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A LOGICAL CALCULUS OF THE
IDEAS IMMANENT IN NERVOUS ACTIVITY

WARREN S. McCULLOCH AND WALTER PITTS

From THE UNIVERSITY OF ILLINOIS, COLLEGE OF MEDICINE,
DEPARTMENT OF PSYCHIATRY AT THE ILLINOIS NEUROPSYCHIATRIC INSTITUTE,
AND THE UNIVERSITY OF CHICAGO

Because of the “all-or-none” character of nervous activity, neural
events and the relations among them can be treated by means of propo-
sitional logic. It is found that the behavior of every net can be described
in these terms, with the addition of more complicated logical means for
nets containing circles; and that for any logical expression satisfying
certain conditions, one can find a net behaving in the fashion it describes.
It is shown that many particular choices among possible neurophysiologi-
cal assumptions are equivalent, in the sense that for every net behav-
ing under one assumption, there exists another net which behaves un-
der the other and gives the same results, although perhaps not in the
same time. Various applications of the calculus are discussed.
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The Mark | Perceptron machine &
was the first implementation of the
perceptron algorithm. The machine
was connected to a camera that
used 20x20 cadmium sulfide
photocells to produce a 400-pixel
image. The main visible feature is a
patchboard that allowed
experimentation with different
combinations of input features. To
the right of that are arrays of
potentiometers that implemented
the adaptive weights.[21:213
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Minsky & Papert “Perceptron” 19694

Single layer perceptrons are only capable of
learning linearly separable patterns;

in 1969 a famous book entitled Perceptrons by Marvin
Minsky and Seymour Papert showed that it was
impossible for these classes of network to learn an
XOR function. It is often believed that they also
conjectured (incorrectly) that a similar result would
hold for a multi-layer perceptron network. However,
this is not true, as both Minsky and Papert already
knew that multi-layer perceptrons were capable of
producing an XOR function.

https://goo.gl/py6sNA
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CNN
Convolutional Neural Network




< JLL %I Convolutional Neural Network A F§ |
https://www.marulabo.net/docs/20160513-marulec01/
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Convolutional Neural Networks
http://cs231n.stanford.edu/
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RNN
Recurrent Neural Network

'RNN & LSTMOEHRE -- Sequence to Sequence --
https://www.marulabo.net/docs/20170222-

marulec05
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The adjective "tropical” was coined by French
mathematicians, notably Jean-Eric Pin, to honor their
Brazilian colleague Imre Simon, who pioneered the use
of min-plus algebra in optimization theory.

There is no deeper meaning in the adjective
“tropical”. It simply stands for the French
view of Brazil.

--- Diane Maclagan
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the scalar quantities are all nonnegative real numbers, including

o0 ; but the addition and multiplication are defined by

a+b the minimum of a,b

def

a e bdgf the usual sum of a,b
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T’F’777J75\ EfFETropicalEm D FELE DD RIZESD
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1, Tropical ¥ TlX. Tropical ZIER DT ST MD
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RDEIHLIEHIRDTropical ZIEXp () EZEZTHELLD,
p(X)=a@Ox*BbOx*PcOxDd

COp(x)E. R > ROBEKT, TDEIXRIZGYET,
= min(a + 3x,b + 2x,c + x,d)

CDEZyETRE VITROEDDBEHEMDELTY TEERSIN.,
TN/ MEZRAZEIZIEYET,
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3 y=c+x & cOx
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p(X)=aOx3PbLbOX3BcOxDdDITZ7

=12, COEDDEHDIEENIHR/NDEZTERDHIE. ZD
HKDFETEHOMNFEFA xXDIENEDLDIZONT, R/NIDIE
EMABEMIEDYET,

COMEDDERD T S7EMNT, KIMNBFRERASNTHELLD,
1. y=a+ 3x
2. y=b+2x
3. y=c+x
4 y=d
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d—c < xDEF,
/ p(x) =d —x
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p(x)=c+x
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p(x) = b+ 2x
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ZTDEFHT
p(x) L HRH

ZTDEFHT
p(x) L HRH
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Hypersurface V(p) &l& ?

