>*1 = b|1>



|.><.| �	�

|0><0| !
" = !0 ,  |0><1| !

" = "0
|1><0| !

" = 0! ,  |1><1| !
" = 0"

�����	� |i><j| �����
������������
��
���

|0><0| = 1 0
0 0 ,  |0><1| = 0 1

0 0 , 

|1><0| = 0 0
1 0 ,  |1><1| = 0 0

0 1



|.><.| ���

!"" = 1 0
0 0 , !"% = 0 1

0 0 , 

!%" = 0 0
1 0 , !%% = 0 0

0 1 ���
	
����

A = & '
( ) = & 0

0 0 + 0 '
0 0 + 0 0

( 0 + 0 0
0 )

= & 1 0
0 0 + ' 0 1

0 0 + ( 0 0
1 0 + ) 0 0

0 1

��� ������
�������
�	

A	= aA"" +	bA"%+	cA%"+	dA%%



|.><.| ���

!"" = 
1 0 0
0 0 0
0 0 0

, !"% = 
0 1 0
0 0 0
0 0 0

, !"& = 
0 0 1
0 0 0
0 0 0

!%" = 
0 0 0
1 0 0
0 0 0

, !%% = 
0 0 0
0 1 0
0 0 0

, !%& = 
0 0 0
0 0 1
0 0 0

!&" = 
0 0 0
0 0 0
1 0 0

, !&% = 
0 0 0
0 0 0
0 1 0

, !&& = 
0 0 0
0 0 0
0 0 1

��	�� A =
' ( )
* + ,
- ℎ /

�	�����������
�


A	= aA"" +	bA"%+	cA"&
+	dA%" +	eA%%+	fA%&
+	gA&" +	hA&%+	iA&&



|.><.| �
�

i � j ��#����� 1  �
&#����� 0  �'
��)�Aij !�'��'��A#� i � j ��#��)aij !

�%���#����A$�A#��aij !��#Aij )����
	#%�"���!� �'�

A=∑",$ %"$ &"$
&"$=|i><j|!�'!�

A=∑",$ %"$ |( >< +|
���� I $�	#%�"��('�

I=∑" |( >< (|



!"#= |i><j| � $"#= <i|A|j>���

A:W à V �������	��

W����
��IW�V����
��IV���


%& %'

$"#

����



	
�� 1A-1 Ket��

|0> = 10 , |1> = 0
1 ��%�

1. �)'(* |Z>= z(
)* & |0> , |1> &
�����

2. �)'(* <0|, <1| &�#$�
3. �)'(*<Z| & <0|, <1| &
�����
4. <Z|Z>&���$�
����|)(|,+ |)*|, = 1��%��%�
+�!��"�z(∗ )( + z*∗ )*=1 ����� ��,



	
�� 1A-2 Ket��

|0> = 
1
0
0

, |1> =
0
1
0

, |2> =
0
0
1
��%�

1. �)'(* |Z>=
z()*
)+
& |0> , |1> ,|2> &
�����

2. �)'(* <0|, <1|, <2| &�#$�
3. �)'(*<Z| & <0|, <1| , <2|&
�����
4. <Z|Z>&���$�
����|)(|++|)*|++|)+|+ = 1��%��%�
+�!��"�z(∗ )( + z*∗ )* + z+∗ )+ =1 ����� ��,



�	�� 1A-3 Ket��

|0> = 
1
0
0
0

, |1> =
0
1
0
0

, |2> = 
0
0
1
0

, |3> = 
0
0
0
1
����

����� |Z>=
z()*)+
),
�
|Z>=)(|0>+ )*|1>+ )+|2>+ ),|3>

�
�������
��������

1. <0|Z>
2. <1|Z>
3. <2|Z>
4. <3|Z>



���� 2-1 
����	

o �����
� (&')�� �� �	

|B0>= 1
0 , |B1>= 0

1 !�����
��$��%�

�"#�

o �����
� (&')�� �� �	

|B0>=
1
0
0

, |B1>=
0
1
0

, |B2>=
0
0
1

!�����


��$��%��"#�



�	�� 2-2 qubit�����

1. |+> = !" |0 >+ !
" |1>

|−> = !" |0 > − !
" |1> 

����
|+>, |−> �
�
�������������

2. |i> = !" |0 >+ '
" |1>

|o> = !" |0 > − '
" |1> 

����
|i>, |o> �
�
�������������
3. |v>= a|0>+b|1>, |v’>= b*|0>−a*|1> ����


|v>�|v’>�
����������



�	�� 2-3 �����

1. H	= %&
1 1
1 −1 �����

H|0>	=	|+>
H|1>	=	|−>����� �����

2. �

����� �����

3. a|0>+b|1>��� � �
����� �����
��



	��� 2-4 	
������

A=
3 3" #

$%&
−3" 2 0
1 + " 0 0

�������������

1. <0|A|1>
2. <1|A|0>
3. <0|A|2>
4. A†=A��
5. A†A �

���



���� 2A-1 ���

X	= 0 1
1 0 , Y	= 0 −'

