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There is no such thing as Two Individuals 
indiscernible from each other. 
Two Drops of Water, or Milk, viewed with a 
Microscope, will appear distinguishable from each 
other..
This is an Argument against Atoms; which are 
confuted, as well as a Vacuum, by the Principles 
of true Metaphysicks.

-- Leibniz



The univalent model satisfies a new axiom which 
is called the univalence axiom. It imposes the 
condition that the identity type between two types 
is naturally weakly equivalent to the type of weak 
equivalences between these types.

-- Voevodsky



Sooner or later computer proof assistants will 
become the norm, but the longer this process 
takes the more misery associated with mistakes 
and with unnecessary self-verification the 
practitioners of the field will have to endure.

-- Voevodsky
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There is no such thing as Two Individuals indiscernible from 
each other. 
An Ingenious Gentleman of my Acquaintance, discoursing 
with me, in the presence of Her Electoral Highness the 
Princess Sophia, in the Garden of Herrenhausen; thought he 
could find two Leaves perfectly alike. The Princess defied 
him to do it, and he ran all over the Garden a long time to 
look for some; but it was to no purpose.
Two Drops of Water, or Milk, viewed with a Microscope, will 
appear distinguishable from each other..
This is an Argument against Atoms; which are confuted, as 
well as a Vacuum, by the Principles of true Metaphysicks.

-- Leibniz
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10, 11 ?�=%

o 
�;$-:�
?$���8��6Bob9 =%
o Alice:���8HEDKC9	4'5$Bob;�3:(2�
3:��?"@6
:EPRGA:��9!�/=%

o #+<*-79$0>1,6$Bob;BICFJ:�� |Ψ〉 ?
��6*=:6&=%



o AliceD�	D��C�<>)BobDqubitE5MJD�=D

"B��O@L*H;NP)AD��C-L0O�L:GC
E)BobEAliceD��D �O�J6M>.B4MFBJB
.*5D��CI<>)��D�%1�IK$3BL5@E'4
JML5@CBL*.<:PBob1��D �O�MF)Bob
E9D��O)&�B(
QSRO&�7>+��,7>|Ψ〉O
��?2L*

o �/F)��D �100?-MF)BobE�H8L�#EB
.*��101D�CE)XQSRO&�8MF..*10BJZ
QSRO&�8MF..*H7)11BJF)��CXQSRO)
!.>ZQSRO&�8MF..*



|Φ+>

Alice

Bob

Alice

Bob



|ψ>	=	α|0>+β|1>,		|Φ-> = 1/ 2 (|00 > + 11 > �����

|ψ0>	=	|ψ>⨂ |Φ-> 
= (α|0>+β|1>)⨂ 1/ 2 (|00 > + 11 >
= 1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ0>



|ψ0> =	1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ1>		= 1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|10 > + 01 > )

|ψ1>|ψ0>



|ψ0> =		1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ1> =1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|10 > + 01 > )

|ψ2>	=	1/ 2 (α(|0>+|1>)⨂(|00 > + 11 > + 
β(|0>−|1>)⨂(|10 > + 01 > )

= 1/ 2 (α(|000>+|011>+|100>+|111>)	+
β(|010>+|001>−|110>−|101)	)

=	1/ 2 (|00>(α|0>+β|1>)+|01>(α|1>+β|0>)	+
|10>(α|0>−β|1>)+|11>	(α|1>−β|0>)	)

|ψ1>|ψ0> |ψ2>



|ψ0>	=		1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|00 > + 11 > )

|ψ1>		=1/ 2 (α|0>⨂(|00 > + 11 > +β|1>⨂(|10 > + 01 > )

|ψ2> =	1/ 2 (|00>(α|0>+β|1>)+|01>(α|1>+β|0>)	+
|10>(α|0>−β|1>)+|11>	(α|1>−β|0>)	)

|ψ3(00)>	= (α|0>+β|1>)
|ψ3(01)>	= (α|1>+β|0>)
|ψ3(10)>	= (α|0>−β|1>)
|ψ3(11)>	= (α|1>−β|0>)	

|ψ1>|ψ0> |ψ2> |ψ3>



|ψ3(00)>	=	(α|0>+β|1>)
|ψ3(01)>	=	(α|1>+β|0>)
|ψ3(10)>	=	(α|0>−β|1>)
|ψ3(11)>	=	(α|1>−β|0>)	