Tropical ZIE= p L. D Tropical EIEX D Tropicalfl @

TEZEIND, pEiER T STropical BIERK (L. HAEREEZRD
EZES,

Tropicalfl @ OEZEMD. Tropical ZLIEER p DIEIX. Chid
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Hypersurface V(p) [X. EDHA T, R/INDEFHOEEER
NEIUEHLEIETRT . CORTIE, 2DDHIEX DIRFER (L.
BEICEZFFD,






“ZE#TropicalzIEXD

Hypersurface

—DEYarTIE,. ZDODEHEEFDTropical ZIER D
Hypersurface IZDWWTEZAET,

BNy a3y THUTILELTH=RI=-=XDTropical Z18
Ri&. EHMN—DODELDTLT=,

p(X)=a@Ox*BbOx*PcOxDd

ZMHypersurface V(p)l&. Z20D "hb5458HDTLT=,
Vip)={b—a.c—d,d—c}



SEIX. ROEHIGZEBD2 R Tropical ZIEREEZFT
p(,Y)=aOQx’PbOxyDcOx*PDdOyDe

CDTropical ZIEK (L. RO LIEEZFHFLFT -

= min(a + 2x,b + xy,c + 2x,d + y,e)



IAOX I, FyIL TS,

p(,Y)=aOQx’PbOxyDcOx*PDdOyDe

= min(a + 2x,b + xy,c + 2x,d + y,e)



min(a + 2x,b + xy,c + 2x,d + y,e)
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5ODTS7DFNFNIE. FEELTEINDTLVET,
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|TY, T FREMICRDISGERSHDHERELTNE
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BiIEl. Tropical ZIE=XpDHypersurface V(p) XD ESIZFE
ZLEL=. INIE—ZEHDOEETY,
Hypersurface V(p) (. ED R T, /NDEZFOEBEEENTYE
NOENZETRY , CORTIE, 20D EIBRX DR ERIL. RCEZED,

—EHOSEIDGZEE. V(p)DERIT. ROIIILEYET,
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z=d+Yy

COMEETzIE&/IMEZERY.
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Z=a+ 2x
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COMEETzIER/IMEZHRY.
D, BB TREIND,
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Hypersurface V(p)
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XD &S5t Hypersurface V(p) MEZLNT=ELFELLD,



6

Lo

DO

4+ X
2+Y

1+2X

X+Y
1+ 2Y]

243X 2X +Y
4Y
8+ 4X
2X +2Y

— —6 —4 — 2 —1 0 1 2 3 4




o

DO

1 (O X
4+ X
2 ()
1@)(2 2+
1+2X
20X°P X+Y
1+ 2Y
2+ 3X 2X +Y [
2 10Y
4Y
y4
2X +2Y
X?Y?
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Newton X #Z

ZNET, TropicalZIER p MHypersurface V(p)IZDLVTH
TEFLTI=

pDIEIX. pZFERLTHEIERX D piecewise (Ko H)) IZHENE
NI-FEB DL HR/IMETREYE T DT, Hypersurface V(p)D
IEERITTRIZIIBET,

f=1=. Hypersurface V(p)&R&HDELIZEIE. HHXHT LT
TARTOBHIBBRXDEEFLLETHEIMMEYETA, TNIE, E
BRICIXENEDNFRINIMNYET,



£ ElDtyi 3> Tld., Tropical ZtHypersurface V(p) B85
E%ﬁot—) DO . TropicalZIE pDINewtonX#z ]

W {ILET,

L&, CONewtonlk, HDI AEE|IH1DIsac Newton T
9,

. Deep Learning®Gradient Decentsl. #EEHED
[Newton;Z 1D ZEFE-EE ST, NewtonDEwXEFHAR-Z &M
HYFELT=, =1=. Newtonh¥ oo TV =2 &lE. BUESTE D Fi%

RETIFK 2<K#ME7T0—F Tl



ZHIE, BOBISEENBZ T, TR TOREIME BRI
REHIZRET BEVSEDTLE, SoIFYBRTET, Zo&
HXEBCI-DTY B,

[NewtonlZ. EMNEB->TULV=KYUEMNZRT 1]
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nl #8919 A Newton

X

iz 113 Newton D B2k D R #k EUE
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ZIAND R

R? > RTHDHIEHD ZIEXBIE F(x) L, —HRIZRD LIIZFK
FTENTEET,

F(x) = z ayxy Py 2 e x

(TASK)

CORRT. PLARBANBELGDIL, x e RY (T7abhb, dED
EHBD. ATMLEZZTHIBLERA) EBZONTINSZ L,

uldEE#(0, +1,+2, .. DIEZESHENOIETT . cDu e ST
HBDSEBEEF Dsupport (8)EELVET,
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FX)ZRDEIIZRST ENTEET,

F(x) — 69 a, @ xitlng xgd

(TASK)

CORIE ROFIICEFTEFRT . (BRIRINDER)

= min{a, + u;x; +u,x, + -+ ugxy; | u €S}

CC T EHDEHET (U, uy, -, ug) EZ B (xq, X0, 7, Xg)
DMAZTRDRIIVEEZEZBE. KDKITIDESIZZDDORIR)L

DRNIFZFE>TRILTEFT,
= min{a, +<u,x >|u €S}
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Tropical ZIHAMN . RO KIITHEZNTLNSELFET,
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OLTHELONBERIERIL u= (u,uy, -+, uy) IZDLWT, uesSm
BEREEZTHEELLD,

— R 5¢E. ZIHAZERITHAEERDERDIEHN. T
BIC (v, 1y, uy) TRENTWSESIZRZAMELNFEAD,
ZOTIEHYFEEA,

RELZDIEX, ue SOAT, ZbblE, IH5LF-ub =LA (IEHE
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EXRDEITEELET,



NewtonEfzDIEY A

NewtonE &, CNFETHTET- TropicalZIEX p D
Hypersurface V(p)&Y. LLERHIEGEIZESEMTEE T,

F—I2. ZIEXZERITI2—OEHEIERITEBL T, F0IEH
TSI SD NTRIL(uy, uy, o uy ) TEEVITYILET,
NEBRBEBROMLITRRYRLET , £ICRE-EDIZ, BIEXD
MIZTELBARINLDAEBLONSIEZT TY,

B2, ZDORIMVE . dRFTDZERMIZZOVRLET,
Uy, Uy, Ugld, TRTEHTI DT, dARITERDEFRIIN
7I~)Mi7 OykEnb(E9 TY,



convex hull

E=IC,. TAyMrE I R TEHRALR/NDILAKREEZFT,
TJAyrLEzRZED . BEELIULRFLKETEHFELIADTY
N TwRIMNDEDIE, —DULIFRELFEE A,
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T, BGHEDH LIFHELLDTY,

OL=I R, ZEREIICIE. MIRDFZZEL TLVSD T, convex
hull ELVWVET , (BAREBTIEXITNEI1EERT KOTT )
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WalE>THFELELD,
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ZH8, yDIEHEBNRZOT VKT ILERL. IEEERDA

HSEWEEYITYILET,
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(1,2); (2,2) #ZZRDxyFmIZTAYRL T, convex hull
TLHE ORYFET,
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g=x1—y 1 4+3x -2y +xy
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_ xOy—l + 3x1y0 _ 2x0y1 + xlyl

= x~1y0
1,0) (0,—1) (1,0) (0,1) (1,1)
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[Deep Neural Network[ZDULYT®
BROERIEREL, F-FTE]
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) r— 3 TRELGRIZINSD . IEHIeZH 530 TLNVS,

-I-

LOLGENS, T4—T - Za—F /LRy T—IDFEMEIZET
B R OERIEENFLATETHAZEL I AN T
Do |




BIZIE. EQLSLGRENHIDTLED ?
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Tropical 2 #MLIEXSf. gDEDFELUYTHLH TR LT,
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LOEZKREICALESEDIEAFMONTIND,

ReLU Neural Networkl(Z2 DM Tropical ZIERX D Tropicaltk.
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RelLU & 1=—wrEB# D EAHEFDOfeed forward neural
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K# L Tropical™M#ERIZFED =D DTropical #EHLH 5,
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min-plus&max-plus
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LIRI. Tropical iz TOHNTELERLEDEEZTRD LSI12#7
LELT-.

xOQOy=x+y

x @y =min (x, y)
HDHE
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E(EI. ZDDEMLGLTropical iEENHAHANDTY , 2L FFV
EEWNVTAHELELD,



xOy=x+y
x @ y=min (x, y)
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MRl max-plus®Tropical i EBLVET,



. max-plus?

—a—3F)L- Rk = ETropical REE DR E EER/T D
ZhangbhY, %5, min-plus TlE%< max-plus Z:EATZDT
L&D7?

TnlE. Za1—3J)L-R2ybJ—oD KT Gactivator ThH5.
ReLUZFESRBITHMNEZEZZINIL,. HHhYPTNVERLVET,



max-plus&RelU

ReLU(X)I&. x < 0DBF 0Z1RL . x = 0 DFF. X BLFE T,

A&, max-plus®DF @ ZE->T, ROKLIIZKREHTEET,

ReLU(x) = max{x,0} =x P 0

ReLUMDRIRIZ. max-plus [XRLNTLVET,



max-plus i

max-plusIZiBENST=8. B&oEFTEFBRE L THELLD,
Toropical GTHATOFHEZEL YT, EEDHATOHELXSA
I IL—TRLTWET,

40O5=4+5=09
3 @ 100 = max(3, 100) = 100

705@706
=(7+5)®(7+6)=12@® 13 = max(12,13) = 13

70(5®6)
=70Omax(56)=706=7+6=13



max-plusTHOMEEFEE D T4

MEEEFEDORREEIE. TEDEHATIE . x+y =y +x,xy =
yx THHACEZTLVET,

MDEEHA,

= max(x,y) = max(y,x) =

DRI
=X+y=y+x=



Max-plusTOMELEEDHELRE

MEELEEFEDHEREEE. EROHERBRTIE (v +2) = xy + x2
THH_EZELET,
MDEEHA,

= x + max(y,z)
= max(x +Vy,x + z)



max-plusTOMEDZET

EBOHAETILZ. FEDXIZDOWNT x+0=x TTOT.MED
=l 0TY,

max-plusT, FEEDxIZDLVT, ERCY LN
=max(xz) = x Zml=9 zIIFEITHATLLEOMN?

Z = —00

LT BHE, EAGxE—0 KYIXKELDT, max-plusTOMNE
DFITIE., —o0 ESFIELWZERDLMYET,

max-plusTI&, T IIZ—coZEMA T, TNZMEIZDOVVTDRH
stELET,



max-plusTHDEE D H LT

ETHEDOHATIE. EFEDXxIZDOWVT xx1 =x TIDT. FEED
H{iild 1TY,

max-plusT, FEEDxIZDLVT, ERCY LN
=x+z=x Zml=9zZIIFEETSHTLLEOMN?

DLENTI M., 2z =0 DEDEHZFH=9I ZENHLMYFET,
mMax-plusTHOEREDEGLTTIE, 0IZGFYFET,

MEYIIBEET, ik, min-pluséRILTY,



max-plusTORIKLIL-1THEE

F9 . ZDDRINLDORFEIZDODWVTRTAHELLD,
(ug, up, uz) @ (vy, vy V3)T

=uU Qv Du; v, uz Q v

= max(u; @ vq,u; @ vy, U3z & v3)

= max(uq + v, Uy +v,, U3 +V3)



E5—2D., THERBIT B D2DDONIRILDFEIL. Z5HYET,
(uy, uy, u3)T Q) (v1, V2. v3)

U RV U Qv u Qs
=, Qv KRRV, U Q Vs
U3 Qv uz3 Qv U3z Qv

u2+v1 UZ‘l‘VZ u2+v3

(Ul + V1 W ~+ Uy, Uq + v3>
U3+U1 U3+V2 U3+U3



LD DEHE B

RIRILDRAAS—E
2 ® (3,-7,6)
= 2®320-7,2Q6)
=(2+3,2+(=7),2+6)
= (5,-5,8)

YL ILDRFE
(—OO, 0)1) ® (0:11 _OO)T
=(—0oQR0PIR1D 1R —x)
= (-0 D1 —m)
= max(co. 1, )
=1



T3 DF

G e )

:(3@4

05
(max(3,4)

max(0,5)

X

3691)

7D 2
max(3,1)

max(7,2)

9

)



175015
3
G ot b

:(3(8)46]93@5 3®1EB3®2)
0R4P7Q5 0Q1P7R?2
:(7698 4695)
4P12 199
B (max(7,8) max(4,5)
-~ \max(4,12) max(1,9))

- (182 g)






DNNOHFETILZEHET S

ZDtviarTlE. ReLU%activator:d %feed-forward
network (DNN)&. max-plus®Tropical 5 EE O FE 4
ZELEAT B0 DU OO DEHREHERLET

F—I(Z. max-plus®Tropical ZIEEXDEEEZR S LT,
max-plusThH ., EENDMHEBEZRTHEET,

EZIZ.Part 1 TR-DNNZE#DEMELTIRASR A%,
HoT-OTHERLET,

$=I1Z. Zhangb (., SEBRIZ&HT=>TDNNDFE D (HZH D5
BEHRELTVNADTT A, ThEREELET,



max-plusTHOEEDHE

TropicaliF CHOREE xO%x* TR ZEIZLET . RDEE
MREYIBEET,

® x,y ERT.a€R HMDa=0DF
(x @ y)* = (max(x,y))* = max(x?,y?) =x* D y*
=L, a < 0DEF, —fRICIE. (x D y) #x2 R y* THD,

® x,y € RT.a € RDFF
xOy)*=x*0Oy”

® x c ROFF
x% =0



® x € RT.a b e NDEf
(Xa)b — @b

® x e RT.a,b € ZORF
xagxb — xatb

® x € RT.a,b € ZORF
x2@Pxl =x> O (x2 B 0) = x2(0 B xP~%)



EERXHLGXDFEED

ZZTlZ. Part 1MIDeep Neural NetZBE# D &R TR T
DABZTHEZELET,

® pdf:
https://drive.google.com/file/d/10KEC5heaEFUmM2c
2prn_sYOlLcygbgAty/view?usp=sharing

® video:
https://youtu.be/GKVWIwHbjmA?list=PLQIrJOf9gMc
OIOQVY2PA1LT TuulLp97Qs

T, SRS,


https://drive.google.com/file/d/1OKEC5heaEFUm2c2prn_sY0lLcyg6gAty/view?usp=sharing
https://drive.google.com/file/d/1OKEC5heaEFUm2c2prn_sY0lLcyg6gAty/view?usp=sharing
https://youtu.be/GKVWlwHbjmA?list=PLQIrJ0f9gMcOI0QVy2PA1LT_IuuLp97Qs
https://youtu.be/GKVWlwHbjmA?list=PLQIrJ0f9gMcOI0QVy2PA1LT_IuuLp97Qs
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B DO ERELTHDNN v: R - RP

FWIIEANIL., LEDREMNS%S feed-forward network
(DNN)IE. ROBHDERKTEZ5NBEE v: RE - RP THD.

VvV = O'(L) o) p(L) o) O'(L_l) o) p(L_l) O +¢¢ 0O 0'(1) o) p(l)

activationBi DA% pD, ..., pDILRESh B EFaffine L
T (R T, actlvatlonF;E];& o .. o WIEXERINEEN
TEEINTLVS,




width §7Hhs | FEEORD/—FD#%E n, TKI ., ZZIZ,
l=1,...L —1THB. *ILT—ODAAEB TDRTE. Th

Fhng:=dn, =p LB OB, | BEOBMASOH VO
L. ROXTER=ND,

‘V(l) — O'(l) o) p(l) fo) O'(l_l) fo) p(l_l) O ¢0¢ 0O 0'(1) o) p(l)

Ihbhb. BEE vO: R 5 R THB,
BEEMIZ.vO k) =x £33,



INTA—R—

affinef8% pW: R-1 - R™ (&, EHTFH AL € ZMWu-1L/\A
TAANOR)L bD e g [ZEH>THZLNS,

p(l) (v(l_l)): — A(l)v(l_l) - b(l)

AL D@, HEAE af) T 0O DIBBOEAE bV TRY
CNBIE, IBD/NSA—4%ERT 5,



activator & score Bk

AFARGRIL x € RUZDWT, o OIERA T EIZERAT5EEZ
ANDT.o:RY - RY THAB,

PYRT—ODREE N vix) (X, 7ITV5—avIZ&>TEY
HscorefdE#l s:RP - RMTESN S, MEDATI)—~D 7
#8755 slZldsoft-maxAbsigmoid &L > =B A E (XN S,

scorefi#l&. LIXLIX. Za—F /L rybD—ODHKREB LR
SNADER., FNITEBHLZIET. BRITEFAEZ{RELTL

AN



ZhangSMADNNIZEREL =54

Zhangi (%, feed-forward network [ZRD K57 EHEEL
TULET,

a. EATH AQD, . AD L BEIEFTDS,

b. INATZR-ARHK8)L bV . pD (L, EXMIEBZES,

c. activationBi%k ¢, ..., cD(L, ROFEELTLVS,
oW (x) = max{ x,tV},
ZDtW € (RU {—oo)™ (., BHERIMILEE(ENS,




& a [2DUVT

& blk, —fREVGEBDTT M, £ a [, DLEWLBD T,
ZHNIZDUT, Zhang bl RO KH%ERBAZITHES>TLNET,

® EHENEH I, BECHEFTHEEMTEHLUTES,

® _NABMEDEAZ. nB-bDOm/NMEHENTNIL,
[ BZEILS IZENTES,

@ FEHENAT A= RILEDEMTRy—ILESEBH LI,
—a—ZIIL- RV T—=ODEEDEFIZIEEEELN,




& c & ReLURYET—412DUVT

& c &= activator IZI%. ReLU (tW=0)&. 554D
DTIEE—51(tV = — ) BREENTLET,

COMETIE, ReLURYR T =0 Z1—JIL Ry T =V DEROLEHMT
ZEMTETILEALGL, TIOLBFEDRERITEYNENLGRIDET
IWEEEHT,

HADKOTWADIEI—EHLGIERIRARTHY . BFEDERMWMET
(TN EFEZSHE. CORLEMLG—RIZREST S EIFXEB(IHhE-
T3,

=hlZ, ReLURy kT —21d, KYLEHLGE=Za—JILRry T —O(ZHET
ARLVEELGER(BLUOHMMWLGER) DLW OMHIZ X, TEALE
B, IE#EE#LRIRA)E I TIZEF{EL TS,






Dty ar T, convexTEHMDMHEZRY LIFTET,
Tropical ZIEX D EHDHEEEEconvexBEE T,

f=1=. DNNOH A&, —fi&[Z[FconvexTlEHYFEE Ao

BELDII. EEDEEBESII. ZDDconvexZEAE#NDELL
CRELTESELNSTETTS,

DNNDQE#ZEHETILEL T, Tropical BEEEHEMNEIZ T HDIC
X. Z5L-EBANHYET,




convex(FIZfh) B %k

f(la+ (1= )b
<Af(a) + (1 =1)f(b)

b. 1
FESD <5(F@ +FB))

faa (INQB) ¢

a A+ (1L—XNb b




fa+ (1 A)b);

non-convex function

f(la+ (1— b
= A (@) + (1 —=A1)f(b)




non-convex function

concave (EIZfh)

f(la+ (1— )b
= A (@) + (1 —=A1)f(b)

\J




f(x) = |x| [&. convex

convexBE DAl
y =M fxX)=x*+ax+c
flx) =e*
f(x) = =In(x)



convex set & non convex set

convex NON-convexX

V)
 Jog




ZDOdOconvexBFEEnEDH

f=9-h
We call g —h a DC decomposition of f




DC function

dcBa#i& . 2D DeconvexBEAMDELL TRIETELEAD &
THhd., dcEEGEIT. 2DDconvexESNELLTRIFTESE
BEDZETHD,

dcBEE#EdcEEDULOMDEELEEIZDOLVTHRL S, FZ.

(1)EEDEFGREZIL. AL > TEAEBYDBETIE
LTEDH

(Q)EEDR" LDclosedTR & (X, R EOACEEDHFT
HDo

(3)AcEBMD IS RIE, BRELAERD LEFETEDT
TRETHS



BEDMHEICKY. FEOARLGAAFADRIE, FMEAIICE
—DACAFRELTESTEIT ZENTE D,

DL, R mBE b BREZT VO DERIGE IS RIZ7%E
JHEZAREICL ARIGHRIERICEFITH S,

RIZ, EDQBEEIEITHAD ., BBEAMOMNRMNLERIEEXE
DEOIZREDTHh . #FEEMD=/IMEFEEDLSIZEHT S
M IZDUWTERT B,

Convex Analysis and Global Optimization
https://link.springer.com/chapter/10.1007/978-3-319-31484-6_ 4



https://link.springer.com/chapter/10.1007/978-3-319-31484-6_4

Tropical BERE%K

imXDIEE 2.4]

Tropical EEE%IL. ZD®DTropical ZLIEX f(x), g(x)D

Tropical®ETH b, Tk, Z2DTropical LIE f(x),
DIZEITHD.

flx) —g(x) =f(x) @ g(x)

fegh Tropical ZIEX AR DS, f @ gT. Tropical HE

g(x)

ERI



I

TropicalZIEHK &Tropical HEE# D%

d-Z#DTropicalZBXZE T[xy, ..., x4/ THEL.
d-Z#DTropical GEBEEZE T(xy, ..., x;) TEKI .

TropicalZIEX f = f @ 0 THAHNDT. Tropical ZIEK L.
Tropical BB D . FRIDIFETHS,

T[xq, ..., xq] € T(x1, ..., Xq)

£ T. Tropical BRI DLWV TRRYII D@L, T
Tropical ZIEXIZDWVTHAY LD,




Tropical BEEE£4(L. DC function

d-Z#DTropical ZIERK (L. f:RY - R THHEE f(x) =F
2950, 2D f(x)I convexEETH S, HELD, convex
BEZIZDULVT maxEfZxEHREIX. convexEZ R FT M6
THd,

d-Z#DTropical BEBE f © g: R* > R IL. Z2D
convexBi# f,g METHHD T, DC functionTH s,




I

ROk EZEEDTropical HIERI %K

im X DIEFE 2.5]

F:RY > RP,x = (xq,...X5) — (fl(x), ...,fp(x))

FNEND f: RY - R H Tropical ZIEKXDEE. F#.
Tropical ZIHXBREMFV. Pol(d,p)EERT

FNEND f: RY - R A Tropical BIEE#D L=, FA.
Tropical EEEE{& LMY, Rat(d, p)ERT

Pol(d,1) = T|[xq, ..., x4]
Rat(d,1) = T(xq, ..., Xq)



B, Tropical BEEBEGRLZDOMN ?

ZEMNDfeed-forward —a1—3)L- RyrT—21F—Hf&[Zconvex
TIE7%ELY, LAL . TropicalZIEK [E&EIZconvexTH 5,

=1=L. [ZEAE Dconvex TIFZE L E L2 DD convex7i B L
NDETRYI CEMNTES, TN R, ZENDfeed-forward
—a—J)L- kT —5%  convexii2 DM Tropical ZIEHD
=. 9 HbTropical FEEAMTHLIEZZLDMNEYHTHAD,







ReLU%##EDfeed-forward neural networkl(Z.

Tropical B EER TR TES

Dty arTlE, ReLUZHDfeed-forward neural
networklX. Tropical §EEE1Z. 9 7xHETropical ZIE L
DETHEBF ToNEELD mXDERWLEE L EBNALET,




s H1THIAD 57732
A=A, —A_

THAZR S a; ; DERICIECT, Z2D1T5IA EA-IZHEIL,
A=A, —A_

ET B,

1THIA,, A_O)ﬁ‘iﬁj\’éafj, a; ETHE.
a{“j = max(aij, 0), a;; = max(—a;;j,0)

EHBIFIELY,

3 -2 1 3 0 1 0 2 0
-1 2 3 1=10 2 3|]—11 0 O
4 -1 -3 4 0 0 0 1 3



NENGEDES

max(4,B,C) =max(A+ X, B+ X,C+X)—X

p(x) = max{Ax + b, t}
= max{(4, —A_)x + b, t}
= max{A,x —A_x + b, t}
= max{A,x +b —A_x, t}
=max{d;x+b—A_x+A_x,t+A_x}—A_x
=max{A,x+bA_x+t} —A_x



Proposition 5.1

[ MactivateZ D H v M, Tropical EIBBEEL T, XD
FOIZREINTF-ET B,
v (x) = FVO(x) @ 6P (x) = FOx) — W (x)

2212, FOW), 6V (x) L. Tropical ZIEXEMTH S,

ZDEE.

(I+1)Bmactivate IBTDO H H1pt+D4,,
(I+1)EBmactivateBd DO H Hv+DE,

Tropical BEEBBRELTRIRTES,




IO

pHD) (. Tropical §IEE#

p(x) = Ap®P(x) + b
NI BREEBROBERATHS,
= A(FO@) - 6P)) + b
BEAHTIEREIT S,
= (4, —A2) (FO@) - 60 @)) + b
= A, FOX)+A_6Ox)+b—(A,.6V(x) + A_FP(x))
ZCT.

A FOX)+A_GY(x)+b = HHD(x)
A, GO () + A_FD(x) = ¢+ (x)
EHLE.
p(l+1)(x) — yU+1) (x) _ G(l+1) (x)

pY) [, Tropical B B TH S,




IO

vIFD () X Tropical B EEE&

v+ (x) = max(vD (x), t)
N, ReLUDERATH S,

ZIT IR pM(x) = HED(x) — 6D ()% #ES,
— max(H(l“) (x) — G+ (x), t)
= maX(H(l+1) (x) — GV (%) + G (x), t + gD (x)) — D (x)
= maX(H(H'l) (x), G (x) + t) — G+ (x)

max(H D (x), 6D (x) +t) = FEFD(x)

p+1) (x) — F(l+1) (x) _ G(l+1) (x)

vIFD () ETropical EEBE4 TH S,




a2 ET D

p(l+1)(x) — H(l+1)(x) _ G(l+1)(x)
v(l+1)(x) — F(l+1)(x) _ G(l+1)(x)

FUD (%) = max(HU Y (x), 6V (x) + t)
GUHD(x) =A4,6W(x) + A_FD(x)
HHD(x) = A, FOX) + A_6W(x) + b



TropicalZIEx L THORELD

FO,6O,HODiB B %. Y, 9P, hP LT, Tropical 218
NELTRLTHEID,
FUD(x) = max(HHD (x), 6D (x) + ¢)

G (x) = A, GV (x) + A_FD(x)

CUV(x) =A FOX)+A_GPx) +b



Theorem 5.2

—a—F)L-xybT—IDTropicalZ4F D+

FLIZR-RENHET, feed-forward neural networkl. B
#v: R - RPTH B,
FNERZFDEDIE. F,GETropical ZIEREGRET B XD
Tropical HEE#THS,

v(x) = F(x) @ G(x)=F(x) — G(x)
ZS5LT.vi&. Tropical BEEBEETHS,







max-plus @ Tropical Geometry

Dty a3 T, Zhangb DX DREEIZAST, HoT=6HT
Hypersurface, NewtonX#2ZF D Tropical 3 DB =487
L/T’L\tll_.\la\ij_

NBIZDULVTIE, Part 2 THREINTULVET , =1, PLEW
HYET, Part 2TENLI=D (L. min-plustiTropical{t# Lt
DEMFTL =z, 2OV arTHFRSIDIE max-plusi
Tropical R LD EFPFTT , HE. /T—aVBDLEGHST
WNBSECALHYET,

12 SN ZDDEMEOEZ AL, EARNIZIZFALLDT
R



max-plusTdTropical ZIEXD{E

9 . max-plusTOTropical ZIEXDEZR THEEELLS,

Tropical ZIEX f(x) = c;x™1 D - D ¢, x% L. max-plus
Tropicall XTI RD LOIBHESINET,

f(x) =c1x @ - D cpx™
= max{c;x%1, ..., ¢, x%)
= max{c; + alx, -, ¢, + alx)

f(x) = max{c,x%, ..., c,x")[ZBELTLI=SLY,
Zhh. RD HypersurfaceDEZDEMEIZITYET,



Tropical Hypersurface

ZDHXThhypersurfaceDEEZR THFELLD,

Tropical ZIEX f(x) = cx®1 @ - D ¢, x% D
Tropical hypersurface 7(f) [&. RO ELIIZEEIND,
T(f) = {x € R%: ¢;x" = ¢c;x% = f(x)
for some a; # a; }

FEH5, ZIAN f ZEAT D=2 (HAWNIETNLLED) HIF
XA, ZDOLTREFECEZF O RDEFYTY,

f(x) =max{c; + alx, -, c, +alx) ELVDIRRIEX. maxDF D
ENTARTXIZTDWTORBEEBRTHAHAEZRLTULFET,



Tropical curve

Tropical HIEX cix U AMh D E TH HEIEHK i x ¥ 23 L THRAKIE
EEDEVOIEHIE (x e R +af x = ¢; + af x} ERIFTER
ER

EEMIZIE, T(HIX, fO)DBEIBEXDKRITEMTIRERITHS
EEOBERIZESTWET, ZOT () DHEEIL, Part 2TRT-
hypersurface V(f) ERILED T,

ZEHD (THEHE.RZOFERLE) DZIEBRDhypersurface%
Tropical curve EFEUNET,




—fi%(=. Tropical HypersurfacelZ. f DE & ZE f Hi R E77
AHrh7gfEE (Cel)IZHBILET . co D fEE (Cell) XM Z A
THY . BHBRHOBHEAER (x e R: Ax < b I TEERINE
ER



Newton Polygon&Z M 7 &l

Zhangf=61d, Newton R2ERD&IIZEELET,

Tropical ZIEX f(x) = cx®1 @ - D ¢, x% D
Newton Polygon A(f) . REDmERMLT- af, -+, a, D
convex hull Ths.

A(f) == Conv{a; € R*:q; # —0,i =1, ...,7}

—tlx. Part 2 TR7- NewtonEFNDEEHLRL T,

NewtonE# Tld., BIEHK c;x“ DFREc (FEBRINTLVET,




Newton Polygon® 4 Z|

Part 2Tl&, EHAERBALIGEN =D TI M, fD
hypersurfacekf®Newton polygonDxtiEE z B8,
Newton Polygon®DI 28| INEKRZEFDODTIT M., TD7FEID
BEREHBALLISERET,

FI . EICERLEREGEZEEAE. ROLIGEEP(HTEY
F9,
P(f) :== Conv{(a;, c;) € R*XR:i =1, ...,7}



RIZ, P(f)D LM (upper face) UF(P(f))IZ.
8 mRIXR —» R? Z#{EASE T, BMLI=c, DIEZF%EELET,
FNE. f I2E>TRESNSNewton polygon®Ddualzi&i s
DE S EEWVWET,

5(f) = {n(p) c R%p € UF(P(f))}

ROBEAZ. Tropical ZIEZ

f( 1,X2)

=10 P1LO P20, B20x, D20 x, D2
M Newton polygon&dualGE R ElZRrLI=HDTY,



fl,x)=10x1 P10 B20x5, B20x; B2 x, B2

Dual subdivision of Newton polygon (0,2)



Hypersurface&Newton Polygon®

[dualZ&x It 1 D 2K

Part 2 T. RO KFIGRZEBIT LD, ZETIL.
Hypersurface&Newton Polygon®ldualZixtis IDERR %,
£3DLEFLKRTHE IS,




Hypersurface V(p)&

NewtonX# &%, dual THS

)
—9

92

-1 0 1 2 3

V(p) Newton|3

W



Hypersurface T(f)&

Newton polygon A(f) &l&. dual TH5

-3 -2-1 0 1 2 3

Hypersurface T(f)

Newton polygon A(f)



Hypersurface T(f)&

Newton polygon A(f) &l&. dual TH5

AF) LD AIZ
ZH1EDITES A

-3 -2-1 0 1 2 3

Hypersurface T(f) Newton polygon A(f)



Hypersurface T(f)&

Newton polygon A(f) &l&. dual TH5

Hypersurface T(f)

A(HDIER A,B,C I A
T(fYDrEE A,B,C &
X9 %

Newton polygon A(f)



Hypersurface T(f)&

Newton polygon A(f) &l&. dual TH5

B A
O
B @)
@ AN
/ P
A}
T q
1" e ¢
—
c @
S
C

3.9 -1 0@ 2 3
Hypersurface T(f)

& kI A
A(FDIES D,EF (X
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