' 0 , Z	= 1 0
0 −1 , H= 1 1

1 −1
���
�����	�
���|0>, |1>�
��

1. X|0>
2. X|1>
3. Y|0>
4. Y|1>
5. Z|0>
6. Z|1>
7. H|0>
8. H|1>



���� 2A-2 	����

X	= 0 1
1 0 , Y	= 0 −'

' 0 , Z	= 1 0
0 −1 , H= 1 1

1 −1
������
��	�


1. <0|X|0>
2. <0|X|1>
3. <1|Y|0>
4. <1|Y|1>
5. <0|Z|0>
6. <0|Z|1>
7. <1|H|0>
8. <1|H|1>



���� 2A-3

X	= 0 1
1 0 , H= 1 1

1 −1 , |A> = '(|0>+ ')|1>,
|B> = *(|0>+ *)|1>, ��
	�������


1. <A|X|A>
2. <A|X|B>
3. <A|H|A>
4. <A|H|B>




��� 2A-3 |.><.|

�

|a><b|c> (� |a>(<b|c>)$��-)��1/02|a>&
�� <b|c> '� k .	��*'$��,�$�#�,�
|a><b|c> = |a>(<b|c>) = (|a><b)|c>$��-)�
|a><b|(��1/02 |c>&���"��1/02 k|a>.��
��.�!�$&%,�(�-(���$���� �)

1. (|0><0|)|0>, (|0><0|)|1>.�
�+�
2. (|0><1|)|0>, (|0><1|)|1>.�
�+�
3. (|1><0|)|0>, (|1><0|)|1>.�
�+�
4. (|1><1|)|0>, (|1><1|)|1>.�
�+�



1. <A|X|A>
2. <A|X|B>
3. <A|H|A>
4. <A|H|B

���� 2A-4

!"" = 1 0
0 0 , !"% = 0 1

0 0 , 

!%" = 0 0
1 0 , !%% = 0 0

0 1 ��
	

�������


1. !""|0>, !""|1> 
2. !"%|0>, !"%|1> 
3. !%"|0>, !%"|1> 
4. !%%|0>, !%%|1> 



���
 2A-5

!"" = 1 0
0 0 , !"% = 0 1

0 0 , 

!%" = 0 0
1 0 , !%% = 0 0

0 1 �����

�� A = & '
( ) ��

A = & 0
0 0 + 0 '

0 0 + 0 0
( 0 + 0 0

0 ) ����

�����	��������

A = aA"" +	bA"%+	cA%" +	dA%%

���X, Y, Z, H �, !"" , !"% , !%" , !%%��
�	��



���� 2A-6 |.><.|�
�

����������������!���������!	�� �

0 >< 0 = %&& = 1 0
0 0 , 0 >< 1 = %&( = 0 1

0 0 , 

1 >< 0 = %(& = 0 0
1 0 , 1 >< 1 = %(( = 0 0

0 1

���X, Y, Z, H !��� |i><j| !���
��



���� 2A-7 |.><.|���

P=|0><0|, Q=|1><1|, |ψ>=a|0>+b|1>�
�	

1. P|ψ> ����
	
2. Q|ψ> ����
	
3. P2=P���	
4. Q2=Q���	



ket����1 
����

|A>       �����

<B|       
����

<B|A>   �	����

<B|A> = 0   A, B������
�
<A|A> = 1   A��������
�

|A>† = <A|
<A|† = |A>



ket����2 
���ket

�� |0>,|1>,…,|n-1>����
	����������

|A>	=	a0|0>+a1|1>+	…+an-1|n-1>	
����|a0|2+|a1|2+…+|an-1|2 =1
���
a0

*a0+a1
*a1+…an-1

*an-1 = 1 ��


�� |m>, |n> ����
m≠n�� <m|n> = 0
m=n�� <m|n> = 1

���� <m|n>	=	δmn



ket�!�"3 
�������

�� |A>��	�#�����������&��%��
|A> = a0|0>+a1|1>+ …+an-1|n-1>
�� ak �	����
"$&%�

ak=<k|A>

|A>= a0|0>+a1|1> ���
0����&%�
 � ()= *)∗ *0 = <A|0><0|A>
1����&%�
 � (-= *-∗ *1= <A|1><1|A>

����<B|A> =<A|B>*'����%



ket����4
ket����

ket�%#$&�����M����
��! �
M|A>��%#$&�'A|M��%#$&"���

M|A>	=	|B>	���<A|M† =	<B|

<A|M|B>	=	(<A|M)|B>	=	<A|(M|B>)
( ��

<A|M ��%#$&"�������%#$&��%#$&|B>�
��	�� (<A|M)|B>���� �
M|B> ���%#$&"�������%#$&�%#$&
<A|���	��<A|(M|B>)���� �
��������
���



M|A>	=	|B>	���<A|M† =	<B|

M = 

*++ *+,
*,+ *,,

… *+.
… *,.

