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In short, he was a genius akin to Cantor or Grothendieck, at
times teetering on the brink of sanity, yet gripped by an
immense desire for beauty and clarity, engaging in struggles
that gripped his whole soul. From the fires of this volcano,
truly original ideas emerge.
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For the convenience of further reference we numbered all the arrows, The
right vertical face of the diagram is the diagram (2) defining the 2-morphism
Id » Q¥ and the upper horizontal face is the diagram (1) defining the 2-
morphism YQ —» Jd The whole diagram is the union of the front part which



Library UniMath.Foundations.Preamble

Introduction. Vladimir Voevodsky . Feb.
2010 - Sep. 2011

This is the first in the group of files which contain the (current state of) the
mathematical library for the proof assistant Coq based on the Univalent
Foundations. It contains some new notations for constructions defined in
Coaq.Init library as well as the definition of dependent sum.

Initial setup unrelated to Univalent Foundations
Require Export UniMath.Foundations.Init.
Universe structure

Definition UU := Type.

ldentity Coercion fromUUtoType : UU >-> Sortclass.
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https://github.com/vladimirias/Foundations/
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“The Lean Mathematical Library”
https://arxiv.org/pdf/1910.09336.pdf

https://qgithub.com/leanprover-community/mathlib
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School on Univalent Mathematics
July 29 - August 02, 2024, Minneapolis, USA



School on Univalent Mathematics
July 29 - August 02, 2024, Minneapolis, USA

Homotopy Type Theory and Univalent Mathematics
are emerging fields of mathematics that study a
fruitful relationship between homotopy theory and
(dependent) type theory. This relation plays a crucial
role in Voevodsky's program of Univalent Foundations,
a new approach to foundations of mathematics, based
on ideas from homotopy theory, such as the
Univalence Principle.

https://unimath.github.io/minneapolis2024/



The UniMath library is a large repository of computer-
checked mathematics, developed from the univalent
viewpoint. It is freely available for everyone, as an
open-source project, from the web. The School will
give many young researchers an opportunity to

familiarize themselves with the UniMath library and
become contributors.












Part 2 Agenda
[GtE =IA=70U 354

ELVDERE D FHE

N

Curry-Howardx*t ity

Dependent Type Theory -- Martin-Lof

Homotopy Type Theory I -- Dependent Type

Homotopy Type Theory II-- Univalent foundations



Curry-Howard s



Curry-Howard ¥ i

O 1940FE XD Church® =6, SLAFTEICX T A8
DAY, ST=F=UERIETHADIE. 20F8L=>7=19604F
KOS THS,




Curry-Howard ¥ i

O 1940F KD Church®xEm . TLFFTEIZ T HE
DAY, S f=T=UERIET 5D, 20FE18<F=>1=19604%
KNS TH S,

O EHKE-SFTYLTWS, AvEa— 3N REICHEHLT -
Mo TH B,




Curry-Howard ¥ i

O 1940F KD Church®xEm . TLFFTEIZ T HE
DAY, S f=T=UERIET 5D, 20FE18<F=>1=19604%
KNS TH S,

O EBHXFSZFYLTLNS, AVEA—3NHEICEITHLT-
M5THD,

O OO RETRIVLREX. Howard®Curry-Howard
X ILDIATTH S

=



Curry@#R

F'J.f—_|-§7A9 n-l_ﬁt
EflEHZmEED XTI




Curry#R

RS LF A HEEERERFELEOXIR

O BRIZ19344 (2, Curryld, B ES LA HELES I &
RIEBEDHWNEIZ, RIGEBRAHLHZEEFHR LTV,




Curry®H R

RS LF A HEEERERFELEOXIR

O BREI219344 (2, Curryld, 2fIES LA ELESH I E
RIEBEDHWEIZ, RIHEFREAHHZEEFRERL TV,

OBZFOILIHAEORABDOEZTRYT XRH — &
WENA - B ORICHTKLEEZEKRT AKX —
EDREIZ, MISEFRNHLHENIDT,




Curry®% &R

RS LF A HEEERERFELEOXIR

O BREI219344 (2, Curryld, 2fIES LA ELESH I E
RIEBEDHWEIZ, RIHEFREAHHZEEFRERL TV,

OBZHFOSLIHAREOEABDEZTT XK — &,
MENA > B OPRICHTKLEEZERT 2K —
EDREIZ, MICEFRNHLHENIDT,

Curry, Haskell (1934), "Functionality in Combinatory Logic”
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC1076489/pdf/
pnas01751-0022.pdf



http://www.ncbi.nlm.nih.gov/pmc/articles/PMC1076489/pdf/

CurryM#HR

BtES5 L8 ROBOEELRER

BFEAXDEDEE.

