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1. CANTOR'S PROBLEM OF THE CARDINAL
NUMBER OF THE CONTINUUM.

[0 Two systems, i. e , two assemblages of ordinary
real numbers or points, are said to be (according to
Cantor) equivalent or of equal cardinal number, if
they can be brought into a relation to one another
such that to every number of the one assemblage
corresponds one and only one definite number of
the other. The investigations of Cantor on such
assemblages of points suggest a very plausible
theorem, which nevertheless, in spite of the most
strenuous efforts, no one has succeeded in proving.
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[0 Every system of infinitely many real numbers, i. e.,
every assemblage of numbers (or points), is either
equivalent to the assemblage of natural integers, 1,
2, 3,... or to the assemblage of all real numbers
and therefore to the continuum, that is, to the
points of a line ; as regards equivalence there are,
therefore, only two assemblages of numbers, the
countable assemblage and the continuum.
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[0 Let me mention another very remarkable
statement of Cantor's which stands in the closest
connection with the theorem mentioned and which,
perhaps, offers the key to its proof.

[0 Now Cantor considers a particular kind of ordered
assemblage which he designates as a well ordered
assemblage and which is characterized in this way,
that not only in the assemblage itself but also in

every partial assemblage there exists a first
number.
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First few Von Neumann ordinals
0 =0
1={0]} = {0}
2={01} ={9, {0} }
3={0,1,2} ={(9 {9},{9 {01}
4={01,2,3}=1{9, {9}, (9, (D)}, {9, {9}, (D, {T1}] }




Axiom schema of specification
(also called the axiom schema of
separation or of restricted comprehension)
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[0 Axiom scheme of Comprehension(Unrestricted)

Vwi,...,w, ABVx (x € B < p(z,wy,...,w,))

[0 Axiom scheme of Replacement
VAIBYC(C € B < dD|De ANC = F(D)])
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[0 Skolem's paradox is that
every countable axiomatisation of set
theory in first-order logic, if it is consistent, has
a model that is countable. This appears
contradictory because it is possible to prove, from
those same axioms, a sentence that intuitively says
(or that precisely says in the standard model of the
theory) that there exist sets that are not countable.
Thus the seeming contradiction is that a model that
IS itself countable, and which therefore contains
only countable sets, satisfies the first order
sentence that intuitively states "there are
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THE INDEPENDENCE OF THE CONTINUUM HYPOTHESIS
By Pave J, Courx*
UEPARTMERT OF MATHEMATICS, XUANFUKD UNIVERSITT
Communionted by Kurl Gadel, Seplasvber 20, 1063

This &= the first of two notes in which we outline & proof of the fact that the Con-
tinuum Hypothesis cannot be derived from the other axioms of set theory, including
the Axiom of Choice, Sinoce Gidel has shown that the Continuum Hypothesis is
consistent with these axioms, the independence of the hypothesis is thus estab-
lished, We shall work with the usunl axioms for Zermelo-Fraenkel set. theory,® and
by Z-F we shall denote these axioms without the Axiom of Choiee, (but with the
Axtom of Regulanty). By a model for Z-F we shall always mean s collection of
netunl sets with the usual erelation satislying Z-F. We use the standand defini-
tions? for the set of integers w, ordinal, and candinal numbers.

Turoresm 1. There are models for Z-F in which the following acewr:

(1) There isa sl 0, 0 © w such that o 15 not conslruetibie in the senee of reference
3, et the Axiom of Chodce and the Generalized Continuum Hypothesis both hold.

(2)  The condinuum (i.e., ®(w) where ® means power sel) hos no well-ardering,

(3) The Axiom of Chotee holds, but R, = 2%,

(4)  The Axriom of Chaee for countable paiys of el {s in @(P(w)) faila,

Only part 3 will be discussed in this paper.  In parts 1 and 3 the universe is well.
ondered by o single definable relation.  Note that 4 implies that there is no simphe
ordering of ®(P(w)). Sinee the Axiom of Construetibility implies the Generalized
Continuum Hypothesis,* and the latter implies the Axiom of Choiee,* Theorem 1
completely settles the question of the relative strength of these axioms.