⋮ ⋮
*0+ *0,

⋮ ⋮
… *0.

|A> = 

1+
1,
⋮
1.

|B> = 

2+
2,
⋮
20

<A| = (1+∗ 1,∗ ⋯ 1.∗ ) 56 = 

*++∗ *,+
∗

*+,
∗ *,,

∗
… *0+∗

… *0,
∗

⋮ ⋮
*+.
∗ *,.

∗
⋮ ⋮
… *0.∗

<B| = (2+∗ 2,∗ ⋯ 20∗)


��

	���

M|A> = |B> �
 27 = ∑9:+. *79 19 ����27∗ = ∑9:+. *79
∗ 19∗

�����<A|M† = <B| �����



<A|M|B>	=	(<A|M)|B>	=	<A|(M|B>)

<A| = (+,∗ +.∗ ⋯ +0∗ ) M = 

1,, 1,.
1., 1..

… 1,3
… 1.3

⋮ ⋮
10, 10.

⋮ ⋮
… 103

|B> = 

5,
5.
⋮
53

(<A|M)|B>	=	
+,∗1,,++.∗1.,+⋯++0∗10,
+,∗1,.++.∗1..+⋯++0∗10.

⋮
+,∗1,3++.∗1.3+⋯++0∗103

7 5,
5.
⋮
53

<A|(M|B>)	=	(+,∗ +.∗ ⋯ +0∗ ) 
1,,5, + 1,.5. + ⋯+1,353
1.,5, + 1..5. + ⋯+1.353

⋮
10,5, + 10.5. + ⋯+10353



ket����5 
���	� I

���	� I ����
���
�����

<A|I|B>	=	<A|B>



ket��� 6 
�
� |i><j|

(|i><j|)(|k>) 
|i><j||k> = |i> (<j|k>) = (<j|k>) |i>

|i><j| ��i � j �	������ 1 ���"������ 0 ��#�
���#�

I = ∑" |$ >< $|
�#��A�� i � j �	���$aij�����
A����!��
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1. 0 3
2 + 3) )

2. 0 2 − 3)
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1. A= 0 "
−" 0

2. A=
0 0 $

%&'
0 0 0

1 + " 0 0
3. R = cos - − sin -

sin - cos - ��!��"����%

4. X	= 0 1
1 0 , Y	= 0 −"

" 0 , Z	= 1 0
0 −1 ���

X, Y, Z ���# $��!��"����������
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1. H	= %&
1 1
1 −1 �
$!�%�����������

2. H	���"� &����

1

−1 + 2 �������

����

3. S	= 1 0
0 i ��
S��&#' �( $!�%�(

4. T	= 1 0
0 exp(45/4) ��
S�$!�%�(

5. T2 =	S	�	��
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5. Bell State 3=7+&�'
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o ��,�� |ψ>-�7648��U:7648��;,��2
�$(��� U|ψ> +��&0�

o %,�� |ψ> à U|ψ>2��,/ +�' �
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X	= 0 1
1 0 ����

X	 %& = 0 1
1 0

%
& = &%

Z	= 1 0
0 −1 ����

Z	 %& = 1 0
0 −1

%
& = %

−&

H	= +,
1 1
1 −1 ����

H	 %& = +
,
1 1
1 −1

%
& = +,

% + &
% − &

X, Z, H �	����
�
�������

X
��

a|0>+b|1>
��

b|0>+a|1>

Z
��

a|0>+b|1>
��

a|0>-b|1>

H
��

a|0>+b|1>

��
+
,(a+b)|0>+
+
,(a−b)|1>
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X a|0>+b|1> à b|0>+a|1>

Z a|0>+b|1> à a|0>−b|1>

H a|0>+b|1> à
!
"(a+b)|0>+

!
"(a−b)|1>

Bit Flipper

Phase Flipper

Hadamard
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H H
a|0>+b|1> 6
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H	= #$
1 1
1 −1 (*&���*�HH2�� /�

HH	= #$
1 1
1 −1

#
$
1 1
1 −1 = 1 0

0 1
�0+	���(*&��*��*��+� a|0>+b|1>
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 (1)

Z X
a|0>+b|1> b|0>−a|1> 

a|0>−b|1>

X X
a|0>+b|1> a|0>+b|1>

b|0>+a|1>

X H
a|0>+b|1> !