1. B#MGEH v, (TBEHED, v, T

2. X:0Te:Txb,(AXze): (0—-T)
3. e,:(0>T)TC.e,: 045, (e;e,): T




CurryM#HR

BtES5 L8 ROBOEELRER

BFEAXDEDEE.

1. B#MGEH v, (TBEHED, v, T

2. X:0Te:Txb,(AXze): (0—-T)
3.‘ e,:(0>T)T.e,: 045, (e;e): T ‘




CurryDHR

BtES5 L8 ROBOEELRER

BFEAXDEDEE.

1. B#MGEH v, (TBEHED, v, T

2. X:0Te:Txb,(AXze): (0—-T)
3.‘ e,:(0>T)T.e,: 045, (e;e): T ‘

COBRGEI LR,
'A—> B TAXLBTHD! (ZERZE)
ELVOREXERILEEZL TS,




CurryM#HR

BES L ROBOEHLRER

BFEAXDEDEE.

1. B#MGEH v, (TBEHED, v, T

2. X:0Te:Txb,(AXze): (0—-T)
3.‘ e,:(0>T)T.e,: 045, (e;e): T ‘

CDEGFESLAEEIL.
A > B TAXLLBTHD (ZEHE)
ELVSMREXEFECEEEZL TS,
REFOTLAFEDEBDEZRT KEH — &,
HIEXA - B ODHRIZHTKSEEZEKRT HKH — &
DREIZ. X IHEZRNH S,




Kolmogorov® ' EEEH | D EEFR



Kolmogorov

a — b (aZz(Eb) D IEA D £ZFR

[0 KolmogoroviX. i a — b (a7 (Eb)MEERAIZ, Tdn
78 aDEIBA%Z e bDEEBAIZER T A EZFHEET S
E1EWLSEBRRZEEZ 1=,

OZDZ&lE.a —» bDEERAZ . aDFEEAMN DD EERR~D
Fﬁlyﬂ&%éutb\ﬂj%étb\')_t’& KT B

O B#RIC. RIZRSEIZ, trEDEKRZE . TDELRALEEE
DITBRIEMTES,

O KoImogorovOD_O)%i(*ﬁﬁi" Z&ELVS) [, Martin-
LOfFDE DIEBMRIZE I EETEZ -,




Kolmogorov®D RN T T,

A DL, A LisEnHm ?

O L (#)
OAAB
OAVB
OA— B
O (vx)B(x)
O (3Ix)B(x)

REBAZEL

ADEEEAEBDEERA D ™ /5

ADFERA. HAHLME. BOFEBA
ADFEAMNHBDFEAZES A A
EENalxLTB(a)DitAAZz5Z 4575 &
hHal=xtg vB(a)DEEHA



KolmogorovD RN T T,

meE DL, I Ligl (M ? 2RI

01 (&) none

OAAB ADIEATH Hat.
BOEATHSHbD 7 (a,b)

OAvVB ADGERATH Bi(a). HHLIE,
BOIIEATH SHj(b)

OA — B ADEERATH HalzxtL T,

BO:EEEAb(a)Z 5 Z 4 (AXx)b(x)
FEEDalZxLT
BMDiitAAb(a)ZE 5 Z 45 (AXx)b(x)

Hbak.B(a)DIEHTHEbDRT
O (3x)B(x) (a,b)

O (vx)B(x)



Howard

BXIETLAETEDE L
B9 ZENEESD




Howard

MIENETLITEDRERG T CEMNHES

O HowardlE. COCurry@FER%E . SHITECE R T-,



Howard

MIENETLITEDRERG T CEMNHES

O HowardlE. COCurry®ER%E . SHITECE R T-,

O 1969FE DD BEXD2ARILHI RS LI,
HERIFEGESLFTAEDRLERLGLTENHESLD
THbo




Howard

MIENETLITEDRERG T CEMNHES

O HowardlE. COCurry®ER%E . SHITECE R T-,

O 1969FENHD X DAL RILHART LI,
HRERFEGESLFTAEDRLERLGTENHESLD
ThHd,

O ==L, BEOZD@RIXHALDEHSNTI=DIL, 1980F (275>
THhoNITESLLY,

Howard,Williams (1980)

"The formulae-as-types notion of construction”
http://www.cs.cmu.edu/~crary/819-f09/Howard80.pdf