Refore giving details, we sketeh the intuitive ideas involved.  The starting point
is the reslization® * that no formula alz) can be shown from the axioms of Z-F
to have the property that the eolleetion of all = satisfying it form a model for Z-F
in which the Axiom of Constructibility (V = L) fuils. Thus, to find such models,
it seems nateral 1o strengthen Z-F by postulating the existence of s set which is a
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Voevodsky’s Univalent Theory

dim 0: Sets have elements/objects.
dim 1: Categories also have arrows between objects

dim 2: 2-categories have in addition arrows between
those arrows.

|dentity between elements/objects

dim 0: standard equality between elements of a set.
dim 1: isomorphism between objects of a category
dim 2: equivalence between objects of a 2-category

Vladimir Voevodsky
1966-2017
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Module u@.
Definition UU:=Type.
Inductive paths (X:UU)(x:X): X -> UU := idpath: paths X x x.

Inductive total2 (X:UU) (P:X -> UU) : UU := tpair: forall x:X, forall p: P x, total2 X P.
Definition pr2l (X:UU) (P:X -> UU) (z: total2 X P) : X :=

match z with tpair x p => x end.

Definition pr22 (X:UU) (P:X -> UU) (z: total2 X P) : P (pr2l _ _ z):=

match z with tpair x p => p end.

Definition iscontr (X:UU) : UU := total2 X (fun cntr:X => forall x:X, paths X x cntr).
Definition iscontrpair (X:UU) (cntr: X) (e: forall x:X, paths X x cntr) : iscontr X :=
tpair X (fun cntr:X => forall x:X, paths X x cntr) cntr e.

Definition hfiber CX:UUDCY:UUD(f:X -> Y)(y:Y) : UU := total2 X (fun pointover:X => paths Y (f pointover) y).
Definition hfiberpair (X:UUDCY:UUD(F:X -> YD(y:Y) (x:X) (e: paths Y (f x) y): hfiber _ _ f y :=
tpair X (fun pointover:X => paths Y (f pointover) y) x e.

Definition isweq (X:UUD(CY:UU)(F:X -> Y) : UU := forall y:Y, iscontr Chfiber X Y F y) .

Lemma idisweq (X:UU) : isweq X X (fun t:X => t).

Proof. intros. unfold isweq. intros. assert (y2: hfiber X X (fun t : X => t) y).

apply (tpair X (fun pointover:X => paths X ((fun t:X => t) pointover) y) y (idpath X y)). split with y@.
intros.

destruct y@. destruct x. induction p. induction p@. apply idpath. Defined.

Definition weq (X:UUD(CY:UU) : UU := total2 (X -> Y) (fun f:X->Y => isweq X Y f) .

Definition wegpair (X:UUD(CY:UUD(F:X-> Y)(is: isweg X Y f) : weq X Y :=

tpair (X -> Y) (fun f:X->Y => isweq X Y f) f is.

Definition idweq (X:UU) : weq X X := tpair (X-> X) (fun f:X->X => isweq X X f) (fun x:X => x) ( idisweq X ) .

Definition invmap (X:UU) (Y:UU) (f:X-> Y) (isw: isweq X Y f): Y->X.
Proof. intros. unfold isweq in isw. apply (pr21 _ _ (pr21 _ _ (isw X@))). Defined.

Definition weqfg (X:UU) (Y:UU) (f:X-> Y) (isl: isweq _ _ f): forall t2:Y, paths Y (f ((invmap _ _ f isl) t2))
t2.
Proof. intros. unfold invmap. simpl. unfold isweq in isl. apply (pr22 _ _ (pr2l1 _ _ (isl t2))). Defined.

End u@.
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