"(b+a)|0>+ !
"(b−a)|1>

b|0>+a|1>

= 0 1
1 0

1 0
0 −1

&
'

= 1 0
0 −1

1 0
0 −1

&
'

X        Z

X        X
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!"= 1 0
0 %&'(/&* 	�
�

!+= 1 0
0 %&'(/&, = 1 0

0 −1
!&= 1 0

0 %&'(/&. = 1 0
0 /

!0= 1 0
0 %&'(/&1 = 

1 0
0 +

& +
+
& /

!3= 1 0
0 %&'(/&4 = ���



1-qubit��������
����	
 (2)

!" !#
1 0
0 &#'(/#*

1 0
0 &#'(/#+ |ψ>

!" !#
1 0
0 &#'(/#.

1 0
0 &#'(/#*

1 0
0 &#'(/#+ |ψ>

!/

!"
1 0
0 &#'(/#+ |ψ>

!"

!# !"

!/ !# !"

�� ��



2-qubit����
CNOT����Control-U���



2-qubit
���
CNOT (Control-NOT) 

|0>                         |0> |0>                       |0>

|0>                         |0> |1>                       |1>

|1>                         |1> |1>                       |1>

|0>                         |1> |1>                       |0>

Control

Target

Control 	 |1> 
�
Target 
NOT���

Control	 |0>����
��

Control	 |1>��NOT��

|mn>

��bit |m>	Control
��bit |n>	Target

|n> |k>

|m> |j>



2-qubit��)" Control-U 

U U

!0>                                |0> !1> |1>

!ψ>                               |ψ> !ψ>                               U|ψ>

�("')& qubit �
|0> ����
����
*��+
�("')& qubit �
|1> ����
 )�!"�qubit
|ψ> �$# %	�� U ��
�� U|ψ>�����*��+
�)"�
Control-U �)"����



2-qubit��&� Control-U �� (1)
Control-Z

Z Z

!0>                                |0> !1> |1>

a|0>+b|1>                  a|0>+b|1>

�%�$&# qubit ��|0> �	��������'��(
�%�$&# qubit ��|1> �	����&����qubit
|ψ> �! �"
�� Z �
��� Z|ψ>�����'��(

a|0>+b|1>                  a|0>−b|1>



2-qubit�#.' Control-U �� (2)
Control-X

X X

!0>                                |0> !1> |1>

a|0>+b|1>                  a|0>+b|1>

$-',.+ qubit ��|0> �	��������/��0
$-',.+ qubit ��|1> �	���%.#&'�qubit
|ψ> �)(%*
�� X "���� X|ψ>"���!/��0

a|0>+b|1>                  b|0>+a|1>

Control-X��CNOT�
����"��� 
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3�$qubit�'"(*+-. 1-0,/�2

��������

	���
�$%)�&*+-.)���

��������

	���
�$%)�&*+-.)��!����

�$��)��#��*+-.�) -0,/���⨂ �� ���

��

	���
� ��

	���
�

S1 S2

S	=	S1⨂	S2



*��qubit����!"$% ($'#&�)

�������������
��� �����

S	=	S1	⨂	S2	=	(a|0>+b|1>)	⨂	(c|0>+d|1>)
=	ac|0>⨂|0>	+	ad|0>⨂|1>	+	bc|1>⨂|0>	+	bd|1>⨂|1>

��
�	����� ��
�	�����

S1 S2

S	=	S1⨂	S2

⨂

=	ac|0>⨂|0>	+	ad|0>⨂|1>	+	bc|1>⨂|0>	+	bd|1>⨂|1>



$��qubit�������� "�!� �#

���⨂�
�� ��
�����������

S	=	S1	⨂	S2	=	(a|0>+b|1>)	⨂	(c|0>+d|1>)
=	ac|0>⨂|0>	+	ad|0>⨂|1>	+	bc|1>⨂|0>	+	bd|1>⨂|1>
=	ac|00>	+	ad|01>	+	bc|10>	+	bd|11>

�����	���� 
���������

S1 S2

S	=	S1⨂	S2

⨂

=	ac|0>⨂|0>	+	ad|0>⨂|1>	+	bc|1>⨂|0>	+	bd|1>⨂|1>
=	ac|00>	+	ad|01>	+	bc|10>	+	bd|11>