Martin-Lof
mEEN DI DYL5E

O Church® B 7B A F DS LA TED KRR,
EARIZIE., BA, BIBIZXLT.E A > BTRIBEINS
BB DERILMEFT=7E0,




Martin-Lof
i~ D D LR

O Church@ BB EF DT LA FTEDARRIL.
EAXRpIZIE., BA, BBIZXLT. B A - BTREINS
ESESEIDEIBN AL =y A AW

O FhIZxfL T, Martin-Lofl&. /BN mEICE. BTG
AL TEEEZ L= AL AR THY . BHREIT
HNIEL. AABHEASBEAVBEEITHAELNDLIIZ, B A
. TNETNIZERELLSETHS,

hd g anEAZFEDORf.a: A TRY,



Curry-Howard s




Curry-Howard it

(8 (ElanrE ). TTEIETFERR 1 & D Xt s

O Curry-Howard*t it . b eIgi =i, T8 1 &M anRi .
[ & TEEBIEDXIETH S,




Curry-Howard it

(8 ClapRE ], (18 ) ETEERR | & D s

O Curry-Howardxt it . it id, T8 &M anri .
[REBALIETIBE IO IETH Do

Olp HdpE P DFIBATH D ICEX.p: P
ERT_EMNTES,



Curry-Howard »i i

(8 ClapRE ], (18 ) ETEERR | & D s

O Curry-Howard*t it . izt id, T8 1 &M apri ).
[T 1& TEEBA 1 ED R IETH S,

Olp HdpE P DFIBATH D ICEX.p: P
ERITEMNTED,

Olp (X. 2 PDIETHAICEL.p: P
ERITEMTES,



Curry-Howard »i i

(8 ClapRE ], (18 ) ETEERR | & D s

O Curry-Howard*t it . izt id, T8 1 &M apri ).
[T 1& TEEBA 1 ED R IETH S,

Olp HdaE P DFIRATHAHICEX.p: P
ERTEMNTED,

Olp (X. 2 PDIETHAICEL.p: P
ERITENTESD,

Ofp Aand P DEEATH S 1EWLSHIBZERT p r P (F,
(p X8 P DIETHAIELSFHIMZERT p: P LRE
JOENHEKAL. F . HDRALHELIDTHS,



Curry-Howard >t its
(8 ElTanRE ], TTRIETREBA 1 ED X IG

[p %, %58 P DIIBATH D)

alE B an 8



Curry-Howard>{ i
(84 (&TapRB ). T8 | &TRERR 1 & D *F s

T 2

p .5 P DETHD)



Curry-Howard>{ i
(84 (&TapRB ). T8 | &TRERR 1 & D *F s

[p %, %58 P DIIBATH D)

ALk BA an
I8 i

p .5 P DETHD)



Curry-Howard>{ i
(84 (&TapRB ). T8 | &TRERR 1 & D *F s

[p %, %58 P DIIBATH D)

ALk BA an
] £

p .5 P DETHD)



Curry-Howard>{ i
(84 (&TapRB ). T8 | &TRERR 1 & D *F s

[p %, %58 P DIIBATH D)

;EHA R
T 2

p .5 P DETHD)



Curry-Howard>{ i
(84 (&TapRB ). T8 | &TRERR 1 & D *F s

[p %, %58 P DIIBATH D)

=IFBA fin %8
SFBA I fneR (&
] i

p .5 P DETHD)



“Propositions as Types”
“Proofs as Terms”




“Propositions as Types”

“Proofs as Terms”

O Howard DA%, "Propositions as Types”,
“Proofs as Terms” (Ctnz.PATELD)EL T, HEIC
HBHMartin-LOfD B DEHICKELEETHF R 1=,




“Propositions as Types”

“Proofs as Terms”

0 HowardM;RA%2I&. "Propositions as Types”,
“Proofs as Terms” (Ctizx. PATELVD)EL T, HEIC
HBMartin-LofDE DIBERICKELEZELXE X 1=,

O [EEF(Z., Curry-Howard® s &, 2{FES LA EHEEZD
055 LERKGEIL. "Proof as Program” &L THERFR
HK5,




“Propositions as Types”

“Proofs as Terms”

0 HowardM;RA%2I&. "Propositions as Types”,
“Proofs as Terms” (St z.PATEWLD)ELT. HEIC

HBHMartin-LofO B DB KELZEXFE X 1=,

O BEEFIZ. Curry-Howard® It (&, B ES LA EHEET
0455 LERKLHEIL. "Proof as Program”&L THEER
Hk5,