|ψ1>|ψ0> |ψ2> |ψ3> |ψ4>

|ψ4(00)>	= ψ3(00)>	=	(α|0>+β|1>)
|ψ4(01)>	=X |ψ3(01)>=X(α|1>+β|0>)=(α|0>+β|1>)
|ψ4(10)>	=Z|ψ3(10)>=Z(α|0>−β|1>)=(α|0>+β|1>)
|ψ4(11)>	= ZX|ψ3(11)>=ZX	(α|1>−β|0>)=(α|0>+β|1>)

|ψ>	
=	α|0>+β|1>



*09-?��>9*:

o ��(&�PXTZPZNUY@'�DF�0&���K$G2
<.;/G?7I+-\
2H>�5G�,@'��>RZ7(PXTZPZNUYK
!
5G6B>@'Alice@"� �K'���=%�#;'Bob
>$E=1HA=E=*?7-E(

o ��(&�PXTZPZNUY@'��?&���?MSZK
�46No Cloning��K�G2<>=E=*-\
2H>9*:C'�,@RZ7(Bob?C<;'&���@�
�3HG?7.'Alice?C<>)86LVOQW?&���
@'Alice?"�>D8:'|0>-|[>-?��>	J8:'

JH:*G(



Part III

������ – ���	�




Part III Agenda 
�
���


o Libniz -- ����������
o Russell -- �������	���
o Church -- 	��������
o Curry-Howard�� --	��������������
o Martin-Löf -- Dependent Type Theory
o Voevodsky -- Homotopy Type Theory



Libniz -- ��	����
��



726534

o ��������+�
�
�����'�)�.+,��'�1

o x*%�&�()1��+"-&*��&�#+���y*%
�&.�()1��#+�*�0�x(y,�!��

o x(y��)$&�1)/�x,�$&�1�y,�$&�)�	
) (.�%+
���1�



$�#" !

1. ��������	��
���� x, y ��
�
x�y�����
x�y�����
�������

2. ��	��������
���� x, y ��
�
 x�y�������������
�
 x�y�������



��
�*,%$�� ������

1. �
� x = x
2. ��� x = y (. y = x
3. ��� x = y, y = z (. x = z 

��
�'�#�*�&*��1�&������ R1�!/�
1. Refl: ∀x. xRx
2. Symm: ∀x,y. (xRy → yRx)
3. Trans: ∀x,y,z. (xRy ∧ yRz → xRz)

�*726534*��	��� (indiscernibility)�* 1. +�
�*- )��"0/�

Indsc: ∀x,y. (xRy → ∀P (Px→Py))



����	�$��
�"��'&

(��) xRy�
%����& �#��P(v)=vRy �&�

P(x)     (P!�� �xRy�
%����& �����$)
→ P(y)     (Indsc�$�xRy → ∀P (Px → Py) ��&)
→ yRx (P!���$)

#���xRy → yRx �
��
%���



����
 1����/� 43

6��7 xRy, yRz!�2�')�3+#0��P(v)=vRz+$3�
yRz 6�� 17

→ Py (P.�� 17
→ Px (xRy 1��-��#%	�� 1�yRx�

Indisc 1� yRx → ∀P (Py → Px) *�3 7
→ xRz (P.�� 17
0')� xRy, yRz → xRz *����!�2�(�

%&#��,��/�Indisc5�%$!��
�5�%",��
& 1�����
 1�
�/� 4,��



Russell -- �����
���
�

��
��	���������Russell�������%
&$#!"��
�� ���100�����
�����
���



Frege3��

o Cantor3���


#��04 �"3��%9&4��3��/�1,+�
�;�-3��2(+�68/%9!
*3��4 ��3��0�5:9!$

o Frege3
��<Comprehension Axiom=
%9��Φ2-&.Φ(x)'�8�-�.3��x;�7
+��y'	�)9!



Russell%�	

o�%Φ(x)$�~(x∈x).�-��
�%Φ$)� �
�,+��.R"�,'�
R={ x | ~(x∈x) }
R&�����.��"� �(#�� %���*#+
��$#+�

o R∈R�-��0 �%��R&����.��$�/!�
+%!�R%��!&#����*�R∈R#*'~(R∈R)"
#� �
�+�

o�,!&�~(R∈R)�-��0 �%��R%�
�*��
%R&R%��!#�,'#*#��~(R∈R)#*'R∈R
"#� �
�+�



Russell>��>��

o Russell?&��3GF@0JLK� H�I7&
�9>JLK.D<FJLKH�-F�����<��&
$!��<��(impredicative definition)/�%>
�	7;�-6'

o (��?&5>��;+,��=C89>A��3GF�
�H�I:?+1<+'*F��>�9>��;+,��
=C89>A��3G,FB>?&5>��>��=?<
E�<+')

o Russell?&��;!�=
Mdegree;order.D<FNH

�49&2,46!�>"�H�#4C,;46'