)����1605�8�27.469

o �����	����
����	&',�(-/13���
�����	����
����	&',�(-/13�

��+$�*��
�&�",��%�!-/13�,
1605� ��	⨂ �
#� �

S1�
a|0>+b|1>	

S2�
c|0>+d|1>	

S	=	S1 ⨂ S2
S1�

a|0>+b|1>	

S2�
c|0>+d|1>	

S	� S1 ⨂	S2



�
���������	����� 

o �������
�
���S����
����
S	=	S1	⨂	S2	=	(a|0>+b|1>)	⨂	(c|0>+d|1>)
=	ac|0>⨂|0>	+	ad|0>⨂|1>	+	bc|1>⨂|0>	+	bd|1>⨂|1>

S1�
a|0>+b|1>	

S2�
c|0>+d|1>	

S	� S1 ⨂	S2

⨂
(a|0>+b|1>)	

(c|0>+d|1>)	

S	� S1 ⨂	S2

ac|0>⨂|0>	+	
ad|0>⨂|1>	+	
bc|1>⨂|0>	+	
bd|1>⨂|1>

S	� S1 ⨂	S2

⨂



����� $�#�&�!%�"$'

o ��
⨂��
� ���
���������
�

⨂�

�	
��


�� �

⨂��
�	
��
�
��
��
⨂�

�	
���

� ��
⨂��
�	
����


ac|0>⨂|0>	+	
ad|0>⨂|1>	+	
bc|1>⨂|0>	+	
bd|1>⨂|1>

S	� S1 ⨂	S2

ac|00>	+	
ad|01>	+	
bc|10>	+	
bd|11>

S	� S1 ⨂	S2

����
|ac|. ��|a/|. �
|0c|. ��|0/|. ���



����� ���

������������� S1⨂	S2	���

���

���
� ���

���
�

S1 S2

S	=	S1⨂	S2

���

���
�

���

���
�

S	=	S1⨂	S2

S1

S2

����

���
	⨂ ����

���
	�

⨂
⨂



����� ���

������������� S2⨂	S1	���

���

���
� ���

���
�

S2 S1

S	=	S2⨂	S1

���

���
�

���

���
�

S	=	S2⨂	S1

S2

S1

����

���
	 ⨂	����

���
	

⨂
⨂



Two Qubit$���

o ��$Qubit��3/5|0>+4/5|1> !�
��$Qubit��1/ 2|0>−1/ 2|0>"�'��

o �$��$Qubit�����-./0$
�%�
13/5|0>+4/5|1>2 ⨂ 11/ 2|0>−1/ 2|1>2
= 3/5 2|00>-3/5 2 |01>+4/5 2|10>-4/5 2|11>
$'�#���)(�1⨂ ,�	�$���$'�#���
��2

o "�*!�� $ Two Qubits$
�%���$Qubit$

�$
&�+�#���!�(�*��3



Two Qubits�!"#$

o ���Qubit�!"#$��|00>, |01>, |10>, |11>�
���
� ����������������

���� ����

|ψ>	=	
%&&
%&'%'&
%''

����

o ����|00> ��	���
���| %&& |2���	��

���|00>�����



3)0qubit$6-7;<=>

o�0�.�4"�)����������������01:�2;<=>��
:��&*�3)0qubit$6-7;<=>:
#5" �
3*�%84S,'7,

S	=	S1	⨂	S2	⨂	S?
=	(a|0>+b|1>)	⨂	(c|0>+d|1>)	⨂	(c|0>+d|1>)
=		…
=			A|000>+B|001>+C|010>+D|011>
+	E|100>+F|101>+G|110>+H|111>

,!" �)0	�0
/�9(0�.-7 

%%+����⨂|y>⨂|z>	: |xyz>	,�&*!7 
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�������	�������
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�2x2������

B��������

�



��	���
�	� (1)

A= 1 −1
0 2 , B= 1 2

3 4 ��
��

A⨂B= * −*
+ , ⨂ 1 2

3 4 =
* 1 2
3 4 −* 1 2

3 4
+ 1 2
3 4 , 1 2

3 4

=
1 2
3 4

−1 −2
−3 −4

0 0
0 0

2 4
6 8



���������� (2)

A= 1 −1
0 2 , B= 1 2

3 4 �	���

B⨂A= * +
, - ⨂ 1 −1

0 2 =
* 1 −1
0 2 + 1 −1

0 2
, 1 −1
0 2 - 1 −1

0 2

=
1 −1
0 2

2 −2
0 4

3 −3
0 6

4 −4
0 8 �����

�

A⨂B	≠ B⨂A

��
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����	�nx1�������
�

!""
!#" ⨂ %&&

%'& =	
!""