OZS5L-8aldk. SHDCogHFNIRAXIES ENEHY
EB(ZlE-TLNVS,




a:A DR




a:A DR

O /EB=HFMIZIX, a: A [ZIE. ROISEH LI ARE

1

N&H 5o
. £8%#: RussellMiris
AlTEETHY. alTIZDEXRTHHS, a€EA
. ¥ E%: Kolmogorovdiris
AIZRIETHY. alXZF DR THD
. PAT: Curry & Howard®iii5
AlXT-ETHY. alEZDEATH S, a: A
. BIDIRH: Martin-Lof
AlXEITHY . alXZDIETHS, a:A
. HOTT: Voevodsky®iii5
AIZFZERTHY. alTZFD R TH 5, a:A




a:A DR

O #/IE=8FMICIE,. a: AlZlE. ROISEHRRGEER

1

N&Hd,
. 8% Russell®iris
AlTEETHY. . aldZTDERTHS, a€EA
. ¥ E%: Kolmogorovdiris
AlXEETHY. alTZDERTHS
. PAT: Curry & Howard®iri5
AlZirETHY. alZZDIATHS, a: A
. BOHEm: Martin-Lof
AlXEITHY . alXZDIETHS, a:A
. HOTT: Voevodsky®iii5
AIXZRITHY. alTZFD R TH 5, a:A




a:A DER

O SRIEB=#FMIZIE. a: A lZX. RO LSRRI
N&H 5o
1. 485 RussellDiris
AlTEETHY. alTIZDEXRTHHS, a€EA
2. ¥rE%: Kolmogorovdiris
AIZEIRETHY. alZZF DR THS
. PAT: Curry & Howard®iri5
AlZtrETHY. alZZDATHS, a: A Curry-
. BIMIBEK: Martin-Lof Howard
AlZETHY. alZZDIEBETH S, a:A| AW
5. HoTT: Voevodsky®DiLi5
AlXZERTHY. alTZFD R THS, a:A




Per Martin Lof
Dependent Type Theory

KRS




Dependent Type Theory

HEDIM B DIE

X o d f

ERIDEKRINEHFE EMNLDIE. 19804

HHOTHhLTY ,, DRI AL, Martin-Lof T,

IHFEMDCoqg, Agda, Iean&L\’)EIEEﬂB'Z%/Xv‘A(i WD
Dependent TypeDEHIZEE[FToNTLVET,




D

Preface
Introductory remarks
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Rules of equality Per Martin-Lof
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General remarks on the rules
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Definitional equality
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PER MARTIN-LOF

ON THE MEANINGS OF THE LOGICAL
CONSTANTS AND THE JUSTIFICATIONS
OF THE LOGICAL LAWS

PREFACE

The following three lectures were given in the form of a short course
at the meeting Teoria della Dimostrazione e Filosofia della Logica, or-
ganized in Siena, 6—9 April 1983, by the Scuola di Specializzazione in
Logica Matematica of the Universita degli Studi di Siena. I am very
grateful to Giovanni Sambin and Aldo Ursini of that school, not only
for recording the lectures on tape, but, above all, for transcribing the
tapes produced by the recorder: no machine could have done that work.

https://ncatlab.org/nlab/files/MartinLofOnTheMeaning96.pdf
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Contexts & judgments

I sequence of variable declarations

(x, :A),(x, : A (x,)),..., (0, : A (X))
r - A A is well-formed type in context I
' F a:A term a is well-formed and of type A
' - A=B types A and B are convertible
' - a=b:A a is convertible to b in type A

(x : Nat),(f : Nat — Bool) F f(x): Bool
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THE INDEPENDENCE OF THE CONTINUUM HYPOTHESIS
By Pave J, Conex®
DEFARTMEST OF MATHEMATICS, STANFUKD UNIVERSITT
Communioated by Kurt Gadel, Seplasrber 20, 1963

This & the first of two notes in which we outline & proof of the fact that the Con-
tinuum Hypothesis cannot be derived from the other axioms of set theory, including
the Axiom of Choice, 8Since Gixdel' has shown that the Continuum Hypothesis is
consistent with these axioms, the independence of the hyvpothesis is this estab-
lished, We shall work with the usual axioms for Zermelo-Fraenkel set. theory,® and
hy Z-F we shall denote these axioms without the Axiom of Choier, (but with the
Axtom of Regulnnty). By a model for Z-F we shall always mean s eollection of
wetunl sets with the usual erelation satisflying Z-F.  We use the standard defini-
tions? for the set of integers w, ordinal, and candinal numbers.

Turorem 1. There are models for Z-F in which the following accwr:

(1) There isa sl 0, 0 © w such tha! o 1 not construetibie in the senee of reference
3, yet the Ariom of Chodce and the Generalized Continuum Hypothesie both hold.

(2)  The condinuum (1., () where & means pooer sel) has no well-ardering.

(3) The Axiom of Choice holds, but N, = 2%,

(4) The Axiom of Chosee for countable paiys of €l ts in @(P(w)) fasla,

Only part 3 will be discussed in this paper.  In parts 1 and 3 the universe is well-
ondered by o single definable relation.  Note that 4 implies that there is no simple
ordering of ®(F(w)). Sinee the Axiom of Construetibility implies the Geperalized
Continuum Hypothesis,* and the latter implies the Axiom of Choiee,* Theoremn 1
completely settles the question of the relative strength of these axioms.