Russell-
-��

o �*-��.
 i 2�)�

o �� P(x1,x2,...xn).�x1,x2,...xn "'1(1�)

i1,i2,...in,
%*�
 (i1,i2,...in) 2�)�

o !0
2�)��P.�#-
-����-�+�'-

��-
2�)��,�$*-/����0�

o ��* 2�&���	.�'-
��-
2�)��-
�2�0�



��
��	���"
!� ���%*,-)

o Russell���	
�����'(&+����
��	
���"����Zermelo–Fraenkel��	���

.ZF/����$#��"�

o ZF���Frege�Comprehension Axiom������
��	��
�#��"�



.�+C-�C�'C�&
��M+��C�#B�;I�!

o.�+?C-�C�'D/RussellC�C�+C��/
ZFBFI.�+C���C�7@@EB/��M+��C
�#B�;I�!L��AECB:<0

o�KJ<CD�CF5A�+C���?3I0
~∀x~P(x) ==> ∃xP(x)
13I,*P6�H%<A4@�>CxB=4>(58@6
	�?7IAG/PL�<;3Ix6

;I02 88?
D/3IECC

6/

:A4@��;I@" ;I
8@L$;8@?)�9J>4I0



 &�%Z���%E��

o 829<*��C
�'�D�1P�=.829<JEP(
�4L�+9K2B12�6520�$E�-4L�HO@
7N/;O5. &�%Z���%B�GONJEA0N/

o 8E#�AF.P(x)P�<:0NxE
�F.P(a)5�M
#?0NaP":8BA.�I@�3LON8BDCN/

o 8E#�F.;E�E��Z(��D�1�,P�3</
��ESYWX[VZTQRYUE
!BC>@1N	E�
(J.�):NK2D.8E#�D#>@1N/



Church -- �������
�

���ML, Haskell�������	��

��Church��������
�����������



λ��0
�

o�0�*08987��'+ λ�7(���/1	�.30
/)��(5%-7λ��-"#!

1. α-conversion:
���/�"5��0
�1 ��/����5!�$2 
λx.(x2+1) => λy.(y2+1) => λz.(z2+1)

2. β-reduction:
��/45��898 (λx.t) a => t[x:=a]

3. η-conversion:
λx.(f x) => f
x,���&6)f(x)1 f/�'"-"#%-!



.-,��&$�$��

o�σ�)�τ&$��%�� σ → τ +
��
o�*λ	 e��τ+
��!+�e : τ !���
o α, β, η$��/0/%��'$!�*

�$��$� �λ	$�$��+
$(�#���
1. ��"�� vi %�+
�� vi : τ
2. e1 : ( σ → τ ) �e2 : σ ")� (e1 e2) : τ
3. x : σ  e : τ ")�(λxσ.e) : ( σ → τ )



�/-�;:9��+
��-�8�(;:9��/��

o�/-�λ��*�5�(��/	��0��8�(λ�
�*3�5�(�

o%&���/��&.0��3�6�
�/-�λ��*0��
/λ�.
$)�
/λ�/��
8�$)�%"��8�(λ��*0�λ�/��.�.4
6��"�')�6�

o�8�(;:9��*0�xσxσ+� ��0�#7-���
#76/0�xσ→τ xσ+� �8�(λ�, $/��/2*
�6��!1� Ω :=  (λx.xx) (λx.xx) 0��8�(;:
9��*0�#7-�λ�*�6�



��#�-	!0/.��%��

o��#�-	!0/.��&���� 
"&��-	 
#�0/.��(*������$'��,)���%(
�#��#��-	!�

o��#�-	!0/.��"&��
$(+��&���
���+�



�-�"862��$(��

o�+/51.03 a��+� A-�"%���
-� a : A
%�, ��

o�-�"862��(��$)���)��(	-�#�
+�

o�� λx:A.b[x] -��A'��+/51.03a-���
# b[a]-
+�

o��(�$��#(/51.03)7490&�-�"�*
!���$���/51.03)���(�-�"�



�3	%<;8��'+
��+5:7469(#+�

o�1�*�!15:7469,��+��=>=*/$&�
���.1)0���5:7469(�-21�

o��-�1 + 1 ,���
+�*�!1���',)
��2 ,���+5:7469'�1�

o�1� A +��5:7469 v ,�#2����=>=
+����
"�#2��3�( &	%�
�+�� v : A (���



a : A

��	
��
���

v : A
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�
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�
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��
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Curry-Howard��
��&@><��0��03��

@><��2�*9�
%�6++5���*934�20
	�'+-+1960	�$7,0�# ��44-&8)."9 
:A=?B;%��2�&�)+$7/!9 (3��3��
�1
�4�Howard3Curry-Howard��3��/!9 



Curry-Howard��

o Curry-Howard��1���0���0�4��.
�0
�*,�6�

o Curry-Howard��1���-�0��-0�0��"
3!����9
5�/%'�

&.8(���/�#6��1��0��0�/��%�
��/�#6�
1��0��,0�6�0��/��
&6�

o Curry-Howard��1�“Proposition as Type”
“Proof as Term” 0�	�9-)+�PAT-�276$-
 �6�



Curry9��

o�81934�8$Curry:$
�>�3A@?��6��
�� �69()28$
�"�+(=.6>��/4)
16)*%

o ..5:$
>�3A@?��9
8��0=�� -> +$
 ��5$&A 7<; B'9��>�	0= #A -> B” 9
�8�4-=�� -> 69!8$
�"�+(=.6+�
,7��>�10%

Curry, Haskell (1934), "Functionality in Combinatory Logic”
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC1076489/pdf/
pnas01751-0022.pdf

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC1076489/pdf/


Howard*-/
�

o Howard,��+Curry+
�1� .*����#�
o 1969�+�+�	+3258��"-�*�
���,���764��+�(�)"�(��
/+'�
/�#$!��+�+�	��� 0#+,�1980�*)%&
�.+�(.!��

Howard,Williams (1980) 
"The formulae-as-types notion of construction”
http://www.cs.cmu.edu/~crary/819-f09/Howard80.pdf



“Propositions as Types”
“Proofs as Terms” 

o Howard4�	5%”Propositions as Types”, 
“Proofs as Terms”  (+;<%PAT1'(9,'C1,0%
�37:Martin-Löf4�4�"3�*2�$<�).&

o��3%Curry-Howard
�5%��*A@>��<?
B=A@1�2-6%”Proof as Program”1,08�#
��:&

o +(,.��5%��4Coq�4 ��
�!4�"�
��32/0':&



�(����
(��*���
�

o�*��*����)�	+��(����
(��*
���
�'�0�

o p !�� P *�
'�0"(1�p : P
(�#&-/ �

o "*�p !�� P *�
'�0�(� ��1�$ p : P 
+��p +�� P *��'�0�(� ��1�#&�0(
�)$"(!��0#�,%��*��.��0*'�0�



Curry-Howard��
�����	��
��
����


p ���� P �
�����


p ��� P �	�����

p : P

� � ��

	� � �



Curry-Howard9
���A
7&��.@'D

o ++5: Simon Thompson9>?�A��.@!

o</ p : P ( "p (�� P 9��5$@#6%&��A

�.6,4 0&,1��(�&;)BCBA���8�
�.@!

o3%5 p : P ( "p (	 P 9��5$@#6%&��A

�.6,4 0&,1��(�&;)BCBA���8�
�.@!

o0&.@6 ��6
�9�����( 09��:�8
,4 <21*�-=95$@+6(�'@!



Martin-Löf
Dependent Type Theory

��)��)���)	� ��� ,)*�1980
�(
'#$�+%�,�")����*�Martin-Löf%�,�
��)Coq, Agda&�����
./01*��)
Dependent Type)��(	��!+-$�,�



������
��	

Due to Per Martin-Lof
“ON THE MEANINGS OF THE LOGICAL
CONSTANTS AND THE JUSTIFICATIONS OF 
THE LOGICAL LAWS”
http://docenti.lett.unisi.it/files/4/1/1/6/mar
tinlof4.pdf

http://docenti.lett.unisi.it/files/4/1/1/6/martinlof4.pdf


�������

o A∧B � A��B
o A∨B � A���B
o A→B � A���B
o ~A � A���

o ∀xP(x) :  ���x��
�P�x�
o ∃xP(x) :  	�x���
�P�x�



A ���

o �A���� ��

o �
��A���� ���!	��� ��


��A���� ���!	��� �

��������	��� ���� �

o �
��A������ ���!	��� ��

�
 ��



�	��
� �������
�����

�� A ��	���� ��������


� �����

��

��
���



������������
�����

�� A �
��� �� �����

��� �����

��

�
	���



�	���

o�	������������������

o�	���#��
������������#�� 
"����
�$��$��!���



������!