%&&
%'&

!#"
%&&
%'&

= 

*&&%&&
*&&%'&
*'&%&&
*'&%'&



���	��
�	��� (1)

!
" ⨂ 3

4 =	
! 3
4

" 3
4

= 
3
4
6
8

*
+ ⨂ 1

2 =	
* 1
2

+ 1
2

= 
3
6
4
8



|00>	=	|0>⨂|0>	=

|01>	=	|0>⨂|1>	=

|10>	=	|1>⨂|0>	=

|11>	=	|1>⨂|1>	=

���	��
�	��� (2)



CNOT
��	���
��
�������



CNOT 
��	�����
�������

|0>                         |0> |0>                       |0>

|0>                         |0> |1>                       |1>

|1>                         |1> |1>                       |1>

|0>                         |1> |1>                       |0>

⨂																																	⨂																		⨂																																⨂

⨂																																	⨂																		⨂																																⨂

�� |00>              �� |00>    �� |01>     �� |01>

�� |10>              �� |11>    �� |11>     �� |10>



CNOT�����

|00>à|00>      |01>à|01>     |10>à|11>      |11>à|10> 

CNOT
1
0
0
0

=
1
0
0
0

,  CNOT
0
1
0
0

=
0
1
0
0

,  CNOT
0
0
1
0

=
0
0
0
1

,  CNOT
0
0
0
1

=
0
0
1
0

���	CNOT����������
���

��
|00>
�
��

��
|11>
�
��

���



0
1
0
0

= 
0
1
0
0

=|01>CNOT|01> =

0
0
1
0

= 
0
0
0
1

=|11>CNOT|10> =

0
0
0
1

= 
0
0
1
0

=|10>CNOT|11> =

1
0
0
0

= 
1
0
0
0

=|00>CNOT|00> =

�����
�����
��	���
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���qubit���"����
��!��

|0>

|1>

��� qubit �
���� �"���
��!������������
�������������� � ����$&#%	�
��

|0>

|1>

⨂ |01>



���qubit���"����
��!��

|0>+|1>

|0>

��� qubit �
���� �"���
��!������������
�������������� � ����$&#%	�
��

|0>

⨂ |00>+|10>

|0>+|1>

(|0>+|1>) ⨂ |0>



1-qubit�'1+&�����!�%�#

Z

X

!"

#$

!"
⨂
#$

��� 1-qubit '1+��#���$"&����!�%���2-qubit�
��'1+&	��#�����#�����'1+ ��$�$���'1+
�-,).
��*0(/�����
�#�



1-qubit�'1+&�����!�%�#

X

Z

!"

#$

!"
⨂
#$

��� 1-qubit '1+��#���$"&����!�%���2-qubit�
��'1+&	��#�����#�����'1+ ��$�$���'1+
�-,).
��*0(/�����
�#�



1-qubit��" �����������

2-qubit����!�����qubit����� X, Y, Z�
	
�������!" , !# , !$ �����
�qubit����� X, Y, 
Z�
	������� %" , %# , %$ ����



|01>

|00>

1-qubit�����
���������

Z|0>=|0>, X|1>=|0>            ���|0>⨂|0>=|00>

���qubit�Z��	���

��
�qubit�Z��	���

"#⨂$% |01>       |00>  
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Entanglement 3(6��
�(.qubit.;=:<�-��* ,��


o +!7*��). Two qubits.�
/��(.qubit.�

.�2�8$-���* 5&7��@

o �.Two qubit.�
9��4��
1/ 2 (|00>+|11>) 
+!7��!.�
>Bell State+�065?/��(.qubit
.;=:<�*/��* ,�!+���.4�-")8�5�

o 1/ 2 (|00>+|11>) ��(a|0>+b|1>)⨂(c|0>+d|1>)
+�(.�
.;=:<�-��* %+"4��

(a|0>+b|1>)⨂(c|0>+d|1>) 
= ac|00>+ad|01>+bc|10>+bd|11>

o ��.��9
�#5+�ad=bc=0+,')�
ac=bd=1/ 2 +,5 a,b,c,d �	�",�!+�8�5�
!�"% 2-qubit.�
9��3(6���+�1�



Two Qubits ���3��

o �6 0�
��61GDF69@��(/�+=$00�<��7�2!3
<0�>!#M

o �6:!4�"<�

o +=07�&61%�2-Qubits6BCEI6�	7�2! !
�	43<6->!#M +=7�&6��4��)<�/6
�K��6GDF$16�L@�(/��.,�6�5�?*6
�	43<�,-(�+=$���HAFJ43<:!4�
�
�'=583;3 �
( �	7��6:!43<�



Alice!��1�+EPR=9�1/ 2 (|00>+|11>)1��1
<:;8��%(.%4��'6!1-�5��21/2-�0-�
5��21/2-�5�
��'1��!0-�*(.%4��$1��1���
%��
�2�|00>0�75�'62���<:;1��!�0-�5
��! 1 -�5$.8
�&5�100% 1��-�Bob1�
+��<:;1��!0-�5$.!7 5�
&/7)�Alice!��1qubit-��08��&5.&#0�
�"�6(Bob1�+qubit1��!0-�5$.!7 5$.
0/5�

��1����!1-�*(.%,3��	2�
%���!�
|11>0/51-���<:;1��2�100%1��-�18
�&$.0/5�

3+6�*(qubit1<:;8��&5



AliceL�
L(�&�<1H7FCIAO94��M3�A8
��<3|11>KJQLH3%�]Z[L(�M3100%L$
�H31T+B@IKJQ4
BJSE3Alice<'	LqubitH��1T(�BQIB>K3
,=/RCBobL�GqubitL��<1H7Q@I<S;Q@I
KJQ4

AliceL(�&�<3"�K3,=/RCBobL(�&�K�
0T�:Qb @RM3�LX^a\��H�
<�SPJ8I
BQ����K#!AJ8;b

�.3UV`W_YV`M3@9AC�*M512?C,-� 6
DI)FC4

NGR�FCqubitL]Z[T(�BQ



EPR! "���������qubit

1/ 2 (|00>+|11>)

Alice

Bob

1/ 2 (|00>+|11>) �
���	������qubit�	��
��
���qubit�Alice�����qubit�Bob����������
��������������qubit��EPR! ����



EPR%$&��!������qubit

1/ 2 (|00>+|11>)

Alice

Bob

1/ 2 (|00>+|11>)

1/ 2 (|00>+|11>)
Alice�
��� ��
 |00>+|11>���bit�

Bob�
��� ��
 |00>+|11>���bit�� �
�����
�	��#���!�����"����



EPR��������
���qubit

1/ 2 (|00>+|11>)

Alice

Bob

�	�
���������1/ 2 (|00>+|11>) �
�����

Φ#



EPR��������
���qubit

1/ 2 (|00>−|11>)

Alice

Bob

�	�
���������1/ 2 (|00>+|11>) �
�����

Φ#



EPR��������
���qubit

1/ 2 (|01>+|10>)

Alice

Bob

�	�
���������1/ 2 (|00>+|11>) �
�����

Ψ#



EPR��������
���qubit

1/ 2 (|01>−|10>)

Alice

Bob

�	�
���������1/ 2 (|00>+|11>) �
�����

Ψ#



Bell State ���



Bell States ���

o �����������


o ����� |00>���������
�
���������

|0>

|0>

	�qubit

	�qubit

|0>⨂ |0> = |00>



Bell States ���
���|00>���

o H�	��qubit� |0> � 1/ 2 (|0>+|1>)
���


1/ 2 (|0>+|1>)

|0>

1/ 2 (|00>+|10>)                       

(|0>+|1>) ⨂|0> =|00>+|10>

��qubit

��qubit

�

CNOT

|0>

|0>



Bell States ���
���|00>���

Bell State Gate(|00>)=CNOT(|00>+|10>) =

{ 
1
0
0
0

+
0
0
1
0

} =

1
0
1
0

=
1
0
0
1

= |00>+|11>

�������������
#
$ �
	��
�



Bell States ���
���|01>���

o H�	��qubit� |0> � 1/ 2 (|0>+|1>)
���


1/ 2 (|0>+|1>)

|1>

1/ 2 (|01>+|11>)                       

(|0>+|1>) ⨂|1> =|01>+|11>

��qubit

��qubit

�

CNOT

|0>

|1>



Bell States ���
���|01>���

Bell State Gate(|01>)=CNOT(|01>+|11>) =

{ 
0
1
0
0

+
0
0
0
1

} =

0
1
0
1

=
0
1
1
0

= |01>+|10>

�������������
#
$ �
	��
�



Bell States ���
���|10>���

o H�	��qubit� |1> � 1/ 2 (|0>−|1>)
���


1/ 2 (|0>−|1>)

|0>

1/ 2 (|00>−|10>)                       

(|0>−|1>) ⨂|0> =|00>−|10>

��qubit

��qubit

�

CNOT

|1>

|0>



Bell States ���
���|10>���

Bell State Gate(|10>)=CNOT(|00>−|10>) =

{ 
1
0
0
0

−
0
0
1
0

} 

=

1
0
−1
0

=
1
0
0
−1

= |00>−|11>

�������������
$
% �
	��
�



Bell States ���
���|11>���

o H�	��qubit� |1> � 1/ 2 (|0>−|1>)
���


1/ 2 (|0>−|1>)

|1>

1/ 2 (|00>−|10>)                       