Refore giving details, we sketel the intuitive ideas involved.  The starting point
is the reslization® * that no formula alz) can be shown from the axioms of Z-F
to have the property that the eollection of all = satisfying it form a model for Z-F
in which the Axiom of Constructibility (V = L) fuils.  Thus, to find such models,
it seems natural 1o strengthen Z-F by postulating the existence of s set which s




FNAUE—ILHRSHRDER

O—IVDFERIT BBEDOHF—ILAEREL-. LWhIEhoh—
IVHIESHREIIERLGS. EHU b IILHEESHNTFEET HLES
BELMMZLI=EZMEEDT=>T-,

A—D)yRRAIZDOIERNE N, DI —D)yREEFED
NIBEENS (T T, ENOMGEEBATELGWNCEDFRH# D R IL
75\ 3F1—7'J YRR M[EE RIS E-DERULIEM., [EFED

BITHAIESRTEEZ-DTHS,

O—IVDEREFDAEIL. 1960F D BE(Z(L, £EGHD
BEIZDOVTHZEBERIBNICRESIET-,



LT B EEH]

60FEMRNDI—IT U DEBICEI > TRELGIEEZLALETEESH]
=Y. FDRELRELETIEAETELNTLNS,

70&1{:(:(& Lawvere®Topos Theoryh&igZL ., A7) —

D LICTREHIFTBEBESNILRL =, REEAZIILHE
3’% tDBFDHESFEORBRYL. —BEELGTLD LGS,

21t #RIC A>TH LD, VoevodskydDUnivalent Theory /
Homotopy Type Theory OEIEFIXFEETH S, TBLLNZ &I,
VoevodskylZ. 201 7FIZt=<% o1,

MEOREBLELTOIEGHIT. FREEBIZ. ZFDRRAMILEE
AZTWD, CNLDEZIE, BMFEDOEBE(ZDULT, Fif-TiREx
IRELTULNS,



Lawvere’s Topos Theory

X

|

_\

e

Y f

B . A Ly
¢ 8
f

A B—>

y

William Lawvere
1937-



Voevodsky’s Univalent Theory

dim 0: Sets have elements/objects.
dim 1: Categories also have arrows between objects

dim 2: 2-categories have in addition arrows between
those arrows.

|dentity between elements/objects

dim 0: standard equality between elements of a set.
dim 1: isomorphism between objects of a category
dim 2: equivalence between objects of a 2-category

Vladimir Voevodsky
1966-2017
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“A Formal Proof of the Independence of the Continuum
Hypothesis”

https://arxiv.org/pdf/2102.02901.pdf
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git clone https://github.com/flypitch/flypitch.git
eanproject get-mathlib-cache

eanproject build
ean --trust=0 ./src/summary.lean
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“A computer-checked proof of the Four Colour Theorem”
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“Formal Proof—The FourColor Theorem”
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Imaruyama@MacBook fourcolor % cd theories
Imaruyama@MacBook theories % 1ls

approx.v job239t0253.
birkhoff.v job254t0270.
cfcolor.v job271t0278.
cfcontract.v job279t0282.
cfmap.v job283t0286.
cfquiz.v job287t0290.
cfreducible.v job291to0294.
chromogram.v job295t0298.
color.v job299t0302.
coloring.v job303t0306.
combinatorial4ct.v job307t0310.
configurations.v job311to314.
contract.v job315t0318.
ctree.v job319t0322.
ctreerestrict.v job323t0383.
cube.v job384t0398.
dedekind.v job399t0438.
discharge.v job439t0465.
discretize.v job466t0485.
dyck.v job486t0489.
embed.v job490to0494.
finitize.v job495t0498.

patch.v
present.v
presentlo.v
presentll.v
presentb.
presenté.
present?.
present8.
present9.
quiz.v
quiztree.
real.glob
real.v
real.vo
real.vok
real.vos
realcategorical.v
realplane.v
realprop.glob
realprop.v
realsyntax.glob
realsyntax.v

\"
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\"
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Vv
\'
\'
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\"
\'
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\"
\'
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\'
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job495t0498.
job499t0502.
job503t0506.
job507t0510.
job511to516.
job517t0530.
job531to0534.
job535to0541.
job542to0545.
job546t0549.
job550t0553.
job554t0562.
job563t0588.
job589t0610.
job611to617.

realsyntax.v
realsyntax.vo
realsyntax.vok
realsyntax.vos
redpart.v
reducibility.v
revsnip.v
Sew.v

snip.v
task00lto214.
task215t0234.
task235t0282.
task283t0302.
task303to0322.
task323t0485.
job618t0622. task486t0506.
job623t0633. task507to541.
jordan.v task542to0588.
kempe.v taskb589t0633.v
kempetree.v unavoidability.v
matte.v walkup.v

K <K<K <K<K <K<K <K<K <K<K <KK KKK K<
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\'
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\'
\"
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Section FourColorTheorem.

Variable Rmodel : Real.model.
Let R := Real.model_structure Rmodel.
Implicit Type m : map R.

Theorem four_color_finite m : finite_simple_map m —> colorable_with 4 m.
Proof.

intros fin_m.

pose proof (discretize.discretize_to_hypermap fin_m) as [G planarG colG].
exact (colG (combinatorial4ct.four_color_hypermap planarG)).
Qed.

Theorem four_color m : simple_map m —> colorable_with 4 m.
Proof. revert m; exact (finitize.compactness_extension four_color_finite). Qed.

FourColorTheorem.
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https://github.com/math-comp/odd-
order

“A Machine-Checked Proof of the Odd Order Theorem”
https://hal.inria.fr/hal-00816699/document
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opam install cog-mathcomp-odd-order

<><> Processing actions <><><IOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLIOLD> ‘ﬁ

4 retrieved coq-mathcomp-field.1.14.0 (https://github.com/math-comp/math-comp/a
rchive/mathcomp-1.14.0.tar.gz)

4 retrieved coq-mathcomp-fingroup.1.14.0 (cached)

4 retrieved coq-mathcomp-character.1.14.0 (https://github.com/math-comp/math-co
mp/archive/mathcomp-1.14.0.tar.gz)

4 retrieved coq-mathcomp-solvable.1.14.0 (cached)

4 retrieved coq-mathcomp-algebra.l1.14.0 (https://github.com/math-comp/math-comp
/archive/mathcomp-1.14.0.tar.gz)

4 retrieved coq-mathcomp-ssreflect.1.14.0 (cached)

4 retrieved coq-mathcomp-odd-order.1.13.0 (https://github.com/math-comp/odd-ord
er/archive/mathcomp-odd-order.1.13.0.tar.gz)

Processing 8/21: [cog-mathcomp-ssreflect: make 3]

« installed coq-mathcomp-ssreflect.1.14.0

Processing 10/21: [cog-mathcomp-fingroup: make 3]

installed coq-mathcomp-fingroup.1.14.0

installed cogq-mathcomp-algebra.1.14.0

installed coq-mathcomp-solvable.1.14.0

installed coq-mathcomp-field.1.14.0

installed coq-mathcomp-character.1.14.0

installed coq-mathcomp-odd-order.1.13.0

one.

*

O ¥ * * * *




Theorem Feit_Thompson

= PFsection14.v X

PFsection14.v

theories >

1263 Theorem Feit_Thompson (gT : finGroupType) (G : {group gT})
1264 odd #|G| —> solvable G.
1265 Proof. exact: (minSimpleOdd_ind no_minSimple_odd_group). Qed.

1267 Theorem simple_odd_group_prime (gT : finGroupType) (G : {group gT})
1268 odd #|G| —> simple G —> prime #|G]|.
1269 Proof. exact: (minSimpleOdd_prime no_minSimple_odd_group). Qed.

Theorem stripped_0Odd_Order

= stripped_odd_order_theorem.v X

~[odd-order/theories/

stripped_odd_order_theorem.v |_order_theorem.v

Theorem stripped_0dd_Order T mul one inv (G : T —> Type) (n : natural)

206 group_axioms T mul one inv -> group T mul one inv G —>
finite_of_order TG n —> odd n —>

208 solvable_group T mul one inv G.

209 Proof. exact (InternalSkepticOddOrderProof.main T mul one inv G n). Qed.




FERDFTvo

ithub.com/math-comp/odd-order

= cog-mathcomp-odd-order.opam

The formal proof of the Feit-Thompson theorem.
): From mathcomp Require Import all_ssreflect all_fingroup all_solvable PFsectionl4.

25 Check Feit_Thompson.
26 : forall (gT : finGroupType) (G : {group gT}), odd #|G| -> solvable G

2 From mathcomp Require Import all_ssreflect all_fingroup
2¢ all_solvable stripped_odd_order_theorem.

31 Check stripped_0dd_Order.

32 : forall (T : Type) (mul : T—>T->T) (one : T) (inv : T = T)

3: (G: T->Type) (n : natural),

group_axioms T mul one inv —>

group T mul one inv G —>

36 finite_of_order T G n => odd n -> solvable_group T mul one inv G
37


https://github.com/math-comp/odd-order

odd-order/theories® & Ak

Imaruyama@MacBook odd-order % cd theories
Imaruyama@MacBook theories % 1ls
BGappendixAB.v
BGappendixC.v

BGsection9.v
PFsectionl.v

BGsectionl.

\'

BGsectionl19.
BGsectionll.
BGsectionl2.
BGsection13.
BGsectionl4.
BGsectionl5.
BGsectionlé.

BGsection2.
BGsection3.
BGsection4.
BGsectionb.
BGsectioné.

PFsectionl@.
PFsectionll.
PFsectionl12.
PFsection13.
PFsectionl4.

PFsection2.
PFsection3.
PFsection4.
PFsectionb.
PFsectioné.
PFsection7.
PFsection8.
PFsection9.

\'

BGsection?7.
BGsection8.v
Imaruyama®MacBook theories %

stripped_odd_order_theorem.v
wielandt_fixpoint.v




odd-order/theories/BGsectionl.v

(****************************************************
**************************)

(* This file contains most of the material in B & G, section 1,
including the *)

(* definitions: *)

odd-order/theories/PFsectionl.v

(****************************************************
**************************)

(* This file covers Peterfalvi, Section 1: Preliminary results.

*)
(****************************************************
**************************)



(*

Local Analysis for the
Odd Order Theorem

Helmut Bender
Universitdt Kiel

and

George Glauberman
University of Chicago

with the assistance of
Walter Carlip
Ohio University

& CAMBRIDGE

%)) UNIVERSITY PRESS

B & G, section 1,

Bender, Helmut;
Glauberman, George
(1994),

Local analysis for the
odd order theorem,

London Mathematical Society
Lecture Note Series, vol. 188,
Cambridge University Press, ISBN
978-0-521-45716-3, MR 1311244



Contents

Preface

Chapter I. Preliminary Results

1
2
3
4.
5
6

Elementary Properties of Solvable Groups
General Results on Representations

Actions of Frobenius Groups and Related Results
p-Groups of Small Rank

Narrow p-Groups

Additional Results

Chapter II. The Uniqueness Theorem

7.
8.
9.

The Transitivity Theorem
The Fitting Subgroup of a Maximal Subgroup

The Uniqueness Theorem

Chapter III. Maximal Subgroups

10.
11.
12.
13.
Chapter IV. The Family of All Maximal Subgroups of G

14. Maximal Subgroups of Type &2 and Counting Arguments
15.

The Subgroups M, and M,
Exceptional Maximal Subgroups
The Subgroup E

Prime Action

The Subgroup Mg

ix

17
33
44
49
55
55
61
64
69
69
80
83
97

105
105
117

viii Contents

16. The Main Results

Appendix A. Prerequisites and p-Stability
Appendix B. The Puig Subgroup

Appendix C. The Final Contradiction

Appendix D. CN-Groups of Odd Order

Appendix E. Further Results of Feit and Thompson
Bibliography

List of Symbols

Index

123
135
139
145
153
157
167
169
172



(* Peterfalvi, Section 1:

Peterfalvi, Thomas (2000),

Character theory for the odd order theorem,

London Mathematical Society Lecture Note Series, vol. 272,
Cambridge University Press,
doi:10.1017/CB0O9780511565861,

ISBN 978-0-521-64660-4, MR 1747393



Georges Gonthier: Programming
Mathematics: Tools and Challenges

2024/06/25
YouTube https://wwwyoutube.com/watch?v=fc5crdT3u U



https://www.youtube.com/watch?v=fc5crdT3u_U

33

TI7—FRD

Thomas Hales

TILLY TavEa—AREEE) Part 3 O Ea1—AR(Z&BEERA




rI5—F 4

(rFS5—FRIE. ABORBIZRLAEESDOR—ILE, &
DB NCEA DAL LN TESMENSRIEIZET 5
FHTT.

AELEBZTIZ.F8DENSR—ILZERLAL E, FTIERK (G
AAER—ILEERDAKRIEZ . REFDFAEDAEFETEI-=10)
(X, EH T HE 65%FREEIZEAENNET , F D 35%I.
§EFITHDHENDITETT,

o0&, UoLY e, R—ILZFEHAAZEILTELZ LM ?
TI75—IE. H2ER—ILFEO AL CENTEA DD AL
xE2ZFELT-,









rJ5—%%8 30088 NT
EILRNILFD18FE B DRIREICIES

“ODFRIEE(L, EHI12, $974.05% THFELLLGYET,
IEFEICLVD &L Nl T9Y,

1611F 7 75—I%. FALGR—ILDEDHEZELTH. 2D
MFZFBADEERIZIR—ILFEZEOHAL LI TELNEA
SEFELELz NETSITS—F B IEWNFET T TT—
BRI, COBEIZGEAZE5 25 EETEFEHATLE,

1900FDEINILED 201 DHF I ELARES23DERE
? 18FBICCOMEREIE. Y LIToNTLET,



T75—FRN4005F
20144

Johannes Kepler Thomas Hales



]

HalesDiaX . BFH CEHAERINDS

19924, Thomas Halesl&ZSamuel Ferguson& &4, AIEE
BR—ILOBEICDOWVWTHREY T, EREETEIEDFETRIE
FEDRKNIEERDDHET, IS —FELRITHEFHELET,

19984, Halesib(, 250R— M@ E2GByteM T OS5 L
ET—RERHEL. 7 T5—FEERE N EERLET,

X DEFRAEIFI99%IELL ELT-2DD . 1%ZEBRLE
L7=,



Hales 75—

T 18 A& fiE<

20034, Halesld# 75— DarE1—RIZ&bTLIZHR
HIEEBAZHE T Flyspec 7Oz oMb EITET,

20154 Hales&t@ & 21414. i#%3X “A formal proof of
the Kepler conjecture”zarXiviZixfaL. ¥ 7 5—F D

REEELFET

20174 (21&, WMo DEERIE, F=I

2521

SNFEY,



Kepler conjecture X
https://arxiv.org/abs/1501.02155

[Submitted on 9 Jan 2015]

A formal proof of the Kepler conjecture

Thomas Hales, Mark Adams, Gertrud Bauer, Dat Tat Dang, John Harrison, Truong Le Hoang, Cezary
Kaliszyk, Victor Magron, Sean McLaughlin, Thang Tat Nguyen, Truong Quang Nguyen, Tobias Nipkow,
Steven Obua, Joseph Pleso, Jason Rute, Alexey Solovyev, An Hoai Thi Ta, Trung Nam Tran, Diep Thi Trieu,
Josef Urban, Ky Khac Vu, Roland Zumkeller

This article describes a formal proof of the Kepler conjecture on dense sphere packings in a combination of the
HOL Light and Isabelle proof assistants. This paper constitutes the official published account of the now
completed Flyspeck project.

Comments: 21 pages
Subjects: Metric Geometry (math.MG); Logic in Computer Science (cs.LO)
Cite as: arXiv:1501.02155 [math.MG]
(or arXiv:1501.02155v1 [math.MG] for this version)
https://doi.org/10.48550/arXiv.1501.02155 0

Submission history

From: Thomas Hales [view email]
[v1] Fri, 9 Jan 2015 14:32:24 UTC (33 KB)


https://arxiv.org/abs/1501.02155

Flyspeck Project GitHub

https: ithub.com/flyspeck/flyspeck

[0 README 3[3 MIT license

The Flyspeck Project

Welcome to the Flyspeck project, wiiic 3 gives a forina: prcor of e Keple. conjecture in
the HOL Light proof assistant. The Kepler conjecture asserts that no packing of
congruent balls in Euclidean 3-space has density greater than that of the familiar
cannonball arrangement.

The project was completed August 10, 2014.

Introduction

The purpose of the flyspeck project was to produce a formal proof of the Kepler
Conjecture. The name flyspeck comes from matching the pattern /f.xp.xk/ against
an English dictionary. FPK in turn is an acronym for "The Formal Proof of Kepler."

Languages

. | |

® OCaml 80.1% Standard ML 7.7%
Mathematica 6.4% Java 3.1%

C++ 0.9% ® Isabelle 0.8%
® Other 1.0%

)


https://github.com/flyspeck/flyspeck

/flyspec/text_formalization/general/audit_formal_proof.hl

= audit_formal_proof.hl X
~[flyspeck/text_formalization/general/

T e L audit_formal_proof.hl HOL Light + Isabella
36
37 (x The definition of packing x)
38
39 let chk_packing_def =
40 chk_thm(Sphere.packing_lt,
41 ‘packing (V:real®3 -> bool) =
42 ('u:real”3 vireal®3. (u IN V) /\ (v IN V) /\ (dist( u, v) < &) ==>
43 (u=v))");;
44
45 (% The definition of the Kepler conjecture x)
46
47 let chk_kepler_conjecture_def = chk_thm
48 (The_main_statement.the_kepler_conjecture_def,
49 “the_kepler_conjecture <=>
50 (!V. packing V
51 => (?7c. 'r. & <=r
52 ==> &(CARD(V INTER ball(vec @,r))) <=
53 pi % r pow 3 / sqrt(&18) + c x r pow 2))°
54 )ii

55
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