o�������������������

o������ 
��� 	���������

o
������ 

�����

o���

������



��������	

Due to Per Martin-Lof
“Intuitionistic Type Theory”
Bibliopolis 1980
https://goo.gl/WUjzTE

https://goo.gl/WUjzTE


��4��

o Kolmogorov5"�! a → b4��3"$�! a4��
;�! b4��3	
-:��;��-:+1%1&'�
�;�(/#

o +4+15"a → b4��;"a4��)8b4��64
��1�:+1*��:1&'+1;��-:#

o +4+15"��3"�!;.4��1�����:+1;
��-:#

o�5+',/��4�79;��,".',/��4�05"

�-:�4"�04 1�2-+1*��:#



�����������	�! �$

o ⊥
o A ∧ B
o A ∨ B
o A → B
o (∀x)B(x)
o #∃x)B(x)

��

A����B�����

A����� ���B���
A�����B���"��


���a����B(a)���"�� 


� a��� B(a)���



���

������	����#
����

o ⊥
o A ∧ B

o A ∨ B

o A → B

o (∀x)B(x)

o "∃x)B(x)

none
A�

���a��
B�

���b�! (a,b)
A�

���i(a)������
B�

���j(b)
A�

���a�����
B�

b(a)����(λx)b(x)
���a����
B�

b(a)����(λx)b(x)
��a��B(a)�

���b�! 
(a,b)



Dependent Type Theory

“INTUITIONISTIC TYPE THEORY”
Martin-Löf
1984�
http://archive-pml.github.io/martin-
lof/pdfs/Bibliopolis-Book-1984.pdf

http://archive-pml.github.io/martin-lof/pdfs/Bibliopolis-Book-1984.pdf


�7� :7�	

o Church7��5�A�1HGF��7��8!
���68!�A, �B6�+2!� A → B3��*?>
�
�7�+'�/5$"

o-?6�+2!Martin-Löf8!���5� 6;!��5
DECI3�A��+/"�&9!A(�3#=!B(�3
#?9!A∧B;A→B;A∨B;�3#>4$%<%6";0@
B!-?.?8�5>�3#>"�+)8
�,>"

o#> a(�AA�1�!a : A 3�,"



��	'%�%��

o Martin-Löf &�� a = b $*�-��+�
a =A b : Id(A a b)

� Id(A a b) -���&�a " b &���"��
�-
���

o a =A b %A&��A%�!%��	!�+�"-�� �
+��#,��a : A ! b : A!���a = b%�$&�)
 �a =A b &�Id(A a b)
-���

o ��!&�%��	$�� �(����%��	"�
%��	&�
#+*%!�+�



Martin-Löf 1���1
1��
E1: (4,1
X.�)1(4,1�� a, b 0+!,�
a = b .!"
$�	(8�
E2: (4,1
X.�)1(4,1��a0+!,�

 a = a 1��- 8 refl(a)$�	(8�@”refl”
2�”reflexivilty” - 8A
E3:(4,1
X.�)1(4,1��a.�
 a = b0�(8e
0+!,
X�1<>=?;b0��(8
1�P(b, e)$�#7
9*�� f(b, e) : P(b, e) - 8
P(b,e)1��f(b,e):(
4,
�(8*602� P(a, refl(a))1�+1�� p:�#9
3��- 8�&1���798��f2��1��1
�-�
�0
�'9*.5/(&.$-%8�
f(a, refl(a)) := p



�#��#��

o Martin-Löf#�#��$�	#�"'���� #��
!���&%�

1. �%��a���!�%�"
α : Type

2. �%�
� a��� α#��!�%�"
a : α

3. � #�
������#��!�
���"
a = b : α

4. � #���
���"
α = β : Type



Dependent Type

o %:6/�A∧B, A → B, A∨B 0�,*��219	 A, B 
<��(90�&�	"�690�,*?@=C/	<
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Inductive Type
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Inductive nat : Type :=
| 0 : nat
| S : nat -> nat.
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Univalent Foundation

“Structuralism, Invariance, and Univalence”
Steve Awodey
2014�
https://www.andrew.cmu.edu/user/awodey/prepri
nts/siu.pdf

https://www.andrew.cmu.edu/user/awodey/preprints/siu.pdf
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o�� Isomorphic  “ ≅ ” ��� Isomorphy
o�� Equivalent “ ≃ ” ��� Equivalent
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Homotopy Type Theory

“The HoTT Book”
https://homotopytypetheory.org/book/

https://homotopytypetheory.org/book/
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a = a

a = b →	b = a
a = b & b = c →	a = c

reflexivity        symmetry         transitivity
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o GitHub: https://github.com/UniMath/UniMath
o 2016�9�?( "UniMath - a library of 
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https://github.com/UniMath/UniMath
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Computer Science and Homotopy Type

https://www.youtube.com/watch?v=UvDeVqzcw4k
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