(|0>−|1>) ⨂|1> =|01>−|11>

��qubit

��qubit

�

CNOT

|1>

|1>



Bell States ���
���|10>���

Bell State Gate(|10>)=CNOT(|01>−|11>) =

{ 
0
1
0
0

−
0
0
0
1

} 

=

0
1
0
−1

=
0
1
−1
0

= |01>−|10>

�������������
$
% �
	��
�



Bell State Gate�����

|00>                  |01>               |10>                |11> 

BELL
1
0
0
0

=
1
0
0
1

,  BELL
0
1
0
0

=
0
1
1
0

,  BELL
0
0
1
0

=
1
0
0
−1

,  BELL
0
0
0
1

=
0
1
−1
0

���	Bell State Gate����������
���


��
|00>
�
��

��
|11>
�
��

���

Bell State Gate = 

1 0 1 0
0 1 0 1
0
1

1
0

0 −1
−1 0
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Bell States "$#

o �������!����

o ����� |00>!����������
��� �����

|0>

|0>

	�qubit

	�qubit

|0>⨂ |0> = |00> ��� |00> ������
	�qubit� |0>�
	�qubit� |0> ���������



Bell States �!�
���|00>���

o H����qubit� |0> � 1/ 2 (|0>+|1>)����


1/ 2 (|0>+|1>)

|0>

1/ 2 (|00>+|10>)                       

(|0>+|1>) ⨂|0> =|00>+|10>

��qubit

��qubit

"

CNOT

|0>

|0>

��	�����qubit� |0>+|1>�
��qubit� |0> ���	��� ��
���




#

CNOT

CNOTCNOT

1/ 2 (|00>+|10>) 

|0>

|0>

|1>

|0>+

���������CNOT�
�	�����
���

������ !"�������
������
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CNOTCNOT

|0>

|0>

|1>

|0>
+

|0>

|0>

|1>

|1>

�$�$�CNOT�����
	�!���#�
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No Clone ��



No Cloning ��

o ":�� |φ>=#$|0>+#(|1>4�)0 |φ>⨂|φ>	*3<
.��5?AB=8$�/��*:��=�%9$!
6 �

>B@5��16 ($),	��3��&1'3#5-!
(;= No Cloning ��2�7!�� +;=��)9$!

($),��6��)3# �

U|φ> |φ>
|φ>



No Cloning 
�*�


o �*.�(��96437��U:�	��"'�/�
!*��+���*φ#�&(��|0>, |1> )��%-��
*&�

o '�0,�

o U+�|ψ>-258&�/+ (*&�

o �����*�$*��1�"�α, β+�	��(��



���	 4-1 1-qubit ���

o X, Y, Z �
a|0>+b|1>����
���������
�
�����

o H, S, T�
a|0>+b|1>����
���������
�
�����



���� 4-2 2-qubit 2358

1. ��+Qubit��Q1 = 3/5|0>+4/5i|1> &�
��+Qubit��Q2 = 1/ 2i|0>+1/ 2|1>'".��
 +��Q1 ⨂ Q2+2358+��1��$.�

2. (1/ 2|0>+1/ 2|0>) ⨂ (1/2|0>+ 3/2|1>)1��$
.�

3. (1/ 2|0>+1/ 2|0>) ⨂ (1/2|0>+ 3/2|1>) ⨂ ���1
��$.�

4. |ψ> = (1/2 + i/2)|00> + 1/2|01> + i/2|11> '#
/� +|ψ>+��+746��0'�
!0/�
1	-.�
 +���"���,�(+.�*)/�9

5. �+|ψ>&��%�+746��1'�
!0/�
1	-.�
 +���"���,�(+.�*)/�9



1. ���	�����


2. |00>�
���

3. |10>�
���

4. ���	�����


���� 4-3 2-qubit ��������




��� 4-4 Entanglement

o �*-�(�Two Qubits*��0��.�
|Φ"> = 1/ 2(|00>+|11>) 
�*|Φ"> +��%*Qubit*�*�)+��� /(��'
0�#���!$��0�Entanglement'���
42315
|Φ"> 6 (a|0>+b|1>)(c|0>+d|1>)'�� /$'!&�
��*��0	�".'�
����.�'0�#,���



�	�
 4-5 Bell States ���

o �� Bell States �����
��|01>, |10>, |11>��
������������



��	
 4-6 CNOT

1. ����CNOT�������
���������
2. CNOT|01>������
3. CNOT|��>������
4. CNOT|11>������


